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lim f(x) = L ifandonly if lim f(x) =L and Ilim f(x) =L
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Suppose that ¢ is a constant and the limits

ll_lp fl(x) and llin g(x)
exist. Then
1. h_[n [f(x) + g(x)] = ll_l}l f(x) + hin g(x)
2. 11_{“ [f(x) — g(x)] = li_[“ Fin) = 11_1]1 g(x)

3. lim [ef ()] = ¢ lim £(x)

4. lim [f(x)g(x)] = lim f(x) - lim g(x)

£(x) lim f(x)

5. lim - if lim g(x) # 0
x—a g(\) !112 g(x) x—a g
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(a) f(x)= =1
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(a) Unit step function U(x)
IimU (x)=0
x—0"
IimU (x)=1
x—0" ( )

xl:n&U(x) o xlggU(x)

3303 sa & Algdl)

LILEE PSS et

(b) g(x)
]in‘;l_ g(x)=—0
lixg g(x)=+w»

lim g (x) # lim g (x)

Shas aa né Z-H'-“

> X

0. x=0
> 2l 14 1
sin <., x>0

(c) flx)

lirgl_ Hi(x)=0
asse 8 gl limf (x)

~l1<sinx <+1 3agaga b Aglgdl)
the function’s values between +1 and -1
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Imx “sin—=limx " limsin — x
x =) x x = x =) x
- ]‘ 2 2 - 2
—]1<sin—<]1 = —x"<x°sin—<x
X X
limx’ =0 , lim(—x2)=0
x =) x =l
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\/x2+100—10=\/x2+100—10 VX2 + 100 + 10

Therefore,

e "V + 100 + 10
2+ 100 — 100

T V2 + 100 + 10)

_ X

(V2 + 100 + 10)
_ 1

V2 + 100 + 10

mVx3+IOO—lO=lim 1
X =0\/x* + 100 + 10
1 Limit Quoti
== m + 10 notDatx =
o
- 0.05.

lim

x—=0

Va2 + 100 — 10
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THEOREM 7 —Limit of the Ratio sin 8/0 as 6 = 0

lim L. 1 (0 in radians)
0—0 0

(1)

-3 -2
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EXAMPLE Show that (a) lim

y—=l) y

cusy—l_ﬂ

Solution

(a) Using the half-angle formula cos y = 1 — 2 sin® (y/2), we calculate

lim
h—0

cosy — 1

y

. 2 sin*(y/2)
lim — v
h—0 -
—lim sin 6

0—0 0
—(1)(0) = 0.

sin 6

Let 6 = y/2.

Eq. (1) and Example 11a
in Section 2.2

https://manara.edu.sy/


https://manara.edu.sy/

n2x 2
{b} =0 5 5
. sin2x _ (2/5)+ sin 2x
lim = lim
x—0 X x—0 (2/5) Sx
_ 2] sin 2x
5\*—)0 2x
_ 2., _2
= 5(l) 5

Find lim tan r;fc 2r.

i—()

Solution From the definition of tan ¢ and sec 2t, we have

limtantsec2t= lim 1 1 sinz 1
Eq. (1) applies with t—0 3t t—03 I COST cos 2t
S _ N sint. 1 1
3, I COST cos 2t

1 _1
- 3(1)(1)(1) = 3
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(4) Definition The line y = L is called a horizontal asymptote of the curve /
vy = f(x) if either —
lim f(x) = L or lim f(x) =L 0 x
y=I ) laall 88Y) o jlBal) Aales L\/—-‘“L\
0 T
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_1." L] _'I-' L _"l' h. _1." &

. \ A N /h_
/wh/a X ﬂﬂ\t ﬂ\u x n.r,.-(d X

(a) lim f(x)==c (b) lim fix)== (c) lim fix)=—= (d) lim f{x)=—o=

(6) Definition The line x = a is called a vertical asymptote of the curve

=| (A RLE s - - : . .
X=l At y = f(x) if at least one of the following statements is true:

1i_1:ﬂ flx) = = 11;111 flx) = = .I_j,m. flx) ==
li_I:ﬂ flx) = —= 11;111 flx) = —= .]_j,m. flx) = —=
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lim,_,)- f(x) = 0 lim,,;- f(x) = 1 f(1) =1

so the function is continuous from the right at x = 1.

1 )
im,_,, fx) =1 f(2) =2 \ .

U " 0 1
“is not continuous at x = 2.

im,_,- f) =1 f(4) =3

[
|
I ®
><
, N
=
—

N -
(]
4

FIGURE ' The function is not
contmuousat x = l,x = 2,and x = 4

the function is not continuous from the left. (Example 1).
lim,_,; f(x) =2. f(3) = 2. lim, - f(x) =1 f(0) =1

The function is continuous from the right at x
Fhe function is continuous at x = 3 -n
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« S 13}

limf (x) =f (a) (2 sismse IS (X)) (g

X —>a
¥/ y= f(x)
fix) | i
approaches 1 fla) — — ~]/
_ - fla). | |
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im,_,- f(x) = 0 Im, ;- f(x) =1 f(1) =1

B . _
so the function is continuous from the right at x = 1. ._(/.\
1 f )

o | ' > X

b2

b3 —
4l
e

f is not continuous at x = 2. 0 1 :
_ 4) — 1 FIGURE ! The function 1s not
_lllm:r—:-d‘ fx) = l. f(4) = 2 contmuousat x = l,x = 2, and x = 4
the function is not continuous from the left. (Example 1).
The function is continuous from the right at x

The function is continuous at x = 3 -0
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b O

Labfil 2 RyR ool o Yima [ (S ¢ syl

limy = f(x) = f(xg) &1 3o 13] laddy 13) X € [ 2aslll § L)l o Saiuea ) f plh e Jlay @

limy s f(X) = f(xo) 151 @i 13) ladig 13 Xg € [ Aalll § cadd) (0 Jaiea €1 f il e JUi @

: (Blie Jlma e slyaial]) dsyai

slimy_+ f(x) = f(@) o8 1@, B[ zoall Jlall e . Bazes o8 131 [@, B] Gl Jlall e Seiis &) f 0l e Jlay
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Basase Anilgsy dbadill o3 & lyea IS 1Y) X =X ddail) b s y= £(x) &0 o s s
J (xg) Goluig

13 Lol (e Akt IS 3 paiesn IS 1Y) (@, b) Jlaal) A haiess y = f(x) @l of Jsi 2cia e
b O

Labfil 2 RyR ool o Yima [ (S ¢ syl

limy = f(x) = f(xg) &1 3o 13] laddy 13) X € [ 2aslll § L)l o Saiuea ) f plh e Jlay @

limy s f(X) = f(xo) 151 @i 13) ladig 13 Xg € [ Aalll § cadd) (0 Jaiea €1 f il e JUi @

: (Blie Jlma e slyaial]) dsyai

slimy_+ f(x) = f(@) o8 1@, B[ zoall Jlall e . Bazes o8 131 [@, B] Gl Jlall e Seiis &) f 0l e Jlay
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25.

7.

8.

im (Y2’ +x -3 T

X X

lim (Vx? + ax — Vx* + bx )

; 6 . -

lim ————— 20. lim x? + 1
X 3 + e -X X=X

. X' =3x*+x : .

lim —; 22. lim(e * + 2 cos 3x)
X=X .“ _— x + 2 X=>%

, . . B I
lim (x* + x7) 24. lim —;
X = = o Rl - _r + l

) i . elx . e—}.x
lim e 26. lim —; —
—>x x—x @7 4+ @ °
. l - e.!

lim
x—=x | 4+ 2e*

lim [In(x?) = In(x* + 1)]

X = 0
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18.

19.

20.

L2y

'EIJL]_D.” dﬂ‘

L, T

lim (V922 —3z) = lim b Te Sal(Ves Far )l g, SO0 Fal —08)
z—00 x—+00 V922 + x + 3z r—'oo V92 + x + 3z
o (922 + z) — 922 - T 1z
= 1 =
z—00 /922 + z + 3z o " 0z2 fz+3z 1/z
z/x ) 1 11 1

= lim = lim = = = =
z=oo (/922 22 + z /22 + 3z/x <+~ /9+1/z+3 V9+3 3+3 6

(V2 + ax — vVz2 + bz ) (V22 + ax + V22 + bz )

lim (\/:1:2 +ar — /x?% + ba:) = lim

T —+00 T—00 vVz? +azx + Va2 + bx
oy (2 + az) — (2® + bz) _ — hm [((a — b)z]/z
z—oo /x? 4 ar+ Vi +br oo (\/:v2+a:1:+ \/a:2+bx) V2
a—>b a—>b _a—b
\/1+a/x+\/1+b/x vi+U+v¥i+e 2
lim 6 6 6 _6_2
z—oo 3 + e~ 2% 3+lim e-2x  34+0 3
For:c>0,\/x2+1>\/1:2=:c.Soasx—>oo,wehave\/x2+1—>oo,thatis,‘lim vz +1=o00
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21.

22.

23.

24.

25.

26.

27.

= lim

lim

z—oo I3 — 1+ 2 2t 00 (3;3 —x+ 2)/3;'3 of z in the denominator

at =32 +x . (2" —32® +2)/2®  [divide by the highest power ] _ i 2=3/z+ 1/z*

z—oo 1 — 1/11.‘2 - 2/.‘173 o

since the numerator increases without bound and the denominator approaches 1 as x — oc.

lim (e™* 4 2cos 3z) does not exist. lim e~ * = 0, but lim (2 cos 3z) does not exist because the values of 2 cos 3z

=00 r—+00

r—+00

oscillate between the values of —2 and 2 infinitely often, so the given limit does not exist.

lim (z*+42°)= lim °(++1) [factor out the largest power of ] = —oo because 2> — —ocand 1/z+1 — 1

I=—>—00

as r — —oOQ.

T—»—00

Or: lim (z*'+2°) = lim 2'(1+z)= —oo.

Ir——00

lim

1+ 28
= 11m
z——oo T+ 1 T ——00 (I4+1)/$4

Ir—+—00

of  in the denominator

(1+ 2%)/z* [divide by the highest power

I 1/a* + 22
= m -————0o
Z—r—00 ].-|-1/:1:4

since the numerator increases without bound and the denominator approaches 1 as x — —o0.

As t increases, 1/t* approaches zero, so lim eV — =0 —

Divide numerator and denominator by €**:  lim

. 1—¢€"
lim
T = OO ] — QPI

t— oo

3x -3z

e —e
3x -
r—oo ev* + e

lim = -
3x 2t OO 1+e—6.1: 1+0

(1—e€")/e" lim 1/e" —1 0-1

raoo (1 4+ 2e%) /e~ zooo 1/ex +2

[

&jliall

LILEE PSS et
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x+x—-6

37. Letg(x) = = =
(a) Find
@) lim g(x) (i)

(b) Does lim, ., g(x) exist?
(c) Sketch the graph of g.

38. Let

x?+1
flx) = {(x _ oy

(a) Find lim, ;- f(x) and lim,.,*

(b) Does lim, ., f(x) exist?
(c) Sketch the graph of f.

39-44 Find the limit.
sin 3x

39. lim 40.
x==0 X
o W 42.
t—0 sin 21
sin@
43. lim ———— 44.

#—0 O + tanf

LILEE PSS et

lim g(x)

i x<
if x=1

f(x).

sin 4x

lim —
x—0 sin 6x

. sin®3r
lim =
10 =

lim x cot x
x =0
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o g . X +z—6 . (z+3)(z-2)
9@ O lim, o) = i ST = b ST
= lim (2+3)=—2) [sincex —2 > 0ifz — 27F]
z—21 x—2
= lim (z+3)=5
z—2+

(ii) The solution is similar to the solution in part (i), butnow |z — 2| =2 —xsincez —2 < 0ifz — 27

Thus, lim g(z) = lim —(z+ 3) = —5.
=2 =2

(b) Since the right-hand and left-hand limits of g at x = 2 (c) “ /

are not equal, lim2 g(z) does not exist. \ 2. 5)
_E\ 0 x
= N2~

Jal
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241 if z<1
38. (a) f(z) = (z—2)? ifz>1

lim f(z)= lim (z2+1)=12+1=2, lim f(z)= llm (:c -2)2=(-1)?%=1

z—1- z—1- z—1+

(b) Since the right-hand and left-hand limits of f atz =1 (¢) 4

are not equal, JICLIIII f(z) does not exist. &/

Y

0 l x
39. lim — 3z = lim 3sin 3z [multiply numerator and denominator by 3]
-0 L7 5 -0 32}

=3 lim 3232 55 0,32 - 0]

3xz—0 3x

. sinf

= 3011_1% 7 [let & = 3x]
= 3(1) [Equation 6]
=3
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sin4x mn4x 4sin4x 6x sindxr 1
ol xl—l}}) sin 6 zl 0 ( " sin 61:) :cl—rR) 4x zl—% 6 sin 6z xllr}) 4x
. tan 6t sin 6t 1 t . 6sin6t 1 2t
41. lim = lim - lim im —
t—0 sin 2t " cos6t  sin2t t—0 t—0 cos 6t t—0 2sin 2t
. sin6t 1 1 .. 2t 1 1
=8RG oostl 8 g A =3
. sin®3t .. [sin3t sin3t . sin3t .. sin3t
42. lim = lim . = lim - lim
t—0 t2 t—0 t t t—0 t—0 ¢
. sin3t\? . sin3t)? 2
= (‘_‘.“ : ) = (3!2% 30 ) =B =
43. Divide numerator and denominator by 6.  (sin @ also works.)
sin @ I sin @
sin 0 : 9 ) 0 1 1
lim ————— = lim - — - - = =
6—0 0 +tanf 6—0 sin @ 1 . sinf 1 1+1-1 2
1+ . 1+ lim lim
(7] cos 0 6—-0 6@ 6—0 cos@
T COST cCoST lim cos 2
4. limzcotx = lim z - O = = lim O = lim —=£ =l =
z—0 z—0 sinx z—0 sinz xao sinx z—0 SInT limsm:c
r T r—s0 T

Yy

im
6 z—0 sin 6z

1
1

6z

=1
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lr—’-3x2 +4x + 3

L R Y

x2="Tx+ 10
m

6jligJi
Ay Sl Caal ”
2= Tx+ 10 fiff 4x — 2 VZTE -3
lim — : : ;
Jall
l]m .i*'}_.: hm x+3 = llm | | :-l
x—-3 Y +4x+3  y—-3 (¥ v+l) —y—3 X+l = 37 )
i 250 iy €D~ i -5 =25
x=2 x—2 i x—2

_ (x-1)(Vx+3+2) . (x-1)(Vx+3 +2)_ B -
h s = i ey A —Ges ~ (e 3+2)= VA 2=4

dx=x _ Jim 2470 _ iy “2**/;"3“/;’=limx(2+J§)=4(2+2)=l6
2-Jx

lim
x—4 2 -‘/_ x—4 -~/— x—4 x—4
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lim C 83 - x*+8-3 ( x4 -3)( ! +8+3) (x?+8)-9 . (x+1)(x=1)
—--1 x+1 lim T_ lim lim = lim
x—>-1 ¥ x—-1 (.r+l)(\}x +8+3) x—=1 (r+l)(\fr +8+3 ) x—-1 (r+l)( X +8+3)
lim 2l —==2=-1
x—-1 Vx?+8+43 3+ 3
lim x? cos(%) =0 Ol O jaall A jie padiil e
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