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Deflection in Determinate Structures

&
% deal A
3 6)lial
Deflections of Trusses, Beams, & Frames: Work-Energy Methods

* Deflection of trusses by Work & Strain energy principle
i o Principle of Virtual Work

* Deflections of Trusses by the V. W. M.

* Deflections of Beams by the V. W. M.

* Deflections of Frames by the V. W. M.
s
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Strain energy in a beam element PAV

Bending Strain energy in a beam element °J"“”J'

)

Neutral plane

jﬂ oy dV = m—dv jHZE<Izy>ddi—J—dx< )ﬂ 24 = jLZM—;dx

Shear Strain energy in a beam element,

1.2 forarectangle

jff ydV = H —dV kj dox k=411 foracircle
2GA 1.2 forathin circular
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Comparlson of bending and shear strain energies |n a simple beam

v

§ I r §° * dieo
S Uy = oﬁd“ Uo=12) 264" W bin e
M(x)=—1wx*+L1wlx S(X)=-wx +3wL - ‘4
1 M? 6 ) \‘ ] /
U, = 0 37 dx = EthJ. (—Lwx? +LwlLx)*dx T=biP/12 & A=bh
a 2
g = 2;;3 J.OL (dx' =1L’ + 1 X% )dx
@ 273 275
6w’ , 3L 0.05w°D Ug 1U, = (O'OSW L ]/(0.05W3L ]
— |:210 X ——Lx + 112 L x3:| — _ Gbh Ebh
Ebi’ 0 Ebh’
L s =(E/G)(IW?/I)~20 | I’ <1.
U,=1.2 dx = I (wx——wL) dx
S 0 2GA Gbh 0
g 0.6w° ¢1 1 72 : : -
£ = IO (x" = Lx+5L%)dx Shear and Axial Strain energies
= Gbh V. are negligible in comparison with
2 0.6 ; L 005w L '
g _ G;}; [ ¥ 1Ly 411 } _ G;’; the bending moment energy
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DEFLECTIONS
OF BEAMS BY
THE V. W. M.
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Example-01. Determine the slope and deflection at point A of the beam shown in the

v

S figure, by the virtual work method ) -
e P i
S . ; Vb 8)liall
o | ! B AR LY
—
1
A B
o (c) Virtual System for Determining 6, — M, (d) Virtual System for Determining A, — M,,
Solution 1 T W
Real System: The real B. M. is: for,0<x<L, M(x)= y - (X)(—)(=) =— 5L
Virtual System 1: The V. B. M. is: for,0 < x <L, le(X) —
2 Virtual System 2: The V. B. M. is: for,0 < x <L, |\/|V2 (X) — —l(X) =—X
§ WE LM,,M wL
= dx = —— A j —Y2__dx = I ( ) =
g 3 oLEI 24El 4 6LEI ~ 30El
z ) \
5 O =l 1) An=30m
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Example-02. Determine the deflection at point C of the beam shown in the figure, by P
the virtual work method. El=const. E=200 GPa, 1=800(10°) mm* A

deala
30 KN/m o0 8yliall
REEBEEEEREEER) }
Al R c
Om 3m
Real System Virtual System
60 kN 1 kN
30 kN/m
- J s | L —I | i
X X — X 3 X —
X
Segment AB: 0 < x < 9,M(x) = 115x — 15x? Segment AB: 0 < x < 9,m(x) = -3
Segment BC: 0 < x < 3,M(x) = —60x Segment BC: 0 < x < 3,m(x) = —x
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Example-02. Determine the deflection at point C of the beam shown in the figure, by

W

§ the virtual work method. El=const. E=200 GPa, 1=800(10°) mm?*
S 60 kN dsola
g 30 kN/m ojliall
BEEBEEEEEER: !
AA ottt C
Om 3m
. x Coordinate
E Segment Origin Limits (m) M (kN-m) (kN-m)
AB A 0-9 (115x — 15x2) _g
CB C 0-3 —60x —X
LM(x).
B A _j ). mex) j (115% — 15x2) (—— )dx +— j (—60x) (—x)dx = —
C) o El
._&E AL = 933.75 933.75 . 0.005836
s CTTTEl T T 200(109)800 (10°6) m
E A, =5.836 mm 1
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Example-03. Determine the deflection at point D of the beam shown in the figure, by Pj

S the virtual work method. E=200 GPa.
) 150 kN deoln
g CIJLI_ﬂJl
5 | b - pp—
A E—: - S e :‘-.w_,_:;:;,!:%ﬂ — E
C —
3m 3m 3m 3m
1=300(10%) I=600(10° mm* =300 (10°)
. mm* mm?
T
(1]
-
o Real System Virtual System
150 kN 1 kN
A l' E An l E
= c D 2. = C D —
;T A A 3 A
2 1 3
£ 75 75 Z 2
2 B .
§ fo— X — X X —
©
2
>
b
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Example-04. Use the virtual work method to determine the deflection at joint C of the

[

< .
g following frame.
g f::ijl.i_.:'p.;!l
30 kN/m S
B C
3
T
nd
ET = constant
E =200 GPa
I =800(10¢)mm*
= A
£ L 4sm .
2
E Ac = 60.9mm |
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S Ex.6. Compute the vertical Vi
g i 101 o g deol a
3 deflection at joint C of the c &)Ll
shown frame
76— —
4
& 48
5 4 -
‘s ‘3;\6‘ c
I- by 3m
o
——  40KN 7
40 KN—(B
76
48
E = constant = 70 GPa
A I =554 (106) mm* 76—?) 150
=
g | 4m
2 ()
3
=
'_2 76<—A
2 N
§ 48
(b) Real System — M (c) Virtual System — M,
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Vi

8)liaJl
x Coordinate I =E515 1 . M,
Segment Origin Limits (m) 106 mm*) (kN—m) (kN—m)
AB A 0-5 2EI 76x — 530 —4
CB C 0-5 ET —12 -{2- — ix
2 S
Ac=107 mm ¥
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Homework

Problem.01: Use the virtual work method to determine the deflection at joint C of the

following beam.

L om 10 m
' 21

E = constant = 250 GPa
[ = 600(106) mm4

[

o)liaJl
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Homework

Problem.01: Use the virtual work method to determine the deflection at joint C of the

following beam.

L om 10 m
' 21

E = constant = 250 GPa
[ = 600(106) mm4

[

o)liaJl
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3 Homework
S dools
= Problem.02: Use the virtual work method to determine the deflection at joint B of the Ojliall
following frame.
20 kN/m

"=T=f
& LI.S m-~1.5m 5m
% ETI = constant
§ E =200 GPa
& [ =500(10%) mm*
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3 Homework
g Caola
3 Problem.03: Determine the smallest moment of inertia (I) required for the beam shown, ool
so that its maximum deflection does not exceed the limit of 1/360 of the span length
(i.e., AmaxS L/360). Use the method of virtual work.
2 60 kN
= 300 kN—m 1
A |
\ B C
A S P R P
'.:% 3 L=10m -
g EI = constant
E E =200 GPa
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3 Homework
: ioola
: * * * * aj i : I
3 Problem.04: Determine the smallest moment of inertia (I) required for the members of o
the frame shown, so that the horizontal deflection at joint C does not exceed 20 mm. Use
the method of virtual work.

B
< 30 kN e
3
T ';
o

6 m

.§ |

A A o\ e ¥eo s
: g .
é EI = constant
£ E =200 GPa
(7]
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