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DEFINITION The derivative of the function f(x) with respect to the variable x
1s the function f’ whose value at x is

£00 = lim f(x + h) — f(x)

h—0 h

-

provided the limit exists.

Alternative Formula for the Derivative

f(2) — f(x)

f(x) = l‘_‘}“ Z— X
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Ao Adlally (@, (@) dkaiil) 8y =1 (x) e isiad Gulaal) Aalae Jaxs

y =f(@)=f"(@)x ~a)
(3,—6) Akl &y =x2—8x +9 A adasll ulaall dolas aa gl
Jal
f'(x)=2x -8 m—) f'(3)=2(3)-8=-2 l heraes |

= y—-(-6)=(-2)x-3) > y=-2x 0\ ;’/ x

',/// (3,—6)

y=-2x
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h+g (/1+g)'=/1'+g' I=1,M1,
h-g (h-g)'=h'-g+h g I=1,M1,
k-g (k-g)=k-g f=1
n (/_7 _h'-g _ﬂh g I <(1,00,)\ x :g(x)=0)
g g g
(sinx ) =cosx (cosx ) =—sinx (tanx ) = 12 =sec’ x
COS X
(cotx) =—cse’x (secx ) =secx tanx (csex ) =—csex cotx
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) f(x)=x’sinx 2) gt)=+(2+3%) 3) h(x)= x'+6 X Jall

1) f(x)=x’sinx

f’(x)=(x2)' sinx +x ~(sinx )' =2x sinx +Xx ~ cosx
2) g(t)=~t(2+3t)

g/ =i (2+30)) =(2 +32) =2(") +3(?)
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=2 —=t? |[+3]| =t? |=—f4=+—=Alt
(2 2 N 2\/_

https://manara.edu.sy/


https://manara.edu.sy/

[

6)liaJl

g P )
) h(x)=—m=
) x’+6
, x2+x-2) (2P0 e ) (Co )
h'(x)= 3 = 2
Cx +D(*+6)-(x?+x -2)(3x?)  —x*-2x°+6x2+12x +6
(x? +6)2 (x3 +6)2

3
4) k(ﬂ:#

3 , ' -1 =) _ I 5
k'(x)=(M) =(3x24+x"?) =6x +(?x~ )—6x—5x

https://manara.edu.sy/


https://manara.edu.sy/

[

6)liaJl

THE CHAIN RULE- dlulull 3xcl8

Ssina Jlae JS e 483 7 A 5 7 psie Jlae e 865 g Al ol 1) 1dacld
I Jad) Jle il (hog)(x)=h(g(x)) hog i 3 g (1)

(hog )' (x)=h"(g(x ))g'(x ) oo \eBlindl sacls

https://manara.edu.sy/


https://manara.edu.sy/

[

doola
0)liaJl
AU @i 41
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nu" ' nmez u I
-u' 1 — (sin x) = cos x = csc x) = —csc x cot x
—_— - dx dx
uf u
{
u_ Vu —(cos x) = —sin x = (sec x) = sec x tan x
Z\/H dx dx
au'u*;a €R u® . d ;
ol o . (tan x) = secx E{cnt X) = —cCscx
u' Inu
U
u' cosu sinu
—u'sinu cosu d
X d |
’ u’ tanu (b*) =b"Inb .ol T -
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FYVNINI | Differentiate f(x) = —————. For what values of x does the graph
. : ‘ | + tan x
of f have a horizontal tangent?

SOLUTION The Quotient Rule gives

d d
(1 + tanx) — (sec x) — secx— (1 + tanx)
dx dx

(1 + tan x)’

f(x) =

(1 + tan x) sec x tan x — sec x -+ sec’x
(1 + tan x)°

sec x (tan x + tan’x — sec’x)
(1 + tan x)?

sec x(tanx — 1)
(1 + tan v)?
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FYVIN: | Differentiate y = (2x + 1)°%(x* — x + 1)~

SOLUTION In this example we must use the Product Rule before using the Chain
Rule:

dy _ (2x + l)SL(Jr3 - x+ 1)+ (xP—x+ 1)41(2-" + 1y
dx dx dx

d
= (2x + 1)5-4(x3—x+l)3d—(x3—x+ 1)
x

d
+(x*—x+ 1) 502x + l)"z(Zx + 1)
=42x+ 1P —x+ 1G> -1 +5x*—x+1)'Q2x+1)-2

Noticing that each term has the common factor 2(2x + 1)*(x* — x + 1)*, we could
factor it out and write the answer as

dv >
d_) =2(Q2x + 1)'(x’ — x + 1)’(17x° + 6x* — 9x + 3)
X
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EYYEY: | Differentiate f(x) = /In x.

SOLUTION This time the logarithm is the inner function, so the Chain Rule gives
] 1 —1/2 d o .
,f[I}_E[]ﬂI : d—{ln_r]—_-—__ u

EYYTTS | Differentiate f(x) = log (2 + sin x).

SOLUTION Using Formula 1 with & = 10, we have
d _
flix) = —log (2 + sin x)
dx

l
"~ (2 4 sinx) In 10 dx

(2 + sin x)

B COs X
(2 + sin x) In 10
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SOLUTION 2 If we first simplify the given function using the laws of logarithms,
then the differentiation becomes easier:

A2 ) e+ 1) — Lnee —
— 1n(vm) dx[ln{+]} Vin(x — 2)]
11
S x+1 2\x-—-2
s
f
14
2
0 ' X
f.r
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NI FA | Differentiate y = ™",

SOLUTION Here the inner function is g(x) = sin x and the outer function is the
exponential function f(x) = e*. So, by the Chain Rule,

dy . ; , )
d' = 7 (e®*) = ™" d—(sm x) = e *cos x
I X X
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9) y=Inx =>y'=(lnx)’=%

10)y=lnz ;z=¢p(x)= y'=

11) y=a""Sa>0"=y=a"Ina :>(e")=e"
f(x)zLJ_uu\;,m.x_;,i;st‘

XVX

Jal)
3 3 5
o] IW-—=-1 3i== 3
fix)=x 2= fx)=—=x? =—=x2=——3
(x) /&) 2 2 2x*Jx
3
f(x): * u‘ﬂ‘&&ah‘,i:3gﬂ:}a
COSX
:Jall

’

'
(x3 ) cosx—x*(cosx)  2x*cosx+x’sinx
cos’ x cos® x

f(x)=
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XAMPLE | If f(x) = sin(cos(tan x)), then
) d
f'(x) = cos(cos(tan x)) d—cos(tan X)
x
) d
= cos(cos(tan x))[ —sin(tan x)]| e (tan x)
X
= —cos(cos(tan x)) sin(tan x) sec’x
Notice that we used the Chain Rule twice. |

FIVLINL | Differentiate y = e,

'OLUTION The outer function is the exponential function, the middle function is the
.ecant function, and the inner function is the tripling function. So we have

ay _ e i(sec 30)
de de

d
= ™% sec 30 tan 30 — (30
e* sec n de( )

= 3¢** gec 30 tan 30 o
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:Jall
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2Jx
A Jalis 2l s JGa
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(a) Find v if x* + v' = 6xy.
(b) Find the tangent to the folium of Descartes x* + y* = 6.xy at the point (3, 3).

(b) When x = y = 3,

[
"
I
"

(35

SOLUTION and a glance at Figure 4 confirms that this is a reasonable value for the slope at (3, 3).
(a) Differentiating both sides of x* + y* = 6xy with respect to x, we have So an equation of the tangent to the folium at (3, 3) is

i{]+--‘}—i{ﬁ--} y—3=—1(x—3) or xt+tyv=6 ]
dx * ) _i.!'.l' )

Remembering that y is a function of x, and using the Chain Rule on the term v’ and the

VA
Product Rule on the term 6xy, we get :
It + Iy = 6xy + 6y (3,3)
or 2+ vl =20 + 2y
We now solve for v": >
| 2.0 ' 2 0 X
}2‘ }2‘ _— 2_1'}" S 2}" —_— _t
(y* —2x)y' =2y — x°
, 2y — x°
==
vo — 2x
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Jall
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2 4 +2\2) — 2 4 2 _ i
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— 2 4 o2 _ 2 4 v2) o) —= =
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; 2 2 2
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1 +x — 4Vx r(l-i)-(l+r-4«/?)
v = N W) R N
' Y= .\’2 B I§

f(x) =sinxtanx f’(x)=sin xsec” x+ cosx tan x = sin xsec” x + cosx%% =sin x(sec2 x+1)
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