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s e . How do we differentiate F(x) = sin(x® — 4)? This function is the composition fe g of
two functions v = f(u) = sinw and u = g(x) = x° — 4 that we know how to differenti-
ate. The answer, given by the Chain Rule, says that the derivative 1s the product of the
derivatives of f and g. We develop the rule in this section.

THEOREM 2—The Chain Rule If f(u) is differentiable at the point u = g(x)
and g(x) 1s differentiable at x, then the composite function (f 2 g)(x) = f(g(x)) 1s
differentiable at x, and

(feg)(x) = f(gx)-g'(x).
In Leibniz’s notation, if v = f(u) and u = g(x), then

dy dy gy

dx  du dx’

where dv/du is evaluated at u = g(x).
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EXAMPLE 3 Differentiate sin (x> + x) with respect to x.

Solution We apply the Chain Rule directly and find

%sin{xj + _.1'} = EI;}S{.TI + I}" {EI + 1}.

imnside inside derivative of

left alone the 1nside
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EXAMPLE 4 Find the derivative of g(f) = tan(5 — sin 2f).

N | e
g'(f) = I tan(5 — sin 2f)

. d ; Derivative of tan u with
= sec’(5 — sin 2f)* (5 — sin 2f) e e
dt T 5 — sin 24
Derivative of 5 — sin u

= sec?(5 — sin zr}-(n — COS Er*%ﬂr})

with u 2
= sec?(5 — sin 2f) * (—cos 2f) - 2
= —2(cos 21) sec2(5 — sin 21).
d —_ —1 du d =1
dI{HH} = nu" I E{u"} = nu"
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&)LiaJl EXAMPLE 5  The Power Chain Rule simplifies computing the derivative of a power
of an expression.

() i{jx‘i )7 = (54 — 4]5 {51 — ) l.m“ t1| Llnt-:n-.a_i'n

_n.\I — | —

= T(5x* — x*)6 (1522 — 4x?)

d 1 \_d,. .,
(b) .:.:'r(Et — 2) = (Gx - 2)

]_-: d {31_ —2) Power Chain Rule with

= —1(3x — 2 pe

I 2L — L, F

—1(3x — 2)72(3)

R
(3x — 2

In part (b) we could also find the derivative with the Quotient Rule.

d . s — .4 d . Power Chain Rule with u = sinx, n = 5,
{t} dx (Sm I} = 3sin’x dxsmx because sin™ x means (sin x)".n # —1.
= Ssin*xcosx |
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sl EXAMPLE 6

) e 3
axH) = v

= ! . d sz} Power Chain Rule with
a 2 i = |: =] Ty -
1\\'";; ﬂl't i [, N ]I."__ ; (1
] .
=T VXxe = |-,|
1|,1'|
X
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PAV Implicit Differentiation

0)ti-aJl' & hcounter equations like

4y = 0xy =0, v —x =0, or ¥+ y=25=0.

When we cannot put an equation F(x, y) =0 in the form y = f(x) to
differentiate it in the usual way, we may still be able to find dy\dx
by implicit differentiation. This section describes the technique

Implicit Differentiation

1. Differentiate both sides of the equation with respect to x, treating y as a dif-
ferentiable function of x.

2. Collect the terms with dy/dx on one side of the equation and solve for dy/dx.

FIGURE 3.29 The curve

x> + y3 — 9xy = 0 is not the graph of any
one function of x. The curve can, however,
be divided into separate arcs that are the
graphs of functions of x. This particular
curve, called a folium, dates to Descartes

in 1638.
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dy 1

dx 2y

EXAMPLE 2

The slope at (3, —4) is —

Find dy /dx if y* = x.

The Chain Rule gives
i d

—(y?) = —[fix)]* = 2f(x)f'(x) = 2y—

dy dx

Find the slope of the circle x> + y* = 25 at the point (3, —4).

diay, dooy_d
dx l:-]: ) + dx [} ) - EE_I{ES}

ey
2x + 2}-‘3 =0
ey

=
dx ¥
X __3 _3
y (3. —4) -4 4
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Implicit Differentiation
siia) EXAMPLE 3 Find dy/dx if y* = x* + sinxy

RS LR R

Solution We differentiate the equation implicitly.

v: = 2% + sinxy

{ d d .
i(}?z) = E(xz) + E(sm xy)

2 v _ 2x + d
'}d_l‘-f_ (Cﬂsﬂ]dx‘:—g]

0 o + B
Y T (cosxy)| v + x—-

2 o D) 2x +
Y i (cos xy) ol T (cos xy)y

dy
g— 1) — = + v g y
(2y — x cos xy) Ix 2x + y cos xy

dy 2x + ycosxy

dx 2y — X COS Xy
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DAV Derivatives of Higher Order

B o— - EXAMPLE 4 Find .r:fz}'j"'d,l:z if 2x3 — 3y? = 8,

Solution To start, we differentiate both sides of the equation with respect to x in order to
find y' = dvfa'x.

d 20 - 3y2) = L (g

dx

Treat vy as a function of x.

4

dx
6x7 — 6y =0
Ek

’ =

when y = 0 Solve for v,

}Z‘

We now apply the Quotient Rule to find y".

pod(2) 2y oY 2
J de\ Yy }?2 Y }'2

Finally, we substitute y' = x?/y to express y" in terms of x and y.

2

2
}-‘”=%-‘T—E(‘%)=%—I—3, when y # 0 N
y .

'
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-::-Jl.i_.:'v.il EXAMPLE 5 Show that the point (2, 4) lies on the curve x* + y* — 9xy = 0. Then
""""""""" find the tangent and normal to the curve there (Figure 3.32).

Solution The point (2, 4) lies on the curve because its coordinates satisfy the equation
given for the curve: 2° + 4° — 9(2)(4) =8 + 64 — 72 = (.

To find the slope of the curve at (2, 4), we first use implicit differentiation to find a
formula for dy/dx:

4y =%y =0
4y L) - Ligny =4
7 @)+ () = - (Oxy) = - (0)

,dy dy dx Differentiate both sides
3_1_ + 31__ — 9(_1__ + 1“ — D J crentiate poth s1acs

dx cdx dx with respect to x.

Treat xy as a product

2
{3}’ 0 and v as a function of x.
dy
3(y? — 3:){31: = Oy — 3x?
%
dy 3y — x°

— ) Solve for dv/dx.
dx },2 — 3x -
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We then evaluate the derivative at (x, v) = (2, 4):

dy 2

dx

_31.:—_1:

34 -22 g
(2,4) 4> = 3(2) 10
The tangent at (2, 4) is the line through (2, 4) with slope 4/5:

4
2

w2
(2, 4) ¥ 3x

“F=4+%(I-E}

4,12
}—5_1:+ 5 -

The normal to the curve at (2, 4) is the line perpendicular to the tangent there, the line
through (2, 4) with slope —5/4:
yv=4 - %[I - 2)

_ 5 .13
y = 4I+2. []
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DEFINITIONS If f is differentiable at x = a, then the approximating function
Lix) = fla) + fl(a)x — a)
is the linearization of f at a. The approximation
fx) = L)

of f by L is the standard linear approximation of f at a. The point x = «a is the
center of the approximation.
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R A, T

EXAMPLE 1 Find the linearization of f(x) = V1 + xatx = 0

Solution Since

f0) = 201+ 27,

we have f(0) = 1 and f'(0) = 1/2, giving the linearization

X

L) = fla) + fa)x—a) =1+ %(,r —0)=1+3

Vi+x=1+ (x/2)

https://manara.edu.sy/
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Approximation True value | True value — approximation |

V1.005 = 1 + % = 1.00250 1.002497 0.000003 < 107
VI1.05 = 1 + ﬂzﬂ = 1.025 1.024695 0.000305 < 107~
V12 =1+ l'.}2_2 = 1.10 1.095445 0.004555 < 1072
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EXAMPLE 3 Find the linearization of f(x) = cosx at x = 7/2

Solution Since f(7/2) = cos(w/2) = 0, f'(x) = —sinx, and f'(7/2) = —sin(7/2) =
—1, we find the linearization at @ = 7 /2 to be

L(x) = f(a) + f'(a)(x — a)

=0 + (—1)(;: - %)

=—_1|:+12—T‘ [ ]
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DEFINITION  Let y = f(x) be a differentiable function. The differential dx is
an independent variable. The differential dy is

dy = f'(x) dx.

EXAMPLE 4

(a) Finddyify = ¥ + 37x.
(b) Find the value of dy when x = 1 and dx = 0.2.

Solution

(a) dy = (5x* + 37)dx
(b) Substituting x = 1 and dx = 0.2 in the expression for dy, we have
dy = (5-1* + 37)0.2 = 8.4.
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PAV Differentials

e : : : .
- The geometric meaning of differentials

Let x = a and set dx = Ax. The corresponding change in y = f(x) is

Ay = f(a + dx) — f(a).

The corresponding change in the tangent line L is

AL = Lia + dx) — L(a)

= fla) + f'(@)[(a + dx) — a] —M
L(a + dx) La)

= f'(a)dx.
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DAV leferen’rlals

ﬂJLz_qu y =f(x)

1
7 ay=fatdv - 1@

AL = f'(a)dx
N \\ N
\

(a + dx, f(a + dx))

(a,f(@))

When dx is a small change in x,

[

[

[ : .
Tangent { the corresponding change in
[
[

line the linearization is precisely dy.

' > X
a+ dx

|
|
|
|
|
|
|
l
0 a

FIGURE 3.56 Geometrically, the differential dy is the
change AL in the linearization of f when x = a changes by an
amount dx = Ax.
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DAV Differentials

slial  dy represents the amount the tangent line rises or falls
when x changes by an amount dx = Ax.

If dx # 0, then the quotient of the differential dy by the differential dx is equal to the
derivative f'(x) because

_ _ffyde o dy
dy +~ dx = p fi(x) = I

We sometimes write

df = f'(x) dx

in place of dy = f'(x) dx, calling df the differential of f. For instance, if f(x) = 3x* — 6,
then

df = d(3x* — 6) = 6xdx.
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Every differentiation formula like

du + v) _ du N dv or d (sin u) ~ cos du
dx dx dx dx > dx

has a corresponding differential form like

diu +v) = du + dv or d(sin 1) = cos u du.

EXAMPLE 5 We can use the Chain Rule and other differentiation rules to find dif-
ferentials of functions.

(a) d(tan 2x) = sec?(2x) d(2x) = 2sec” 2x dx

(b) a’( X ) _ (x + Ddx —xdx+ 1)  xdv +dx — xdv  dx
x+ 1

(x + 1) (x + 1)2 C(x + 1)
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PAV Leibnitz Theorem Formula

-::uLz_a_ll The first derivative could be written as;
- (uv)’ = u’v+uv’

Now if we differentiate the above expression again, we get

the second derivative;

(uv)” = [(uv)']
= (u’v+uv’)’
= (u'v)'+(uv’)’
=u'v+u'v+u v +uv’
=u'v+2u'v +uv”’
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Vag Leibnitz Theorem

o)li_all

n
(uv)" = z (T) u(n—tgi
L=0

Where (’:) represents the number of i-combinations on n elements.

n
(f-g)™=fm.g4+ (l)f(n-u gD+ ...

. (:)_f{“'k} ‘ g{'ﬂ 4ot f - g[n]
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[Z\y Tangent Lines and the Derivative at a Point

LR LT T

F-9)=f-g9g+f g
fF-9"=f"-g+2f -g'+f-g"
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[ZV Tangent Lines and the Derivative at a Point

ﬁiﬁ Example : Find the second derivative of the product of the
functions x?, and Tanx, using lebiniz rule.

Solution:

2

The given functions are f(x) = x=, and g(x) = Tanx.

The leibniz rule for the product of two functions is (f(x).g(x))" =

' ().g(x) + 2f'(x).g'(x) + f(x).g'(x).

2 2 2
L. xZ. Tanx = Tanx. i X2 + Ei. xZ. [—i.Tan:x: + X2, 47
dx2 dxe dx dx dxé
2
%. xZ. Tanx = Tanx.2 + 2.2x. Sec®x + x%.2Secx. Secx. Tan
X
2
%. xZ. Tanx = 2T anx + 4x. Sec?x + 2x°Secx. T anx
X

Therefore the derivative of the product of two functions using

leibniz rule is 2T anx + 4x. Sec?x + 2x“Sec?x. Tanx.
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Exercises

In Exercises 1-8, given y = f(u) and u = g(x), find dv/dx =

figlx))g"(x).

L.y=6u—9, u=(12n 2. v=2", wu= 8 —1

J v=sinu, u=3x+1 4. v=cosu, u=c¢e€"

5. }'=“n.f(11 i = sin Xx b. v=sInu, U =X—COSX
7. v=tanu, wu = mwx> 8. v=—secu, u= 1; + Tx
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d-'ﬂ'-ﬂu 1. flu)=6u=9= f'(u)= ﬁ::-f(g{x)) 6; g{:r] —:-." = g'(x) = Ex
A . '[herefme— f(g(:q)}g (x)=6- EI —121

2. f(u)= 217 = fu)= 61> = filg(x)= 6(8x—1)° g(x)=8x-1=g'(x)=8§;
therefore % = f'(g(x)g'(x) = 6(8x =1)" -8 = 48(8x—1)°

3. fw)= smu :.‘:— f'(u) =cosu = f'(g(x)) =cos(Bx+1);g(x) =3x+1=g'(x) =3;
'rherefnre — = f'(g(x))g'(x) = (cos(3x +1))(3) = 3cos(3x +1)

4. f(u)=cosu= f(u)=—smu= f(g(x))==sm(e"); g(x)=¢ = g'(x)==-e"; therefore,
@ = f(g(x)g'(x) = —sin(e *)(—e ) = e "sin(e ™)

5. flu)= Ju= f(u)= 2—}!7 = f'(g(x)) = 2_-.!'51:':1_:; g(x)=smx = g'(x)=cosx; therefore,
= ENE () ==

2alsinx

6. flu)= smn :> f'(u) =cosu = f'(g(x)) =cos(x=cosx); g(x)=x=cosx = g'(x) =1+sinx;
'rherefﬂre == fe(x))g'(x) = (cos(x —cos X)}1 +s1n x)
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7. flu)=tanu = f'(u) = sec” u = f'(g(x)) = sec” (;11".1'1); gix)= T = g'(x) =2mx;
therefore % = flg(x))g'(x) = sec’ (JTIEJ{EHI} =2xx secl{fr:-:z}

8. f(u)==secu= fu)==secutanu= f'(g(x)) = —sec(% + ?x]tan(% +7x); g(x) = % +Tx =

g'(x)= —-]-2- +7: therefore, ‘% = fllg(x)g'(x)= {-l; - ?] sec(-ll_ +7x) tﬂﬂ{% +7x)

https://manara.edu.sy/
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Exercises

In Exercises 9-22, write the function in the form v = f(u) and

u = g(x). Then find dv/dx as a function of x.

9. v=(2x + 1y 10. v = (4 = 3x)’

11. v = ::1 - %)_T 12. vy = (VT? - 1)_"]
13.;.-=::§+x—})4 4. v = V32 —dx + 6
15. v = sec(tan x) 16. v = cot (11' - %)
17. v = tan’x 18. v = 5Scos™'x

https://manara.edu.sy/
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Ay _

o

- . L g "-I;EF

10. Withu =(4-3x), y=u": —

11. Withu = (1--

12. With o =3¥x-

13. Wiﬂlu=(%+x—%),y W _ D _

14. Withu =3x~ —f-l;*:+~:‘5_}—n'l’rz ﬂj’ il dau _ L, ~1/2
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= (secu tan J,J.r){*snal::E x) = (sec(tan x) tan(tan x)) sec” X

B2

With i = tan x, y = secu: % =

thu=m7-1y= W _ B _ege? ) L) = - Lese? (7L
Withu =7 -,y =cotu: — =5 =(—csc u}{f]_ =~ C5C (;r )

2

1:::31:&1113.1'3&:: X

- _ 3 AV _dvdu 4,2
With u=tanx, y =u": o= == =3u" sec

=

Withu =cosx, y= s~ g_ig =(=20u" 5)(—5111.1) 20(cos ™ :-:){sinx)
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LILEE PSS et

Exercises

Find v" in Exercises 71-78.

. y = ( ) 72. y = (1 = va)!
1 X

73, v = ﬁcut{l!: - 1) 74, v = Qtan(g)

75. v=x(2x + 1)* 76. v=x"(x = 1)

https://manara.edu.sy/
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R A, T

5

X~ L - Y WL TN e
=y'= %[(1‘4;]_2 (-4 }+x'1"3{—2}(1—&}_3 (1272 ]}
A e ) A ) [ )

73, y=<cot(3x-1)=' = —%::s-.:2 (3x-1)(3) = —%c&cl (B3x-1)=1"= (—%} (csc(3x—1) -%csc{ix -1))

74 y=9tan(§)= ' =9(sec? (3))(§) =3sec? (3) = 57 =3-2500(§)sec(3)n(3)) (4] = 25ec” () an(3)

75 y=x(2x+1)* = ¥ = v 42x + 1P (2) + 1. (2x + D = (20 + P (Bx + (2 +1)) = (2x+ 1D} 10x +1)
= " = (2x+1°(10) +3(2x + 17 (2)(A0x +1) = 2(2x +1)* (5(2x +1) + 3(10x +1)) = 2(2x +1)° (40x +8)
~16(2x +1)>(5x +1)

76. y=x2(x =1 = 1" =x>-5(x 1) @Bx7) +2x(x° =1 =x(x =D [15x° +2(x* =] = (x* -D* 1 7x" - 2%)
= 3" = (0 —1)*(68x7 —2) 4 (x* =1 3x)ATx* —2x0) = 2(x° - [(F —1) (34x® 1) + 622 (172 —20)]

3
- 3[x3 —1) (1361‘5 —47% +1]

https://manara.edu.sy/
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LILEE PSS et

Exercises

In Exe;ciﬁf:ﬁ 79—84, find the value of (f = g)" at the given value of x.
79. flu) =1 + 1. u=gx) = vy, x=1

80. f{tﬂ=l—l+ u=£{x}=llx

81. flu) = cot == 1{} u=glx) =5vx. x=1

cos® i

82. flu) =u + u=glx)=mx, x=1/4

83. flu) = 2” , u=glx)=1x*+x+1, x=10

e

84. flu) (

https://manara.edu.sy/
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9. g(x)=Yxr=g'x) =¢ = g()=land g'M) =1 f() =0’ +1= fw) =5u" = f(gW) = £ W) =5,
8)liall therefore. (f = 2)'() = f'(g)- g'W) =53 =3

R A, T

80. g(x)=01-%" =g'(x)=—-1-0)"(- 1}—ﬂ }:-'-3{ D=Jand g'(-1) =5 f() =1-+= f'(u) =

= f1(g(-D) = f(3) =4 therefore. (fo2)(-1)= f(g(-)g'(-) =4} =1

81. g(x)= H_jg(x}- r::g(l} Sand g'(1) =3: f(u) = cnt(“l"g):}f{u}-—csc (2L) (&) = Eese” (2

82 g(x)=mx=gx)=a= g(% % andg'[%)z:r: Flu)=u +sec> u = f'(u) =1+2secu-secu tan u
=1+ 2sec” utanu = I ( (%}] :_j"'{§}:1+25m:3 %tan%:‘j: therefore, (fng]'(%}:f'{g{%]]g'(%] =57
(17 +1)(2)— (203 2u)

{r.r2 +1]|2

83. g(x)= 1057 +x+1= g'(x)=20x+1= g(0)=1and g'(0) =1; f(u) =§—:"_:> )=

{‘3“ ;;3 = f'(g(0)) = f'(1) = 0: therefore. (f - £)'(0) = f'(g(0))g’(0)=0-1=0

4. g =F-1=g'()=-5=g(-)=0and g'(-1) =2 f(u) = {mf::uf{u} o (e %)d (2= 1)

I TRNTES
(+1(1)— {rr—l}(l] MWu-12y  4(u-1)
_2{"*1} (u+1)° (u+ly (rr+1}3 = f(g(-1)) = f'(0) = —4: therefore,

(f=g)(-D=fe-Meg'(-1) =(—4N2)=-8

https://manara.edu.sy/
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Exercises

85. y=flg(x). fR)=-Lg'(Q)=5g2)=3=)"=f(gNg'(®) = ¥]|,,=(e@e'@ =, (3)5
=(-1)-5=-5

86. r=sin(f (D). /(0)=F. f(0)=4=F =cos(f()) f()) =% =cos(£(0))-f'(0)=cos(§)-4=(5)-4=2

https://manara.edu.sy/


https://manara.edu.sy/

v

djliaJl

LILEE PSS et

Differentiating Implicitly

Exercises

Use implicit differentiation to find dy/dx in Exercises 1-16.

1.
L N
5

1.

9. .
11.

13. y:

v + or =6
vy + v =x+y

IE{I — _1.']-E = —_1;3

2

4.
6.

8.

1.
12,

14.

. X+ = 18xy
13—1}=+J-3=l
(3xy + 7 = 6y
2x — vy

x + 3y

I3=

xy = cot(xy)
x4 siny = xiy?

rcos(2y + 3y) = ysinx
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x2y+::}'2 =6

Step 1: [ Eiﬂp Ex) (I E} '1-|—r 1] 0
Step 2: I2i+21}i=—21y—y2

Step 3: %{xl +2xy) =-2xy —:_p2

Step 4 m—_—h—'-'—_ﬁ

ar xl+21:|‘
ey =18y =37 +3p7 L =18y 18 L = (3 —180) L =18y -3 > L =

2
2xy+y =x+y:
: D yoy)+2pd =14+
Step 1: [Ex +2y |+ V= +:ir
T .E'.‘__E'.‘__ —2y
Step 2: Exdx+2}dx dr_l 2y
Step 3: E-I-[EI+E}—1}=1—E}'

cody 12y
stepd = Ta,a
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ﬂ','l'
dx

3_ | ] 13— 2_1_ —_ |2&‘;— |2_ d‘;— ] — 2 i—
X -xy+y =l1=3x" —y—-x—=—+3y it—ﬂ:(S_m x}dx_:' 3x ==

2(x—p) =x% -2
Step 1: [E{I }][ @ ” +{:f—v] (2x) =2x— Ev

Step 2: 2y (x —_].P]% +E_v% =2y —2x7 (x -_L'}—EI(I—}’}Z

Step 3: %[—TIE{I—}'} +Ev] = ?x[l—x{x—y]—{x—y}z]

i ?x[l—x{r—n @) | Al it agy?) =243ty

Stepd:. —= —
P dx . (x—y)+2y y—x" {I—J} b e e

II:' ¥ 13+1

Gy +7)2 =6y = 21y +7)- (3xi+3y] =62 =231+ 7)B) L 62 = 6331y +7)

d
&y o TY— (v Y30+ 3n°+7y
= —=[6x(3xy +7)— 6] = 632y +7) :':r T 13:7y T
32 =xlooy Et+1}-(:f-1} 2 d _ 1
v+ :f.t (xs1) )T A )’
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[Z‘V

10.

11.

12.

13.

:r+;]| =¥t 43 v=2x-y — 4y +912}'+3x3_}='=2—y':b(3:3 +1}_}"=2—4x3 —9:2_}'
:}J’ 14y’ —91'1'
I+l
_ : el N 1 2
x=tany=1=(sec }}dx:}cﬁ_mi_]._cm b

xy = cot(xy) = x%+y = —csc” (1}'}(1%+y] = :-rfl +x csc (ﬂ'}% = —}'-:scz{x]:]—y

v P 1. | .r:h' -V {c&c (xy }+1:| ¥
- gfr o] o] § -2
x+taﬂ[x}']={}=él+_sec2(xy}][m +x§—) 0= xsec” (1}]‘# =-1—ysec” {;.;}:-}:;. IJLE{;‘}
i vsec (xy
__ 1 _y_=-cos’(p) _y _ —cos(m)-y
IE-EEEI:_‘I_]'} X x X x

: 1.2 4.3
xd'+sin}'=x3}=2:>4x3+(cﬂsy)ﬂh = 3x° } e ’«"yd} = (cos v —2x }]ﬂh —3;2392—4:3::%:%
cos y—2x"y

ysin(%) =l-xyv=y [CGE (l]{—l}%?-} + sm(%]% = —I%—y = %[—%cﬂs[.‘l)+sm(; ]+x] —y

v o
. )

T
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14. xcos(2x+3¥)=ysmx = —xsm(2x +3¥)N2+3¥") +cos(2x +3y) = ycosx +y'sinx
= —2xsmn(2x +3y) 3 sm(2x +3y) +cos(2x+3y) = ycosx+ y'smnx
= cos(2x +3v)—2xsmn(2x +3v)— ycosx = (smx +3xsm(2x +3v))y
e cos(2x43y)—2xsm(2x+3y)—yecosx
=¥y = s x+3xrsm{2x+31)
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Exercises

In Exercises 21-26, use implicit differentiation to find dy/dx and then

d*y fdx?.

2l X+ v =1 22, P+ R =

23, vVi=¢ + 2 24, VP —2x=1-—2

25. vy =x— v 26. xv + v =1

27. If ¥ + v = 16, find the value of d%v/dx® at the point (2, 2).
28. If xv + v* = 1, find the value of d*v/dx® at the point (0, —1).
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21 x° +_1|,'2 :1:>Ex+EJ{1:’:{I:}2}3:':—E:r:>% }':—— now mfmd—l a (y’} I]TT( %)
(=D yox(—£ d* A g
-yt =i o ,,' sice y' = — .:::-—L y= 2 =D E rl_-l
¥ " ) ¥ y ¥
243 | 213 ) U3 2 -13dy @2, AB3]_ 2,3 I = N A
22. X4y =124 T gy ftrz'}:"dx[?" } =y =as=-Ip= —(‘;) :
. N IR S R e T TR
Diafferentiating again, y" = e = =
2
dy _ 1,23 U3 1 13 43 _ g 1
a1 -3% Y 3y =3am FYREMIE
2 2
: 2x“e” +e |—|xe" +1)y
. : 2 xe' +1 - ‘}( ] ( ]
23. J,:‘:EI +2x =23 =2x+2=2x¢" +E:}%: :;‘:;I-: — L
J:I - 1_|;

2
2 4l x2 xe' +1 2 :
y(2xte” |-(xe +1)-T (25292 432 -20)et” 226 -1

y ¥

24. 3 ~2x=1-2y=2y-y'-2=2y' >y (Qy+2) =22 =T =+ ) i then y" =~y + D -y

. -1 fa‘]J.' r -1
— (v +1 L1y = — " =
(J’ } {J’ } > ¥ :1+1}3
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E.J; =.T—J.='::=}'_”2}’r =1_J:'::.}:'(J:l_1"r2 +]_]_l:;: dy -J,i' = 1 = J\_ - we can differentiate the

| ¥+l

equation y'(_v_m +1) =1agam to find 3" y'( L5302, ) + (},—1."2 +1)J=" =0= (y +1J} =1 510 Py

1 irn

1 .
’—’[3-—5—’.1} T 1 I
(J.—I.fz Il:l EJ J”{:J- —Lr Il:l] {1 I.J_}

doy
at=ntie

2 ' ' ' ' ' r =¥
a4y =l w42 =02 0"+ 2w =y =2 ¥ (x4 2y) = sy = ¥ :m:

ﬂﬁ]' L —{x+23)y" +p(1+2 ") _ _{I+23'}[{r:"1,1-}]+3{1+2[ [x:'zj-)” —[[Iﬂﬂ Y2y p(x+2y)-2y ] 3'1 (x+2y)— ;.1| 2
dx

: (x+2y) (x+2y)’ (x+2y) (x+2y)’
"J tany _ 2y(e+y)
(r+23)7  (r+2y)

3 3 2 2. 2 2 ] 1‘ 2 "
. X4y =16 = 3x~ +3_'L'__'1.-' == 3_‘1,.'__'1,' =_3y~ =y =L we differentiate }, }, = 12 to find 3"
) ,, Ii-x
22y _j""'L 3 4.4
J’EJ-JF'FJ?I[Z}' J.-J] =-2r = J_:IEJ_:I" ==2x _2}_,[}_,!]2 —, }Iir — 2[ 3 J JI_ _EJJJ;:I
L
d ) _ 333 5
& (22 -
. 1}+‘L‘ =l=0'+y+20'=0=Vv(x+2v)=—y=y _{x;{‘} :}}#_[II i:h((ljzjjf}(ll 1.}

_ {300
: - _l Bt =L, |
3 |({, _1y === we obtamn y | o 3 3
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Exercises

In Exercises 1-5, find the linearization L{x) of f(x) at x = a.
. f)=x*—2x+3, a=2
fx)=Vxr+9 a=-4

f{_rjr:,r-l-%, a =1

flx) = "3“';, a=—=_

f(x) =tanx, a=m

S O o o

Common linear approximations at x = 0 Find the lineariza-
tions of the following functions at x = (0.

4. sInx bh. cos x C. tan x d. ¢ e. In(l + x)
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R A, T

L f)=x =2x43= ) =3 =2 L(x) = /2N x=2)+ f(2) =10(x =2) + 7 = L(x) =10x =13 at x =2

@ =A== f() = (1) + 9T (2x) = == L) = [ )+ f=4)

=—%(I+4)+5:}L(I] =—%I+%HTI =—4

Cf@=x+ls =1 S L) = fO+ D=1 =2+0(x=1) =2

=P 2 0= 2 L) = FEH - (-8 + f(-8) = H(x+8) -2 = L) =53

1
I 12773

. f(x)=tanx = f'(x) — sec” x=LxX)=f(D)+ f(7)x=a)=0+1lx=-7)=x-7

~ (@) f(x)=smx= f'(x)=cos x=L(x)= f(0)+ f'(0)(x=0)=x=L(x)=x

(b) f(x)=cosx= f'(x)==smnx=L(x)= f(0)+ f(O)x=0)=1= L(x) =1
() f(x)=tanx = f'(x) = sec” x = L(x)= f(0O)+ f(ON(x=0)=x=L(x)=x
(d) f(x)= e = fix)= e’ = L(x) = f(0)+ f(O)x=0)=1+x = L(x)=1+x
(&) f(x)=In(l+x)= f'(x) =1L = L(x) = f(0) + f'(0)(x—=0) =x = L(x) =x
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Exercises

15. Show that the linearization of f(x) = (1 + x)* at x =0 is
Lix) =1+ kx.

16. Use the linear approximation (1 + x)* = 1 + kx to find an
approximation for the function f(x) for values of x near zero.

2
— — ﬁ — | —
a. fix) (1 x) b. fix) = 1
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15. f'(x)=k@+x)" Wehave £(0)=1and £ (0) =k L(x)= f(0)+ f'(0O)x=0)=1+k(x=0) =1+kx

16. (a) f(x)=(01-x)°% =[1+(=0)1° ~1+6(=x) =1-6x
®) f) =L =2[1+E=0]" =2+ (-1(-0)]=2+2x

1—x
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Exercises

In Exercises 1938, find dyv.

19. v =x — IV x 20. v = xV1 —
21. v = 2% 22, vy = 2Vx

| + a7 (1 + Vax)
2. 2y 4+ oy —x =0 24, vy’ — 4P =y =
25. v = sin (5vx) 26. v = cos (x°)
27. v = 4tan (x*/3) 28. v =sec(x* = 1)
29. y = 3csell — 2Vx) 30. y = 2cot (%})
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19.

20.

21.

22,

23,

LR LT T

y=xfl=x2 = x (1= = gy = [{1) a-x)" s (L) a-xH7Y 2{—21’)]::&

=(1-:c2 )_Uz [(1—13)-12}61 = {ii_i}

ax

o2 g @0)-Q0Q20) | o 2204
.:I" - 7 :’ajf ( |:1+1_2}2 )dx |:1_+_1-2}1 Ef[

B ' s | _ 1
O(1+x")’ dx = dy 3Wx(+fxy &

o [ e ()
!y 3(1+x) 3{1+xlr:]:?’aflv [ 9[1+ff1f

2_1}3;1 +xy=-x=0= 3yuzdy+_}' dx+xdy—dx=0= [3_}»‘“2 +x)dy=(1-y)dx = dy= S.j"__y dx
V+x
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24,

25.

26.

27.

28.

29.

[ZV

LR LT T

0 o4 _y 0= a2y dy—6x dx—dy =0 = (2 =D dy = (6x7% =y )dx = dy =
) y b} xy dy Xy » y =

5 ms{ﬂq"— ]

=X

V=sin (5-\,"_ ) =s1n [Exl’rg) = dy =(cos (5:4:1“r2 )] (

I~..'-|u-|

172 ] dx = dy =
y =cos(x>) = dy = [—sin(x*)](2x)dx = =2xsin (x”)dx

y= 4ta11( ]:}a} 4(3&:: ( ])(a Yax = dy = 4x° sec? {%)ﬁh
y =see|x” — 1) = dy =[sec(x” —1) tan (x” —1)](2x) dx = 2x[sec (x> —1)tan (x> —1)]dx

¥ =3csc(1-2x) =3cse (1-2x"2) = dy = 3(—ese (1 - 2x2)) cot (1- 2x2) (—x712) dx
=dy= %-‘:ﬂc(l ~24/x) cot (1-24/x) dx

67
Ejidx
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Thank you for your attention
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