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) [ef (x)dx =c[f (x)dx : c=constant
2) _[[fl(x)"'fz(x)_fa(x)]dx =_[f1(x)dx +_[f2(x)dx __I‘fs.(x)dx

3) [ [ x| =f )

daall pr= Jaliﬂl l__;..alj-_h.
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(1) Table of Indefinite Integrals

| [7() + g0]dx = [ f(x)dx + [ g(x) dx

1

- xn+
x"dx =
J n+1

+C (n# —1)

e*dx=e"+ C

X

a‘dx = a4 + C
J Ina

cosxdx =sinx + C

»

csc’xdx = —cotx + C

cscxcotxdx = —cscx + C

' cf(x)dx = ¢ ‘.f(x) dx
-

—dx=In|x|+ C
Jox

[ % dx = Le‘""r + C
. k
'sinxdx= —cosx + C

sec’xdx =tanx + C

K

secxtan xdx =secx + C

1

dx =tan 'x + C

2

J x +1
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=—+ -4 1 — 3 —=EE
—§+l —3 +1 —= a3 _§+l
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I(le *—2sec’x )dx A i
il
|
4 2 _ 44 2 _ 44
(IOx —2sec x)aix—lex5 dx stec xdx —lex dx Izcoszx dx
=10x?—2tanx +C =2x°—2tanx +C e

j * +1ydr VD
Jall

I(tz +1)%dt :J'(r“ +2¢2 +1)dt :%15 +%r3 +t+C
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EXAMPLE 3 Find the general antiderivative of each of the following functions.

(a) f(x) =x (b) g(x) = (¢) h(x) = sin 2x

1
Vx

(d) i(x) = COS‘;'): (e) ](‘) = 6’-3'“ (D k(x) = 2*
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Solution In each case, we can use one of the formulas listed in Table 4.2. O)liali
x6 Formula 1
(a) Flx) = g + C withn =5
(b) g(x) = x'/2 s0
x1/2 Formula |
G(X)=m+c=2\/;+c withn = =1/2
— 2x Formula 2
(© H(x)==—3=+C with k = 2
sin(x/2) , Formula 3
@ 1) = ==+ €= 2sin 3 + C with k = 1/2
I P Formula 8
(e) Jix) = _5 * 4 C with k = =3
| - Formula 13
(f) K(x) = (m)z + C witha =2 k=1
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I(le *—2sec’x )dx A i
Jall
1
10x * —2sec’ x )dx = [10x *dx — | 2sec’ xdx = |10x*dx — |2 dx
( ) '[ . '[ I I cos’ x
X 5
=10?—2tanx +C =2x"—-2tanx +C e

_[ ¢ +1)dt EE=e
Jall

I(rz +1)°dt =I(r4 +21% + 1dt :ét5 +%1‘3 FPHE
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indefinite integrals and the Substitution method

(4) The Substitution Rule If u = g(x) is a differentiable function whose
range is an interval [ and f is continuous on [, then

[ (g0 g dx = [ f(u) d

EXAMPLE Find fs-:c:zl[ir + 1)-5dx

Solution We substitute ¥ = 5x + 1 and du = 5 dx. Then,

/sccz[ﬁx + 1)-5dx =f sec? u du Let u = 5x + 1, du = 5 dx.

.
=tanu + C :—411111.'1 = SCCTU
an

= tan(5x + 1) + C. Substitute 5x + 1 for u. |

https://manara.edu.sy/


https://manara.edu.sy/

indefinite integrals and the Substitution method

i:'ul.i_.:'n.il .
I — . EKAM FILE / II COS _]_‘3 Ef_.‘l_‘

]12 cos x° dx =/ cos x>« x2 dx

]_ |.-'..'|. = .'|.":- I'.'Il'.' = ..a.'u-l I'.'I.'l.'.
= f cos i " = du

3‘ (] .l,-'_'t ) du = .'I.': ax.

_1/
—jjmsudu

1 . .
= i sinu + C Integrate with respect to u.
1 . |
= i sinx” + C Replace u by 1. ]
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Evaluate

Substitute u = 7% + 1.

-/ Z?Ef{

=fu“fu du

=2 -+
= 3,2
5P+ C

= %{f + 13 +C

In the form | " du

[ntegrate.

Replace u by z° +
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EXAMPLE 1 JRsT! [13 cos(x* + 2) dx.

JOLUTION We make the substitution « = x* + 2 because its differential is
lu = 4x* dx, which, apart from the constant factor 4, occurs in the integral. Thus,

ising x* dx = ; du and the Substitution Rule, we have

’x3cos(x4 + 2)dx = ‘ cos u - 5 du =H cos u du

sinu + C

-

= isin(x*+2) + C

Notice that at the final stage we had to return to the original variable x.
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ITVITF] | Evaluate ‘ J2x + 1 dx.

SOLUTION1 Letu = 2x + 1. Then du = 2 dx, so dx = % du. Thus the Substitution
Rule gives
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ETYEYE] | Find | ——dx.
||11J 1_4I21

SOLUTION Letu = 1 — 4x% Then du = —8xdx, so xdx = —¢ du and

Jﬁﬁdﬁr = —%Jﬁ%dﬁ: = —éjﬁu‘lﬂdu
V1 — 4x u
= —302Vu)+c=—-3V1-4ax2 +C
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Y] | Caiculate ‘ tan x dx.
SOLUTION First we write tangent in terms of sine and cosine:
’ " sin x
‘ tan x dx = dx
w ¢ COS X
This suggests that we should substitute # = cos x, since then du = —sin x dx and so
sin x dx = —du:
" " sin x 1l
tan x dx = ‘ dx = —J—du
. J cos x u
= —In|u| + C= —In|cosx| + C u

Since —In|cos x| = In(|cos x|™') = In(1/|cos x|) = In|sec x|, the result of Exam-
ple 5 can also be written as

[tanxdx = In|secx| + C

L
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‘. udv = uv — ‘ vdu
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8)liall 45 il Jalkil)

|7 )G )dx =1 (x)g )= [f'(x)g (x )dx

g(x) =1 5 JalSal il f () Loy jliss

f(x)= Inx

- =

g'x)=1

@)=
X

g(x)=x |

I Inx dx Y dasdliaisngl Jh

Jall

j-lnx dx =f(x)g(x)—jf'(x )g(x)dx =x Inx —jx ldx =x Inx —jdx =x Inx —x +(
X
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fifx}=tan "x f(x)=

g'(x)=1 g(x)

e

Itan"xdx =f(x)g(x)—jf’(x)g(x)dx =x tan”' x —jx

=x tan_' x —lj 2
2

e |

[

&jliall

|
x2+1

=X

—

J‘tan'l X dx SV dAdad g Jhs

Jall

1

2dx
x“+1

dx =x tan' x —%ln(x2+1)+C
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l)‘“nnh
u=Inx= du=—
X
dv=dx =>v=x
1323 (7) Gapall Caa  Ji2ie
jhxdx=xh1x—jxix-=xlnx—x+c
X
2) chosxdx
u=x= du=dx
dv =cosxdx = v=Icosxdx=sinx
1223 (7) Aapal) s Mie
chosxdx=xsinx—_|sinxdx=xsinx+cosx+c
3) jxarctanxdx

u=arctanx = du =

.
1+x°

2

X
dv = xdx DV:T
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ITVLINE] | Find ‘ e’ dr.

[

SOLUTION Notice that r* becomes simpler when differentiated (whereas e’ is deola

unchanged when differentiated or integrated), so we choose
u =12 dv = e'dt
Then du = 2t dt v=c¢
[ntegration by parts gives
(3) [ 12e'dt = 1?e' — 2 ' te' di

6)li_all

LLLPEERE S Sl

The integral that we obtained, _l' te’ di, is simpler than the original integral but is still
not obvious. Therefore we use integration by parts a second time, this time with « = ¢

and dv = e'dt. Thendu = dt, v = €', and
‘ te'dt = te' — .. e'dr
=te'—e' +C
Putting this in Equation 3, we get
.. 1?e'dt = r’e' — 2 ‘ 1e' dt

= 1%e¢' — 2te' — ' + C)

=1 —2te' +2¢' + Ci where Ci = -2C m
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Adaall JalSsl)

Adaal) Jalad) (1al g

ff(\)d\=0 iLo\:aa.stl.).o\_s_)ufe\ﬂlu\SlJ! N

J"' f(x)dx = — f f(x)dx. e [a,b] Jaddl Jo AL S f il (113 V.

b a
Yue € [a,b] iy [a,b] Jad o ALK G f L s 1y 3

~c

" .
’ flx) dx = ’ flx) dx + ’ flx) dx

Ja

q’,

b
J kf(x) dx = k ,J fx)dx .4

i a

b

b b
j [f(x) = g(x)] dx = f flx) dx = Jr g(x)dx .5

a
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Adaall JealXdll (al ¢

dsuie [@, b] @latl Jlall e clu pe 3loSall B3 farlall oS 13) .6

b
f f(x)dx =0
f(x) <g(x) Vx€lab]l 8s[a,b] Jxll de Gaiat oabls f, g camladl oS 13) .7
b b
f f(x)dx < J g(x)dx
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2t* + 174/t — 1
TR | Evae [ 20 =

]

SOLUTION First we need to write the integrand in a simpler form by carrying out the
division:

42y — 1
f 2 rrz dr=L9(2+r'fE—r‘2)dr

TSI ) |
=2+ —5 — =2r+§r3”+?
1 1

L

2

(2-9+2.924+ ) (2.1 +2. 124}

18+ 18 +5—2—3—1=2323} m
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a. fﬁ(x2—3)dx
!

LILEE PSS et

8-0)-(-3)--

2 P 2
a.f (x2=3)dx=|—-3x| =
| 3 |
4 f4 X3
3/xdx=3]| x2dx=23
i | 3/2
rn/-i n/4
sec2 xdx = tan x =1-0
n N

4

= 2(4)2 — 2(1)¥2 = 14

1

Jall
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; — J-|2X—1|dx° Y JalSl e ansal JUe
0

Adlhdl Aadll ol gd bty Jal)
—(x-1), x<1?
|2x—l|=l PR
2= L 2
2 l/.2 2
. ——  [|2x -1ldx = [ (2 —1)dx + [ (2% —-1)dx
0 0 172
y==(2x-1) y=2-1
12 2
=|=x*+x| +|[x*—x
10 1172
—(—l~+l)—(0+0)+(4—2)—(l—l)=é
42 4 2/ 2
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O ks o
:L}J‘Y‘Clla&mgml
'/(V;+ Vx) dx ® f’—\/ij wd; °/(4secxtmx— 2sec’x)dx ® [—l +‘2:°54’d,
t
Jadl
/(\/'_,_ \/_)dx I(J;h/_)dr- ( "2+r”3) 2+ﬁ+C % 3’2+%x4’3+c

/:\f+\/ fﬂdf-f(

-|/2 3/2)(1,_ - ( 1)+C 2J‘_T+C

/(4 sec x tan x — 2 sec? x) dx I(4secxtanx—253c2 x)dx=4secx=2tanx+C

[t flspare (kb= 4o 294) = g0
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A8y SIS ) (@
1 0 8 (113 — y2/3
/3 . (x L3 1) 2 x? )
. /(x2+\/})dx ® / 438 0 > / l+C082td’ ./ 153
0 0 cos® u ap 2 ' o Jall
1
| 2 3 I
; =[24+232] =(142)-0=
./()(x2 Vi) dx Io(x +\/;)dx [3+3x . (3+3) 0=1
/3 : 7/3 . 4 7/3 4 4
/ 4 smzu du J 4 szu du = ] =| ———-—1|=4
0 Cos™ u 0 cos“u cosu | (1/72) 1
/0 1+ cos2td
3 t
wf2

[opsg2ta=[] (S heosar)dr=[Li+fsin2]) | =(30)+fsin20))~(§(5)+ fsin2

(SYES

S—
N —
I
|
FNE
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[(ef+Ddx oGt gl Jla
- Jall

@J) BALA| el:\.“

f(=x)=(=x)"+1=x%+1=f (x)

2 2 2
j(x6+1)dx =2j(x6+1)dx =2Bx7+x] =¥
-2 0

0

|
tanx
dx Y JaSal dad aa ) JUia
;[1+x2+x4 < = C
Jall
tan(—x ) —tan (x ) .
f(-x)= e = () g2 Qi
1+(—x) +(—x) l+x“+x
|
tanx
j z 4a’x=0
d+x“+x

https://manara.edu.sy/


https://manara.edu.sy/

Py

O
ASY) sl sl @)

- /Zx(x2 + 5)* dx, 0/(3x + 2)(3x% + 4x)* dx, °/\/?csin2(x3/2 — Ddx, e /l2 [2 - Lax
X

/2x(x2+5)‘4dx, u=x2+5:>du=2xdx:>%du=xdx

Ja3
-4
j'Zx(x2 +5) dx= _[211'4 %a’u = J‘u_"a’u =—%u"3 +C= —%(J\f2 +5)"3 +C

/(3x + 2)(3x% + 4x)*dx, u= 3x? +4x = du = (6x+4)dx =2(3x+2)dx = %—du = (3x+2)dx

I(3x+2)(3x2 +4x)4dx = Iu4 %du =% ju4du = %us +C= %(3x2 +4x)5 +C
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' ' 10V /l X /4 dy
o] 4)\3 o] ® —ax o
/oﬁ(l-*—t) dt 5 (1+v3/2)2dv o Vx*+9 1 2\/§(l+\/§)2

Jall

|
/P(l + ) dr u=1+t4:>a'u=4t3dt=>%du=t3dt;t=0:>u=l,t=l:>u=2
0

13 4\3 4, _ 12 0 s
Iot (1+¢7) dt—j Zu du = [16] =4e—o=12

10Vv
/ (1 + v3/2)2 u=1+v"? =>du=%v”2 dv:%du=10«/;dv;v=0=>u=l,v=1=>u=2

fogsfage dv= [ (R ) = 2 Fu au=-2[1] "= -2[1 1] =10

0 (1+v¥2)2 1 w?\3
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fleLElJ_I
/l X dx 4 3 3
o Vg9 u=x +9=du=4x dx:%du=x dex=0=u=9%x=1=>u=10
13 110y 12 T 12700 a2 1 an/2 103
[, x4+9dx_j9 Lu du—[z(2)u ]9 =102 -L(9)2 = :f10=3
/4 dy 1 \/— J dv 1 5 4 3
L2V (1 + V) u=1+.y= u—z—\/;,y— Su=2,y=4=>u=

Il4 2J§(‘11:\/;—')2 =Iz3uL2d" =.[23“-2 du=[-u"'} =(-1)-(-3)=4
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(6) Integrals of Symmetric Functions Suppose f is continuous on [ —a, a].
(a) If fis even [ f(—x) = f(x)], then |[*, f(x)dx = 2 |; f(x) dx.

(b) If fis odd [ f(—x) = —f(x)], then [*, f(x) dx = 0.
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ETYNITE] | Since f(x) = x° + 1 satisfies f(—x) = f(x), it is even and so

7 ¢+ Dav=2 "+ 1 dx
—ofp + o= 2+ 2) = B

ETYNITET] | Since f(x) = (tan x)/(1 + x* + x*) satisfies f(—x) = —f(x), itis

odd and so
t
f’ ar:x 4dx=0
-1 14+x"+=x
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Thank you for your attention
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