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4 Deflection in Determinate Structures

Deflections of Trusses, Beams, & Frames: Work-Energy Methods

• Deflection of trusses by Work & Strain energy principle 

• Principle of Virtual Work

• Deflections of Trusses by the V. W. M.

• Deflections of Beams by the V. W. M.

• Deflections of Frames by the V. W. M.
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4 Strain energy in a beam element

Bending Strain energy in a beam element
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4 Comparison of bending and shear strain energies in a simple beam

Shear and Axial Strain energies 

are negligible in comparison with 

the bending moment energy 

1
2

( )S x wx wL= − +
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DEFLECTIONS 
OF BEAMS BY 
THE V. W. M.
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Example-01. Determine the slope and deflection at point A of the beam shown in the 
figure, by the virtual work method 

Solution

Real System: The real B. M. is: 
31

( ) ( )(for,0 )( )
3

,
2 6

wx x wx
M x x

L
x L

L
= − = − 

Virtual System 1: The V. B. M. is: 1for,0 , ( ) 1vx L M x =

Virtual System 2: The V. B. M. is: 
2(for,0 , ) 1( )vM x xx L x = − = −

3 3

1

0 0
1( )

6 24

L L
v

A

M M wx wL
dx dx

EI LEI EI
 = = − = − 

3

( )
24

A

wL
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 = 

3 4

2

0 0
( )( )

6 30

L L
v

A
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EI LEI EI
 = = − − = 

4

( )
30

A

wL

EI
 = 

https://manara.edu.sy/


Slide 7

https://manara.edu.sy/

https://manara.edu.sy/

St
ru

ct
u

ra
l M

ec
h

an
ic

s 
(1

) 
   

   
   

   
   

   
   

   
   

   
   

   
   

  B
. H

ai
d

ar
   

   
   

   
   

   
   

   
   

   
   

   
0

1
/1

2
/2

0
2

4
Example-02. Determine the deflection at point C of the beam shown in the figure, by 
the virtual work method. EI=const. E=200 GPa, I=800(106) mm4

Real System Virtual System

𝑆𝑒𝑔𝑚𝑒𝑛𝑡 𝐴𝐵:  0 < 𝑥 < 9, 𝑀 𝑥 = 115𝑥 − 15𝑥2

𝑆𝑒𝑔𝑚𝑒𝑛𝑡 𝐵𝐶:  0 < 𝑥 < 3, 𝑀 𝑥 = −60𝑥

𝑆𝑒𝑔𝑚𝑒𝑛𝑡 𝐴𝐵:  0 < 𝑥 < 9, 𝑚 𝑥 = −
𝑥

3

𝑆𝑒𝑔𝑚𝑒𝑛𝑡 𝐵𝐶:  0 < 𝑥 < 3, 𝑚 𝑥 = −𝑥

https://manara.edu.sy/
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Δ𝐶 = න
0

𝐿 𝑀 𝑥 . 𝑚(𝑥)

𝐸𝐼
𝑑𝑥 =

1

𝐸𝐼
න

0

9

115𝑥 − 15𝑥2 −
𝑥

3
𝑑𝑥 +

1

𝐸𝐼
න

0

3

(−60𝑥)(−𝑥)𝑑𝑥 = −
933.75

𝐸𝐼

Δ𝐶 = −
933.75

𝐸𝐼
= −

933.75

200 106 800 10−6
= −0.005836 𝑚

Example-02. Determine the deflection at point C of the beam shown in the figure, by 
the virtual work method. EI=const. E=200 GPa, I=800(106) mm4

𝜟𝑪 = 𝟓. 𝟖𝟑𝟔 𝒎𝒎 ↑

115𝑥 − 15𝑥2
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Example-03. Determine the deflection at point D of the beam shown in the figure, by 
the virtual work method. E=200 GPa.

Real System Virtual System

https://manara.edu.sy/
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Example-04. Use the virtual work method to determine the deflection at joint C of the 
following frame.

𝜟𝑪 = 𝟔𝟎. 𝟗 𝒎𝒎 ↓

https://manara.edu.sy/
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4 Ex.6. Compute the vertical 
deflection at joint C of the 

shown frame
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C = 107 mm 
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Problem.01: Use the virtual work method to determine the deflection at joint C of the 
following beam.

Homework

https://manara.edu.sy/
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Problem.01: Use the virtual work method to determine the deflection at joint C of the 
following beam.

Homework

https://manara.edu.sy/
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Problem.02: Use the virtual work method to determine the deflection at joint B of the 
following frame.

Homework

https://manara.edu.sy/
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Problem.03: Determine the smallest moment of inertia (I) required for the beam shown, 
so that its maximum deflection does not exceed the limit of 1/360 of the span length

(i.e., max  L/360). Use the method of virtual work.

Homework

https://manara.edu.sy/
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Problem.04: Determine the smallest moment of inertia (I) required for the members of 
the frame shown, so that the horizontal deflection at joint C does not exceed 20 mm. Use 
the method of virtual work.

Homework

https://manara.edu.sy/
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