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Antiderivatives

More generally, starting with a function f, we want to find a function F whose derivative 1s
f. If such a function F exists, it 1s called an antiderivative of f. Antiderivatives are the link
connecting the two major elements of calculus: derivatives and definite integrals.

Finding Antiderivatives

DEFINITION A function F 1s an antiderivative of f on an interval [ if
F'(x) = f(x) forall xin [I.
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Antiderivatives

EXAMPLE 1 Find an antiderivative for each of the following functions.
(a) flx) = 2x (b) gix) = cosx (c) hix) = % + 2e=

Solution We need to think backward here: What function do we know has a derivative
equal to the given function?

(a) Fix) = x° (b) Gi{x) = sinx (¢) Hx) = In |x| + &*

Each answer can be checked by differentiating. The derivative of F(x) = x* is 2x.
The denvative of Gi{x) = sinx 15 cos x, and the denivative of H(x) = In |1r| + ™ is

(1/x) + 2™ ]

The function F(x) = x? is not the only function whose derivative is 2x. The function
x% + 1 has the same derivative. So does x> + C for any constant C. Are there others?
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Antiderivatives

THEOREM & If F is an antiderivative of f on an interval [, then the most gen-
eral antiderivative of f on [ 1s

Fx) + C

where C 15 an arbitrary constant.
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Antiderivatives

EXAMPLE 2 Find an antiderivative of f(x) = 3x~ that satisfies F(1) = —1.
Solution Since the derivative of x* is 3x°, the general antiderivative
Fx)=x +C

gives all the antiderivatives of f(x). The condition F(1) = —1 determines a specific value
for C. Substituting x = 1 into F(x) = x* + C gives

Fly=(1Y+C=1+C.
Since F(1) = —1,solving 1 + C = —1 for C gives C = —2. So

Flx) =x" =2
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Antiderivatives

EXAMPLE 2 Find an antiderivative of f(x) = 37 that satisfies F(1) = —1. e
V=
Solution Since the derivative of x° is 3x2, the general antiderivative 2
Fy=x+C 1
/ -

gives all the antiderivatives of f(x). The condition F(1) = —1 determines a specific value 0 > X
for C. Substituting x = 1 into F(x) = x* + C gives ﬂ“ b

Fl)y=(1)+C=1+C.
Since F(1) = —1,solving | + C = —1 for C gives C = —2. So

Flx) =x =2
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Antiderivatives

TABLE 4.2 Antiderivative formulas, k a nonzero constant

Function

|

2. sin kx

3. cos kx

4. sec? kx

5. csct kx

6. sec kxtan kx

7. csc kx cot kx

General antiderivative

|
n+1

—é coskx + C

| .
ksmk_r + C

|
Iﬁ:[ﬂl‘l.ﬁcr-i- (N

—% cotkx + C

L
kseckr+ C

—% cschkx + C

4+ Con#F -1

Funetion

8. &
. 1

10.

V1 — k'

1L — 55

12,

aVERE -1

13. a*

General antiderivative

éf‘h-l-ﬂ'

In|x| + C, x# 0

ésin‘] kx + C

—tan ' kx + C

P |

sec lkx + C kx> 1

( I )ﬂk"+f,a}ﬂ,ﬂ = 1

klna
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Antiderivatives

EXAMPLE 3 Find the general antiderivative of each of the following functions.

L © hx) =sin
X

v
(@) i(x) = cos’y (€) jlx) = e ™ (f) k(x) = 2*

(a) f(x) =x (b) g(x) =
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Antiderivatives

sl Solution In each case. we can use one of the formulas listed in Table 4.2.

,rﬁ Formula 1

(a) F(x) = E + C withn = 5

(b) g(x) = x '/ so

. x1/2 . Formula |
G(x) = 1;”—3 +C=2Vx+C withn = —1/2

_CG";ZVT ['.i."'" ]S.I. :

(© H) ===+ with k = 2
sin (x ,f 2) L x Formula 3

(d) I(x) = 12 +C=2sin5 + C with k = 1/2

— _1_ —3ix Formula 8
() Jix) = 3 +C with k = =3
_ L X Formula 13
{f} K{I} N (IHZ)Z +C witha = 2,k =1 [
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Antiderivatives

TABLE 4.3 Antiderivative linearity rules

Function General antiderivative
1. Constant Multiple Rule: kf(x) kF(x) + C, k aconstant
2. Negative Rule: —f(x) —F(x) + C
3. Swum or Difference Rule: f(x) £ gx) Fix) £ Gx) + C

EXAMPLE 4  Find the general antiderivative of

f(x) = == + sin 2x.

Vx
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Antiderivatives

F(x) = 3G(x) + Hx) + C

=6\/’;—%cnszx+ﬂ'
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i Sv— Indefinite Integrals

A special symbol is used to denote the collection of all antiderivatives of a function f.

DEFINITION The collection of all antiderivatives of f is called the indefinite
integral of f with respect to x, and is denoted by

/ f(x) dx.

The symbol f is an integral sign. The function f is the integrand of the inte-
gral, and x 1s the variable of integration.
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[Z\y Indefinite Integrals

LR A LT

/Exdr—rz-l—f

/cns xdx =sinx + C,

EXAMPLE 6 Evaluate

dr—tﬂnr"l-'"u/_"l-f
2*~f>

/{:3 — 2x + 5) dx.
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e . Solution If we recognize that (x*/3) — x* 4+ 5x is an antiderivative of x* — 2x + 5,
we can evaluate the integral as

antiderivative

: ,
/(xz—lr+5}ffx=i—xz+51+f.

3

arbitrary constant

If we do not recognize the antiderivative right away, we can generate it term-by-term
with the Sum, Difference, and Constant Multiple Rules:

/(13—h+5}d1 =fx%fx—/2xdx+/5dx
=fxszx— E/I{fx+ 5/1-:1'1
3 2

= (‘% + C]) - 2(‘% + CI) + 5(x + Cy)

x

3

+ C, — x> = 2C, + 5x + 5C;.
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aggndefinitelntegrals
/(r Ex+5}-:h—f,r dx—/hrh+/5dr

=§—r + 5x + C.
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Integration by Parts Formula

/Hdv = uv — ftm‘u (2)

EXAMPLE 1 Find

/ X COSs x dx.

Solution We use the formula f udv = uv — f v du with

u =X, dv = cos x dx,
du = dx, v = sinx. Simplest antiderivative of cos x
Then
/x cosxdx = xsinx — /sin xdx = xsinx + cosx + C. O
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[ZV Integration by Parts

-— - EXAMPLE 2 Find/lnx.{i{.

Solution

wx) =Inx and v'(x) = 1.

We differentiate u(x) and find an antiderivative of v'(x),

u'(x) = % and v(x) = x.

Then

/lnx- ldx = (Inx)x —/x%dx [ntegration by parts formula
| | BN

w(x) wv'(x) wix) wx) w(x) w(x)

=xlnx —x+C Simplify and integrate. B
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[ZV Integration by Parts

&)LiaJl EXAMPLE 3  Evaluate
/ x2e dx.

Solution We use the integration by parts formula Equation (1) with
u(x) = x> and v'(x) = e
We differentiate u(x) and find an antiderivative of v'(x),
w'ix) =2x and vix) = &
We summarize this choice by setting du = u'(x) dx and dv = v'(x) dx, so
du = 2xdx and dv = e dx.
We then have

¥ ¥
xe'dy = x-e' —/ﬂllx dx. [ntegration by parts formula

du u v l) i
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u=x,dv = ¢e"dx. Then du = dx, v = ¢, and

Integration by parts Equation (2)

f’wt = _ff’"gf_i = x¢* — & + C. e

|--—,—-- = &' du = dx
|

TR i), U v v

Using this last evaluation, we then obtain

f,rlaf‘" dy = xle* — E/ xe* dx

= x%e* — 2xe* + 2¢* + C,

where the constant of integration 1s renamed after substituting for the integral on the nght.
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EXAMPLE 4 Evaluate

/EI cos x dx.

Solution Letu = ¢ and dv = cos x dx. Then du = ¢* dx, v = sin x, and
fe*" cosxdxy = e'sinx —/E‘ sin x dx. uix) = ¢, wvixr) = sinx

The second integral 1s like the first except that it has sin x in place of cos x. To evaluate it,
we use integration by parts with

u = e, dv = sin x dx, U = —COS X, du = " dx.
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It Am— : Then

f{*‘ cosxdx = e*sinx — (—EI COS X —f[—EGE x)(e r:i::]) w(x) = ¢, vix) = —cosx

= ¢'sinx + e*cosx —/E‘cﬂﬁxdx.

The unknown integral now appears on both sides of the equation, but with opposite signs.
Adding the integral to both sides and adding the constant of integration give

Eff‘cnﬂxdx = ¢e'sinx + e'cosx + C).

Dividing by 2 and renaming the constant of integration give

esinxy + e cos x
/E‘cﬂsxir= 5 + C. ]
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e . EXAMPLE 5 Obtain a formula that expresses the integral

f cos” x dx

x * cos x. Then we let

Solution 'We may think of cos" x as cos"~!

u = cos" lx and dv = cos x dx,
so that
du = (n — 1) cos" % x (—sin x dx) and v = sin x.

Integration by parts then gives

-1 . 1 i
fmﬂnxd‘r = cos" lxsinx + (n — l}fsmzxcns" >x dx
- 1 2 -
= cos" 'xsinx + (n — 1}:/[] — cos” x) cos" " x dx

= cos" 'xsinx + (n — 1}:/{::35”'2,1:::1[ —(n — l}h/‘-:ﬂs”xdx.
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PA‘V Integration by Parts

ﬂjl.i_-flJ| If we add
(n — IJCDS" X dx

to both sides of this equation, we obtain

nfcm”xdx = cos" 'xsinx + (n — ]Jms"'lx dx.

We then divide through by n, and the final result 1s

-.1 =
cos"“'xsinx n—1 _
f cos" x dx = - + — f cos" "2 x dk. O

2 -
/cﬂijdx= w + %fcﬂsxdx

= lcﬂszxsinx + gsinx + C.

3 3
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I:A Finding Antiderivatives

deola In Exercises 1-24, find an antiderivative for each function. Do as
Sl many as you can mentally. Check your answers by differentiation.
1. a. 2x b. x* c. x> —2x+1
2. a. 6x b. x’ c. x’ —6x + 8
3. a. - b. x™ c. x4+ 2x + 3
X3
4. a. 2x7 I].T-l-_l'z c. v +x-—1
1 5 5
5. a. = b. = c. 2 — =
_1.'2 _.'I{'E _I'E
6. a. —= h.ﬁ ¢ ¥ -+
X
7. a. 2V b, —— ¢ Vi+ -1
: 2Vx Vx
4.3 1 3 1
8. a. -Vx b. ¢. Vx+ ==
3 3Vx Vx
2 13 1 op I Sy
9. a. 3 b. ¢. —3
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—_

- (a)

(a)

. (a)

(a)

(a)

(a)

(a)

(a)

® £

® x

® -5
® -Gk
b =2

® =

®

) %IEH
(b) IL"E

© %

(c)

(c)

(©

(c)

(©

(c)

(c)
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11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

. —TT SIN TTX

. T COS TTX
3

. S8CcTx
3

. CSCT X

. CSCXCcotx

. SeCcxtan x

. e

=2y

o RN

(PR
-

sin X

i
2

Il
lad | =t Hm

w2 b |
n
]
L

-
L]
I

b || Lad
L
Ln
!

I

Lad

b |2

b. —csc 5x cot 5x

b. 4 sec 3x tan 3x

b. £

h. E—“I.t‘.IrJ

.1 =

. 1+

1
2

P =IO

X

. 51N TTX — 3 s1n 3x

TX
. CO8 — + T COS X

2
5 3X

« —8CC S

2

.1 — 8csc?2x

mX X

. —TT CSC — cCcot —

2 2
TX, X

. 58C —tan —

2 2

f.t;"I

. g_":a"r 5
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12.

13.

14.

15.

16.

17.

18.

19.

20.

(a)

(a)

(a)

()

(a)

(a)

(a)

(a)

In x|
Fiaf]
cos (7X)
s (7x)
tan x
—cot x
—C3CX

seCX

(b)

(b)

(b)

(b)

(b)

(b)

(b)

(®)

(b)

(®)

7 In ||

(c)

(c)

(c)

(e

(c)

OF

(c)

(c)

x=351n |x|
x+%]n|:r|+%

Zcos(xx) +cos(3x)

[l)m(%) + TsInX

)

x+4cot(2x)

|
[
H.
B
—
Iul'gf

2csc (ITI)

)

2
T

o

e

zexfi

_5 E—x;"i

https://manara.edu.sy/


https://manara.edu.sy/

21. (@) pp-3"

1 341
3+

22. (a)
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LILEE PSS et

33.

35.

7.

39.

41.

43.

45.

47.

49.

/
/
/
/
/
/

/
/
[

13 dx

{xf;+ ﬁ’;}dx

2
(Ex - |_.|"4) dy

2x(l — x ) dx
rV? + foﬂ,t

rl

(=2 cos t) dt
7 s1n -dﬁ‘

(=3 csc? x) dx

csc @ cot H

36.

38.

40.

42,

46.

48.

50.

f x4 dx

fr‘j[r + 1) dx

/

4

+
\ﬁdr

f3

f{—i sin t) dt

fE cos 560 46
sect x

[(-25%)

5

=sec B tan 8 46

fz
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35.

36.

37.

]

38.

39

40.

41.

[==1

ES
2

2

(u';+-'y;]dx = I(A‘l’q +A'U3]d.‘.t' =ﬁ+'—

I($+§-)dx=‘[(1xm +21_1’r2]dx =%["‘M]+E( ﬂ]ﬂ:‘:%xyz +axt? 4
= X

-l o1

(35t )or= 13- )r=-|

_‘23‘(]—1'3)0’1 =‘[(2:.r—2:r'3] dx = El—2(£)+ C=x2 +%+C’

J-I_EI:I+1:I::]‘E( = I(A'_Z +x_3)dx=i+(ﬁ)+(f=—_l— l .c
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R A, T

42.

43.

45.

47.

49.

¥

_[—‘1': dt _I( i)a’rzj(ﬂrr‘E +r‘5’“1]dr=4(i]+(ﬂJ+c --2_2 ,¢

I—E cost df = =2sint +C

-Tsin%dﬁ" = —Elcns%+ﬂ'

(_3cse” xdy =3cotx+C

‘wfm :_%csc d+C

3
44. j—ﬁsiﬂr dt =5cost+C

46. j3cns§§dﬁ=%5iﬂ53+ﬂ'

48. j-%a’x:-%Jrc

50. j%secﬂtan Gde = %EEC @+C

https://manara.edu.sy/


https://manara.edu.sy/

&)liall 51. f (€™ + 5¢™) dx 52. [ (2" — 3¢ M) dx

53. f (e + 4%)dx 54. f (1.3)" dx

55. f{d-set:rtunx — 2 sect x) dx

LILEE PSS et

56. f%{csuzx — ¢sc x cot x) dx
57. f{sin 2x — csetx) dx 58. f{E cos 2x — 3 sin 3x) dx

59, fl + EL‘:Hq-Idr 60. fl - msﬁ!dr

2 2

63. f V3 dy 64. f VI gy
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@ +5e ™ )dr=5-5¢" +C 52. [(2e" -3¢ )dv=2¢" +3e 7 +C
=X | AXy e L& X .37
j'(e + 4 )dx=—e ¥ + 24 C 54. J‘{l}} dr = i+ C
I{4secxtanx—23&czﬂa’:r=4se::x—2tanx+{?
-%{cscz x—cscxcotx) dx = —%cut X+ %cﬁcx +C
-{Eill 2x —cse? x) dx = —%mslx +cotx+C 58. j[lmsh'—i‘psin}:f] dx =sm2x+cos3x+C
I1+cns4a‘dr j{l l::ﬂﬂilf]df—— l(sm4f}+C=£+sm4F+C
2 2 2 20 4 2 8
1—cos 6¢ 1 1 _ 1, _1{smnés 1 _ sin6r
J dr = [(5=cos6t)dr =31 = 3(HE)+c =F- P+ C
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dools 65. f{l + tan® @) d@ 66. f:;z + tan® @) d@

LILEE PSS et

(Hint: 1 + tan” 8 = sec’ )

67. f cot® x dx 68. [ (1 — cot® x) dx

(Hint: 1 + cot? x = ¢cselx)

csc @ — sin @

69. f cos B(tan 6 + sec @) do  70. f cscb o
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doola 65. I{1+tanzﬂ]d&zjseczﬂa’&:tanﬂ+f

LR LT T

66. j{z +tan” 0) d6 =j{1+1+m;|:|2 ) d@ =I(l+ser:2 8) df =0 +tanf +C
67. -‘Eﬂtzl’ dx = !{cscz x=1)dx==cotx—-x+C

68. -{l—cutz X)dx = I[] —{cscz x=1))dx = J-{E — csc? xX)dx=2x+cotx+C

69. mﬂﬂ(tanﬂ+secﬂj di = I{smﬂ+1) dfl ==cos0+0+C

/0. Icscﬁfsiinﬂ I(cscﬁfgmﬂ)(gﬂg) ag = I$ JE:.I-W;?{; 46 = J-SEEEEHTE=TH]1E+I':
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deola ¥
sli=a 1. /I ﬁinidr 4. fﬁiﬂiﬂfﬂ'x
6. "In xd
3. frlcn:-;nﬂ /]I i
—¥ L] L]
10. f{f—1r+1}e?-*dx 22. /E cos y dy
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[ZV

R A, T

1. wu=x du=dx aﬁf—smxa’a v ==2c05 %

2

jrz costdf =1"smif+2fcost=2smr+C

IIE s xdxy = —1’1 cosx+2xsinx+2cosx+C

4
6. u=Inx, .r:;-’.i,4.r—E dv =1'3 dx,vz%;
* s+ T4 3et+1
= | X_ 1 ﬂ_ﬁ'__ X _
mxdx_[4]ﬂx] 4x 4 [15]1_ 16

jISlﬂ Ldy==2xcoss -I(—E COS = )dx ==2X Eﬂﬂ(

2

)

2

)+.-::*
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R A, T

22

I(Iz —EI+1)EE:"::"I =%(Aj —2:t+1].e3zlr —%(2:-: 2)e2" +%EEI +C
(123,502
—(2:{ 1I+4).e3 +C

I= fE_J? cos ydy;[u=cos y,du=-sin ydy,dv=e dy,v=—e "]
— [ =—g ~ cos V —J'(—E'_'}I )[—31'11 yv)dy = —e ¥ cos y- J.E_'F sin y dy;

[u=siny, du=cosydy,dv=eVdy,v=—e?]=I=—e " cos y- (—e'r" sin y — j(—e-"] cos y d}')

=—e “cosy+e " smy—I+C =2 =¢ " (sin y—cos y)+C =1 =%[E_‘}I sin y—e ' cos y]+£‘, where

C= % 15 another arbitrary constant
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R, T

Thank you for your attention
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