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Introduction

In this course we'll learn how to manipulate multi- e latd) .S elaii K

dimensional objects called vectors which are thPe appropriate il = & J)-O-L - Lgﬂh.L.l—’.:"“
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tools to describe directional effects in space. . \@a\,m?\ T ng‘ 3—‘4-5-—w\-1‘

We need vectors in order to describe physical quantities like i o . ”
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the velocity of an object, its acceleration, and the forces

exchanged with other bodies. f‘-—‘“—?’m (30 OE po Aol G9ally « deyludy ¢ puzzll
Vectors are built from real numbers, which form the Lagasdl alae¥l e dailay Las ¢ Laddl oyl Sz
c:c)mporll)ents ofctlhe Vectolr. ch))u can thinkf)favec:cor aseclllist Ay Lj) oldac Lll e Y| g Jﬁé-ﬁ «iUJ-jj ~43L55)~° £US
oh num I(Jers, ::Tn r:/elc.tor algebra as operations performed on P 18 a0l LS, e 6T RS ﬁ:"jé e LS).wi
the numbers in the list. ) ST T e
Vectors can also be manipulated as geometrical objects, sLasll o &53‘“““’1‘ 3 Lrlese j‘""‘d‘ it Lyl ()Say
represented by arrows in space. - (W‘) L 90 dodilue &E.ES
The arrow that corresponds to the algebraic vector vV = (Vx; Uy) 8\"":“'” ao 59es g;._U\ W—”
Ay . ) ’
starts at the origin (0,0) and . ” (0’9) ‘:Lf"“ A d'ua"'l
ends at the point (v, vy,) v Y (U vy) sl die gty
The word vector comes from the Latin . LM e vector” 4.8 ciels
vehere, which means to carry or to ride. 0 Uy X LS ol s (gad (g cvehiere
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Definition

The two-dimensional vector ¥ € R? is equivalent to a
pair of numbers U = (v, V) ). Vx is the x-component,
and vy, is the y-component of.

Vector Notations

We'll use three equivalent ways to denote vectors:

¢« U= (vx, vy): component notation, where the vector is
represented as a pair of coordinates with respect to the

x-axis and the y-axis.

e v=1,d+ Uy J: unit vector notation, where the vector
is expressed in terms of the unit vectors I = (1,0) and
J=1(0,1).

* U = |U|46: length-and-direction notation, where the
vector is expressed in terms of its “/ength” |¥| and the

angle 6 that the vector makes with the x-axis.

These three notations describe different aspects of vectors, and we will use them
throughout the rest of the course. We'll learn how to convert between them—both

algebraically (with pen, paper, and calculator) and geometrically (by drawing arrows).
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Vector operations k] (e o ‘ %vﬁ

Consider in the three dimensional space Rg,three vectors: PPOAR LY R3 _;\_,_,'2\ u’M-’ LA_Q_I\ L; S
— (ux: Uy, uz) (vx» Uy, vz) &W = (Wy, Wy, Wy), f:'."f?.'.:"!.[
and assume that a, b, & c, are three arbitrary real numbers. A-pl-z-o\ dud 3> slacl MW a,b,& ¢ u> ey

Addition and subtraction L slo g daia¥| o>

U+ U= (Uy + Uy, Uy + Uy, Uy + V)

U=V = (Uy — Uy, Uy — Uy, Uy — V)
Performing ~+ calculations on vectors simply requires L%:LSJA e Lwas ZﬂaL—W-U R da | e C)ja-nﬁ 2':°ﬂ | Lidee
carrying out + operations on their components. ) )

Example:Given two vectors: ﬁ — (4—,2), 1}) — (3,7) ) UL:L”:“J‘_)US'"‘_'I JLZ.:
Find: U + 7 & U — 7. . . .u—v3u+v
u+v=04+32+7) =(79)

u—v=04-3,2-7)=(,-5)

Scaling o lads me obuo sl

We can also scalea vector by any number a € R:
au = (auy, au,, au,)
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Length
Avector’s length is obtained from Pythagoras’ theorem.
Imagine a right-angle triangle with one side of length U,

and the other side of length vy ; the length of the vector
is equal to the length of the triangle’s hypotenuse:

|m=J%+

sl sk [

Lo Goiud! § ygelid dplas Jl sble¥l goota
EIJLL.:I_”

2
Vy

SLag¥l N sLaall 8 & pgelid 2u,las g1 sl

i =\/v,§ + vy + V2

Unit vectors L g lad slil §8uslgll o la ik
Take any vector like: U = (ux, uy’uz) &\.a..fd\ oS
. . U U, U, U A .
Its unit vector is: fi=—= (2 _3)’ , _)Z) 198 LSu>lg g lad
[ul - Nl Jul " ul
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Consider in the three dimensional space
é
R3, two vectors: d and b

Scalar (dot ductof t t - e ladd (Jadd! RS .
calar (dot) product of two vectors p s (Joddl) lad! cluz PAY/
doeol o

0 =7 &)Li_aJl
a [T Ren———
Their scalar product is defined as real

EGMJJL B 20 (Aid> ddc Al
number given by

a-b=|d||b|cos8 or = abcosB
It is commutative, distributive with vector

addition, and is null if they are perpendicular

In an orthonormal coordinate system Leollss Buslate 4800 Sl | s 3
d=a,l+a,j+ak and b=Db,l+b,j+bk

The scalar product and the angle between

cnidMally crreladd! (s glidly e lusedl e oy
i-b=a.b,+ ayb, + a,b,

a,by + a,b, + a,b,

the two vectors are given by

cos @ =

\/a§+a§+a§\/b§+b§+b§
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Vector (cross) product of two vectors

weload (abladll) sladdl cloz) [>
A

It is a vector perpendicular Cc=dXb B C_l; dalaio ¢ lad 43l doola

to both of them M ey ioes 2 ]

The magnitude (length) a (Jobs) wld Jaad

of the result is given by ) Mty Ll
Ic| = |a||b|sin 8

Anticommutative, distributive with podas . syl o pn (s ¢ LuSe Lo

addition, null for parallel vectors, Lot Lldss . cnoslgie cneladd

analytically given by: axh =(a,l +a,j + a k) x (b,i+ byj + b, k)

=ab, (i xi)+ab, (i <])+ab, (i xk)
+a b, (] xi)+ab, (Jx])+ahb,
+a,b, (k x1)+a,b, +ab, (k xk)

dx b =1(ayb, — asby) + j(ab, — ayb,) + k(axh, — a,by)
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” Va

djliaJl

¢=dxb=ti(a,b, —a,b,)+j(a,by — ayb,) + k(ayb, — a,b,)

N

C=cxl+c,j+ck

a
=
|

a,b, —a,b,
Cy = azby — ayb,

C; = Ayby, — a,b,
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Graphic Representation of Vectors PA

Vectors can be represented in terms of some chosen reference components. In practice ioola
reference vectors are chosen to be orthogonal (perpendicular) and of unit length. o)lioli
5 I
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4r 4j+_ _____ ] 35 -
3t | : 3-
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oL | ] 2.5 A
: 1
j ! N 1.5
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| =
-2 | 0-
|
3 | 9B | e
| 45l e B
-4 r : 4 3 -;‘:'——______ — = 1 =
-5 | 1 0 1’-_.«-/_""_:1 0 .
-5 (i} & y

Standard notation for the unit vectors are L along X-axis, | along Voaxis, & K along the Zaxis.
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DIRECTION COSINES - - gl SilislugS PAY/

Let &, 7, & ¥ be the angles made by a vector ¥ = al + bj + ck, with the three aoos

primary axes. The cosines of these three angles cos «, cos [/, & cosy are known as §)liall
direction cosines

\ 4 4 A
/ N A
,'"':’ X ,:'!'
a !.":: :;'!:
C\\"if 4 $ :’:’, ) ,,-":
F “o o/ T F
//// ,"’: c "’:’
. w_ X X w _x' X > /,(:; | :',:': .X" y‘ ¥
cosa = - cosf = ’ COSYy = :
— , — , —
vVa2+b2+c2 Va2+b2+c2 vVa2+b2+c2

It follows from the above that: cos?a + cos?f + cos?y=1

Fxample: Sketch the vector 7 = 57 + \/§f + /8 k, and find its length, the direction cosines

and the angles it makes with coordinate axes.

1/14/2025
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Review of Trigonometry

d-b=b-d=(1)(1)cosf = a,by + a,b,

cos(a — ) = cosacosf3 + sinasinf

cos(a + f) = cosa cos B — sina sin 8

T

sin(a + B) = cos[g —(a+ pB)] = cos[(i — a) — ]

sin(a + ) =sina cos B + cos a sin 8

sin(e — ) =sina cos f — cosa sin
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Cosine Formulain the Triangle

Given a tringle with vertices (singular, vertex): A, B and C.

With &, fand yas the corresponding angles.

And a, b and c , as the corresponding sides. From the figure. 3

AC — AB = B—C>, then (B_C))z = (AC — AB>)2, which gives the general cosine formula

a‘ =b?+c®—-2bccosa

Ex. Write the two other similar formula.
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Sine Formula in the Triangle %Y/
d L

AREA =[3AB xAC| =|4BC xBA|=|3CA xCB] gy,
Then: icbsina =3acsin g =4basiny A
Multiply by 2 and divide by abc, to get b

C

siny
a b C C
Inverting the fractions to get

Sinar sin f3

a b _ ¢

SN sin 3 siny
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