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Chapter 5
Fourier Analysis

1. Orthogonal Functions
2. Fourer Series
3. Complex Fourier Series
4, Sturm - Liouville Problem
5. Boundary-Value Problems in Rectangular Coordinates
6. Fourier transform (FT)
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1. Orthogonal Functions
Inner Product

= Let u, v, and w be vectors in a real vector space V, and let c be any scalar. An
inner product on V'is a function that associates a real number <u, v> with each
pair of vectors u and v and satisfies the following axioms:

(1) <u, v>=<v, u>
(2) <u, v + w>=<u, v> + <u, w>
(3) c<u, v>=<cu, v>

(4) <v, v>>0and <v, v>=0ifand only if v=0

" Note: <u, v>=wu.v = Zuivz- dot product (Euclidean inner product for R")
1=1
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= Definition: The inner product of two piecewise-continuous functions f; and f,
on an interval [a, 0] is the number:

o ) = [, @) (w)da

Orthogonal Functions

= Definition: Two functions f; and f, are said to be orthogonal on an interval
[a, 0] if: .
o by =] hi@h(@)dz=0

= Example 1: Orthogonal Functions

The functions f,(z) = 22 and f,(z) = 2 are orthogonal on the interval [-1, 1].

1
V23, b s, 1 e
(ﬁ,f2>—j_1xxdx—j xda:—6x 11—0
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= Definition: The norm, or length, of a vector u is given by:

1 e
Orthogonal Sets

= Definition: A set of real-valued functions {¢,(x), ¢:(z), #,(2), ..} IS said to be
orthogonal on an interval [a, b] if:

e 8)= [ ()4, (2)d2 =0, m=n

Orthonormal Sets
m =mn

B #) = [ B (019, () =]
m?2>7rn a m n O

, M#*N

= If {¢,(x)} is an orthogonal set of functions on the interval [a, 0] with ‘gﬁﬂ(:::)” =1 for
n=0,1, 2, .. then {¢ (z)} is said to be an orthonormal set on the interval.
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= Example 2: Orthogonal Set of Functions

Show that the set {1, cos z, cos 2z, ...} is orthogonal on the interval [-7, 7]
T 1 . T 1 . .
(1, cosnx) = J- cosnx dx = —sin n:z:] = —[sm na —sin (— mz)] =0

T 1 o7
{cOS MT, COSNT) = j_ COS Mz cos nx dx = > j_ [cos (m +n)z+cos(m—n)z|dx

1 . . _ T
:_{sm(m+n)x+sm(m n):z:} ~0. m=n
2 m+n m—n _7[

= Example 3: Norms

Find the norms of each function in the orthogonal set given in Example 2

0@ = =V = or
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|4, (2)| =||cos nz || = \/J‘_ﬁﬂcos2 nT dxr = \/jfﬁ%[1+cos2nx]dx =Jz, n>0

= Note: Any orthogonal set of nonzero functions {¢ (x)}, n =0, 1, 2, .., can be
normalized—that is, made into an orthonormal set—by dividing each function by

its norm.
COSZT COS2x

V2r " Nr o Nz

= Theorem 1 (Coordinates relative to a basis): If B={¢ (2)}, n=0, 1, 2, .., is an
orthogonal basis for an inner product space V= C[a, b], and if fis any vector
in V, then:

For example the set { } Is orthonormal on [-7, 7.

)= e, (@)
n=0
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where o .4y j;f(x)%(x)da:
L e@f @l
. - = (o)
{#,(2)} is an orthogonal basis: f(z) = ) ~4,(z)
20 |6, ()]

{¢ (x)} is an orthonormal basis: f(z) = i f, 9.0 (z)
n=0

= Definition: A set of real-valued functions {¢,(x), ¢:(z), #»(2), ..} IS said to be
orthogonal with respect to a weight function w(x) on an interval [a, 0] if:

s b= [ 0(0)8,,(0)9, (2)dz =0, m#n

where w(z) is a positive continuous function
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» Note: The inner product of two functions f, and £, on an interval [a, 5], used

above is: b
o )= | h@h@w(z)de

» The set {1, cos z, cos 2z, ..} in Example 2 is orthogonal with respect to the
weight function w(z) = 1 on the interval [-7, 7.

= The series f(x) = Zn=00n¢n(5’5) IS said to be an orthogonal series expansion of f
or a generalized Fourier series.

o0

Complete Sets

= To expand fin a series of orthogonal functions, it is certainly necessary that f
not be orthogonal to each ¢, of the orthogonal set {¢, ()}
(If fwere orthogonal to every ¢ ,thenc, =0,n=0,1, 2, ....)
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* To avoid the latter problem we shall assume that an orthogonal set is
complete. This means that the only continuous function orthogonal to each

member of the set is the zero function.

= Note: Suppose that {¢,(z), ¢(z), #(x), ..} IS an infinite set of real-valued
functions that are continuous on an interval [a, 0]. If this set is linearly

independent on [a, b], then it can always be made into an orthogonal set using
Gram-Schmidt process.

Orthogonal Polynomials

» Let P_ be the vector space of all polynomials and define the inner product of
two polynomials P and @), on P,_ by:

(P.Q) = [ P(2)Q(z)u(x)da
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= et Py(2), P|(z), ... be a sequence of ‘f)m(')"lynomials with deg P, (z) = n for each n.

If (P ,P )=0 whenever m # n, then {P (z)} is said to be a sequence of
orthogonal polynomials. If (P, P =46 .,then {P (x)} is said to be a sequence

of orthonormal polynomials.

Legendre Polynomials

P Py=[ P, @P@d [P =5

2n+1
P (1) =1for each n,then (n+1)P, ,,(z)=2n+1)zP,(x)—nP, ()
(1-z*)P"(z)—22P (z)+n(n+1)P, () =0
Ry(z)=1  R@)=z  Py(z)=5@z"-1)
Py(z)=1(52" -32) Py(z)=1(352" -302° +3)

,n=01,...

Fourier Analysis https://manara.edu.sy/ 2024-2025

11/75


https://manara.edu.sy/

V)

6)liaJl

Chebyshev Polynomials
(T,. T,y = T, @) T, (@)1 ~2) de

|UM@W:ﬂ;”g&mW=§,n:Lz”.

a, =1, a,=2""(k=12,.)
T, (cos@)=cosn@ and cos(n+1)0=2cosfcosnd—cos(n—1)0 gives:
Li(z)=21y(z), 1,,(x)=221 (x)-1, (x), n=1
(A-z*)T'(2) - 2T () +n°T, () =0
T,(z) =1 T(z)=x T,(z) =2z" -1
Ty(z) =4z -3z T,(z)=8z" —8z” +1
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Hermite Polynomials
(H,. H,)=[" H, (0H,@e dz  [H,@[ =Vz2"n, n=0,1,...
Hy(z)=1, H|(z)=2x
H (x)=2zH, (x)-2nH (), nz=l
H'(x)-2zH, (x)+2nH, (z)=0
Hy(z)=1 H,(z)=2x H,(z)=4z" -2
Hy(z) =8z —12z H,(z)=16z" —48z" +12
Laguerre Polynomials
Ly L) = [ Ly @)L, (@)e *de L@ =1, n=0,1..
(n+D)L, (z)=C2n+1-2)L, (z)—nL, (x) zy"+(1—-2)y +ny=0
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Ly(z)=1 L(z)=—2+1 Ly(z)=1(2* -42+2)
Li(z)= %(—:f +927 —18z+6) L,(x)= ﬁ(az4 —162> + 7227 —96x + 24)

== To(x) == Ti(x) == To(x) == T3(x) == Ta(x)

1.00 -
1.0F
0.75
0.50 - 0.5k
0.25
0.00 +—t-+ 0.0f
—().25 +-—-f-
—0.50 - -0.5
=0.75 4-—- e — HI _Ilu_?' m— -PI T S ) T I
_Pl — B — B -1.0F
_IUU . ! : : : ! : : ===} b= 1 n n r L 1 . L N L 1 - n " L 1 L n n n 1
—1.00 =075 =050 =025 000 025 050 075 100 =1k 05 21 05 IR0
Legendre Polynomaials Chebyshev Polynomials
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2. Fourier Series

 If {gy(7), #¢(x), #»(2), ...} IS @ set of real-valued functions that is orthogonal on an
interval [a, 0] and if fis a function defined on the same interval, then we can

formally expand fin an orthogonal series cydy(x) + c101(x) + crPo(x) + ... .

* |n this section we shall expand functions in terms of a special orthogonal set
of trigonometric functions.

Trigonometric Series

* The set of trigonometric functions

T 27 Y/ LT .2 . 3T
1, cos—x,cos—z,cos—x, -+, SIn—z, SIn—x, SIn—x, ---
L L L L L

Is orthogonal on the interval [-L, L].
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= Expand a function fdefined on [-L, L] in an orthogonal series consisting of the
trigonometric functions.

= ni . N7
f(x) =a, + Z(ancos 72 + b, sin T:z:j

n=1

The coefficients ay, a4, ay, ..., by, by, .., cAN be determined using:

Gody | f@ @)
|6, ()| 16, (@)

2
nit
COS——T

L
7 :j_LCOSQnﬂxdx—L n>0

1 =[ dv=21, Jg,@| = .

()]

¢, @[ = |sin =

L
:j sin? 2% 4 de =L, n>0
L L
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[t @ | o e
: 5 =3a, Lj f(z)cos = xdr
|4, @)

b, L_[ f(z)sin “Fz dx
Fourier coefficients of f

= Definition: The Fourier series (FS) of a function f defined on the interval (-L,
L) is given by: o
f(x) =ay + Z(ancos%x + bnsin%x)

n=1

where

1 L d _ 1 L Nz 2 b _ 1 L - N
& f@yde, e, =L+[" f@)cosBErdn, b, =+ f(z)sinEade
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» Example 4: Expansion in a Fourier Series y
0, —7<z<0, : .
Expand f(z) = {ﬂ r 0<z<n In a Fourier series x\
| » 7
— der = — | (x —2)de = —
ay = o= [ f@)dw = j (7~ 2)dw =5
7 s 1-— — (="
a, = —J. f(z)cosnzdr = —j (7 — z)cosnxdr = C;)S i, _ ! (2 D
-7 7T 70 n°rw n-w

b, = lf f(z)sinnzdz = ljoﬂ (7 — z)sinnzdzr = 1

n
f(z) = Z i(l (=1 cosnx+lsinnxj

n
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Convergence of a Fourier Series
= Theorem 2 (Conditions for Convergence): Let fand f’ be piecewise continuous
on the interval [-L, L]; that is, let f and f° be continuous except at a finite
number of points in the interval and have only finite discontinuities at these
points. Then for all z in the interval (-L, L) the FS of f converges to f(x) at a
point of continuity. At a point of discontinuity, the FS converges to the average:

fz?) + f(z7)
2

where f(z") and f(x7) denote the limit of f at x from the right and from the left,
respectively.

» The function in Example 4 satisfies the conditions of Theorem 2. Thus for
every xin the interval (—L, L), except at = 0, the series will converge to f(x).
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At z = 0 the function is discontinuoiiié',wénd so the series will converge to:
fOH)+f0) =+0 =«
2 2 2
at x = /2 the series converge to (7/2) = #/2.

7 _Z (12D T

2—4+nz_;£ n27z' cosn2+nsmn2]
1_1_l+l_l+... at = 0 the series converge to /2
4 ~ 3 5 7 '
n_7n ~(1-(=1" 1.

2—4+7;( e cos()+ns1n0j

Z_2 1+ +1+-- :>7T—2——+l+—+

4_72- 12 32 52 8 _12 32 52
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f(x) =a, + Z:Zl(ancos 1L 1 + bnsin%x)

* The right hand side of equation above is 2L-periodic; indeed, 2L is the
fundamental period of the sum.

Periodic Extension

= We conclude that a Fourier series not only represents the function on the
interval (—L, L) but also gives the periodic extension of foutside this interval.

= We may assume from the outset that the given function is periodic with period
T=2L;thatis, lr+ 1) = f(x).

» When fis piecewise continuous and the right-and left-hand derivatives exist at
r=—L and z = L, respectively, then the series converges to [{L") + f(-L")]/2 at
these endpoints and to this value extended periodically to 3L, 5L, £7L, and
SO on.
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= Fourier series in example 4 converges to the periodic extension of f{x) on the

entire r-axis. At 0, 27z, ¥4, .., and at £, £37x, t57, .., the series converges to

the values: fOD)+f(O0T) _ fr)H)+f(x7) _
2 9 2 =0

respectively. The solid dots in figure below represent the value 77/2.

¥

LY L T L L
1|~."'\ \\ \\ \\
S
® ® ¢ ® =~ *
— = -= S X

Arx 3Br 2n -« T 2r 3m  4Anm

and

Sequence of Partial Sums

= |t is interesting to see how the sequence of partial sums {S,(z)} of a Fourier

series approximates a function. In example 4, the first three partial sums are:

So(x) =7, Si(x)= %"’%COSZE‘FSiHiB, Sy (T) = %+%cosx+sinx+%sin2x
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} o= ,
3k 3 3F ]
)2 s of .

— N = = = NJ
e R I NN N T 3
(a) S5(x) on (—x, 7) (b) Sg(x) on (-7, )

- : : o . e : : ’ . .

0- --------- = "’nU} X

T S - BN R S
(c) Sy5(x) on (-m, m) (d) S;5(x) on (—4x, 47)

Fourier Analysis https://manara.edu.sy/ 2024-2025 23/75


https://manara.edu.sy/

[y

dso >
o)lial
Fourier Cosine and Sine Series

= Definition: Fourier Cosine and Sine Series
(i) The FS of an even function on the interval (—L, L) is the cosine series:

f(x) =a, + Zn @, Co8 T

where aq, = %LL f(x)dx, a, = %Jo J(z)cos B xdx

(i) The FS of an odd function on the interval (—L, L) is the sine series:

L
f(z) = Z b,sin & 1 where 0, = %jo J(z)sin 2E xdz

n=1 7
» Example 5: Expansion in a Sine Series
Expand f(zx) = z, -2 < x < 2, in a Fourier series
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The given function is odd on the interval (-2, 2), and so we
expand fin a sine series. With the identification 2L =4, we _

have [ = 2.
n - n f
2 . nrx 4(-1) + 4(-1) Y1 y=x,-2<x<2
b =| xsin—xdz = = f(x) = sin —1
" jo L ni 1) nZ:; nr 2

The series converges to the function on (-2, 2) and the periodic extension
(of period 4).

}.1
s vy T i rd
s L rd s
4 ’ 1 ’ s
f, /, // //
—e— e e
10 28 -6 4 2 /1 2 74 6 78 10
,/ /.f // //
/s s 1 ry ’

Fourier Analysis https://manara.edu.sy/ 2024-2025 25/75


https://manara.edu.sy/

deola
CIJLI_I:IJ[

= Example 6: Expansion in a Sine Series

-1, - 7<z<0

Expand f(z) = { | In @ Fourier series

0<z<nxm | —— X
The given function is odd on the interval (-7, ), and o ] "
SO we expand fin a sine series. .
: 21-(-1)" 2 1-(—-1
:—j s1n—xdx— (=1) :f(x):—Z (=" Sin Nx
T n 7T n

n=1

Gibbs Phenomenon

» The partial sums {S5,(z)} of a Fourier series shows oscillations (spikes) near
the points of discontinuity of f(z). these oscillations don’t disappear as the
value of N gets larger. With increasing N, they are shifted closer to the points
of discontinuity of f(x). This behavior is known as the Gibbs phenomenon.
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(c) S3(x)

2

0.5

—0.5

3 2 0 1 2 3
(b) S5(x)
y
:|. E
; 'z

3 2 O

(d) §y5(x)
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Half-Range Expansions
» When we are interested in representing a function that is defined on an
interval (0, L) by a trigonometric series. This can be done in many different
ways by supplying an arbitrary definition of the function on the interval (-L, 0).
Three most important cases:

Even reflection

Odd reflection

: X

L

Identity reflection

Even reflection: The function is even on the interval (-L, L)

f(z) =a, + Zn @, Co8 4 = %JOL f(x)dz, a, = %jOL J(x)cos * xdx

Fourier Analysis 2024-2025 28/75
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Odd reflection: The function is odd on the interval (-L, L)
f@)=>" bsiniy b, =2 j f(z)sin 22 zdx

|dentity reflection: The function values on the interval (-L, 0) are the same as the
values on (0, L). We identify L — L/2 and The resulting Fourier series will give
the periodic extension of the function with period L.

= Example 7: Half Range Expansion
Expand f(z) = 22, 0 < z< L, (a) in a cosine series, (b) in a sine series, (c) in a FS.

_ I 2 _ 1 2 4 2 L 2 nzx Yy 4L2(_1)n ’ v=x2, 0<x<L
(a) ao—zjozdw—gl;, an——j xCOST:de 2 .
AZ(-1)"
) = L2 cos—x L x
f(z) = 21 o 7 L
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2L2 1n+1 L2
D A -y

nmw nﬂ'

f(a:)—%f{(_}fn .

n=1

(b) b =—j a:sin—xdx—

2 3[(—1)"—1]}sin%x

n 7w

2N I?
—j xcos—azdx— T

(©) a =—jL de_—LQ 0 =

. 2nrw _I?
—j T sm—ajdaj = —
ni

1 2N

1 [P | & TP 2N .
f(x)—3L+ﬂ{;n2ﬂcos 7 L sin— x}
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AT ;w\tﬂf
\ A ¥ A /
‘\ | 3 y \ \ : \ /4
\ A P \ £ N /
e B e
=4, 3 31 L L 2, 3L AL
(a) Cosine series
¥y
' I . r f
/ / / /
/ / / /
/ / / /
f! !J’ f! ’J'
I8 " x
AL 3LS 2L LS L /2L 3L 4L
/ / / / /
/ / / / /
I ! I ! I
(b) Sine series
"}!
/ ! I 1 ! ! i
/ ff !I f’ ff f fr
,’.,".,’.,". -/-/- J®
e s et L x
—4f 3L 2. L L 2. 3L. 4L

(¢) Fourier series
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For a full Fourier Series on [-L, L]: f(z) = a, + Z(a cos—x +b sm%xj

%I_LL[f(x)]2 dr = 2a; + i(az + bi)

» Example 8: Expansion in a Sine Series W
The Fourier series for the function flx) =z (-z<z< 7). f(z) = 22 (=1 sin nx

1 on < (o1 2z2 & 4
;Jﬁ%:;( & j ==X~
00 1_ 2

Fourier Analysis https://manara.edu.sy/ 2024-2025 32/75


https://manara.edu.sy/

6)liaJl

Differentiation of Fourier Series

» Theorem 3 (Differentiation of FS): Let f be a continuous function on the interval
[-L, L] such that {—L) = (L), and suppose also that f’ is piecewise continuous
on the interval (-L, L). Then for any z strictly inside the interval at which f*(x)
exists, the derivative of f{x) can be obtained by term-by-term differentiation of
the FS representation of f. So, if f has the FS representation:

f(z) =a, + Z:Zl(ancos%x + bnsin%x)

Then: , o .
f(x)=%)  (-nasinx+nbcos?Zr) for-L<z<L

except for points at where f'(z) and f“(x) are not defined.

= Note: Not all Fourier series are differentiable.
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= Example 9: a Series is not differentiable

The Fourier series for the function fiz) = ¢ (-7 < x < n) converges to f(z) at
each point in the interval —z< z < 7: 1
n+

f(x) = 2? (= iz,) SIn NT

But the differentiated series 22:2 (- 1)"*'cos nz does not converge since its
nth term fails to approach zero as n tends to infinity.

= Example 10: a Series is differentiable
The Fourier series for the function f(x) =coshax (-z< < 7) a=0

1 5 o o
cosh ax = ke 1+2a22 (2 1)200sn:z;
azr —1a tn
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This series converges to cosh ax on the interval -z < z < 7. The hypothesis of
the theorem is satisfied when, it follows that:

2sinh %
sinh ax = > sz

n+1 n .
(-1 ——sSInnr —7<zI<7x

T a +n

n=1

= Note: The equation above is valid when the condition a« = 0 is dropped.

Integration of Fourier Series

» Theorem 4 (Integration of FS): A Fourier series of a piecewise smooth function
f can always be integrated term by term and the result is a convergent infinite
series that always converges to the integral of fon [-L, L]:

- nw . N7
f(x) =ay + ;(ancosfx + bnsmej
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The equation
T _ L < a, . NI bn nmw _ 1\n+l
I_Lf(u)du = ay(z + L) + ;Z{Zsmfx — E(COSTQZ +(—-1) ﬂ

n=1

IS valid when —L < z < L.

» Example 11: Integration of Fourier Series

Use the FS representation of the function f(z) =

{_1’ ~ to find a FS

l, O<z<nrm
find a FS representation of F(z) = f f(t)dt in the interval —z< z< «

P = %i L sin@n -1z

2n —1
4 G oprosin(2n — 1)t 4| Hcos@n -1z Scosn -1z
F(x) =— dt = —— —
o ”;j‘” A0 = ”LZE (2n -1)° ; (2n -1)’
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cosn -z 4 & 1
F(CE‘) . E _

n 1 (277/ o 1) a n=1 (27?, o 1)2
applying the Parseval formula to the Fourier series representation of f(x)

2
1 ¢7 © 4 1 16 & = 7w’
;.‘.nydx_z(ﬂ?n—lj :2__2n1(2n 1)° Z:: 2n — 1) )

n=1
N - 1 :7z2
n1(2n_1)2 3
F(:L’)-——ZCOS(Z% 1)x_£7z_2__£_£ cos(2n — 1)z
oo (@n- 1) T 38 2 " (2n—1)
—ldt——(a;+7z) —7<z<0

P(o)=[ f(tydt =17

\ o —T

—1dt+j01dt=$—ﬂ, O<zx<rxm
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F(z) =" f(t)dt = o] - 7 = ____?;CO(ZXD )z
o] = ———z""s@” Do ci<n

3. Complex Fourier Series

* |[n certain applications, for example, the analysis of periodic signals in
electrical engineering, it is actually more convenient to represent a function f
In an infinite series of complex-valued functions of a real variable x such as
the exponential functions ¢, n=0, 1, 2, .., and where i is the imaginary unit.

Complex Fourier Series

f(z) = a, +Z:=1(a cos =z + b, sin - x)
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inzx/L —inzx/L inzx/L —inxx/L

cos . _ € +e qin % _ € —e
L 2 ’ L 21

mmz/L —inxx/L 6imm/l} 6—7Jn7z:1:/L
1

f(a:):a0+2(ane ;6 +b, 5
n=1

INTT 1 . —INTT
f(x)—a0+2( (a, —1b )e /L+§(an+zbn)e /Lj

o0 o0
L ? il
f(x) =c, + Z c, e + Z c e """
n=1

n=1

where |
Chn = Q, = — x)dx
y=a == ] f@

. L —INTT . L INTT
c, = %(an —1b ) = %I_Lf(x)e Lz, c_, = %(an +1b ) = %I_Lf(x)e Ldx
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» Definition: The complex Fourier series (CFS) of a function f defined on the
interval (—L, L) is given by: . |
f(ilf) _ Z c ezmra:/l)

n=—cc N

where . |
c, = %J‘_L f(x)e ™™ de, n=0,+1,%2,...
= Note: When the function fis real, ¢, and c_, are complex conjugates: c_, = ¢,

= Note: The functions el and e-"™/L gre orthogonal over the interval [-L, L].

L . . 0 m #n
L — I ’
‘[ ezmﬂx/ e mmrx/ dZE _
-L 2L, m=n

» |f fsatisfies the hypotheses of Theorem 2, a CFS converges to f(z) at a point
of continuity and to the average +[f(z") + f(z")] at a point of discontinuity.
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= Example 12: Complex Fourier Series
Expand flz) = e?, —7< x < &, (@) in @ complex Fourier series.

1 ¢n : 1 ex : 1 . .
c, =— 6 ~T TN o, _j 6_(m+1)xd£ﬁ _ ' |:e—(m+1)7z . e(zn+1)7z:|
27T - -7 27t(in + 1)
. (€ sinhz 1—nj
o= (- )y 2
2(1n + 1)7z 7T n°+1

o0

sinh 7z 1 —n oine The series converges to the
f(z) = 3 (-1 e J
Bt n’ + 1 2 r-periodic extension of f.

Fundamental Frequency

* The Fourier series define a periodic function and the fundamental period of
that function (that is, the periodic extension of f) is T'=2L.
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© S ®© ino
a, + anl(ancos noz + bsinnwr) and Zn:_oo c,€

where number o = 24/ T is called the fundamental angular frequency.

Frequency Spectrum

= If fis periodic and has fundamental period T, the plot of the points (nw, |c,)|),
where o is the fundamental angular frequency and the ¢, are the Fourier

coefficients, is called the frequency spectrum of f. c,)
A
. 3.5F
= Example 13: Frequency Spectrum N
From example 12: S
|c | B sinh 7 1 l?_
n . m ‘ 0.5} [
Bo 2o -0 gl "o 20 3o
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= Example 14: Frequency Spectrum
Find the frequency spectrum of the periodic square wave or periodic pulse.

The wave is the periodic extension of the function y= f(z):
0, -l<g<-1 T Mmoo
|yl AEREREIEREREN
f($):<1, _Z<CI3<Z T 1 _i i ] ] X
1 1
\0, 1 < T < 5
Icnl
14 —2inrx 1/4 0;,%\\
. —2inzx _ af
“n = .“—1/41 ' iz = 2 2iniT 1 ni nh
~1/4 |cn| = —|sin — ;"1035' A\
1 emﬁ/Q _e—z'mz/Z 1 nr nir 2 ! 0.2;- iwk
= . = —S1In — y I}I 0 l h'* s
e g DN B L BN ~
N 21 N 2 P/ f N g ..Ty.’.j. \p

—Sw4w-30-20-0 () ® 20 3w 4o So
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General solutions

y' +ay =0,
' +a’y=0, a>0

' —aty=0, a>0

Cauchy-Euler equation

. -az
Yy = ce

Y = clcos az + 025111 ax
y=ce "+ e, or
y = c,cosh az + c,sinh ax

General solutions, x>0

2y +ay —a’y=0, a>=0

Parametric Bessel equation (v > 0)

y=ce " +ce’, a#0
Yy =c¢ +clnz, a#0

General solutions, 2> 0

2y +y —a’ry =0

y =cJ,(ar)+c,Y,(ax)
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= Can we replace the trigonometric system by other orthogonal systems? The
answer is “yes” and will lead to generalized Fourier series, including the
Fourier-Legendre series and the Fourier-Bessel series. To prepare for this

generalization, we first have to introduce the Sturm - Liouville Problem.

= Let p, ¢, r, and ' be real-valued functions continuous on an interval [a, b], and
let 7{z) > 0 and p(x) > O for every z in the interval. Then

Solve: [p(2)y'T + [g(2) + Ar(2)]y=0 (1)
Subject to: kiy+ ky, =0 atz=a (2.a)

A Is a parameter, and k,, k,, l;, [,, are real constants and independent of A.
Furthermore, at least one of each constant in each condition must be different
from zero.
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= Equation (1) is known as a Sturm-Liouville equation. Together with conditions
(2) it is know as the Sturm-Liouville problem. It is an example of a boundary

value problem (BVP).

Eigenvalues, Eigenfunctions

» Orthogonal functions arise in the solution of DE. More to the point, an
orthogonal set of functions can be generated by solving a two-point boundary-
value problem involving a linear second-order DE containing a parameter A.

» Clearly, y = 0 is a solution—the “trivial solution—of the problem (1), (2) for any
A because (1) is homogeneous. We want to find eigenfunctions y(x), that is,

solutions of (1) satisfying (2) without being identically zero.

= We call a number A for which an eigenfunction exists an eigenvalue of the
Sturm-Liouville problem (1), (2).
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= Theorem 5 (Properties of the Problem Sturm-Liouville Problems):
(a) There exist an infinite number of real eigenvalues that can be arranged in
Increasing order A, < A, < A3<..< 4, ..suchthat A, — oo as n — oo.

(b) For each eigenvalue there is only one eigenfunction (except for nonzero
constant multiples).

(c) Eigenfunctions corresponding to different eigenvalues are linearly
Independent.

(d) The set of eigenfunctions corresponding to the set of eigenvalues is
orthogonal with respect to the weight function p(x) on the interval [a, b].

» Example 15: Nontrivial Solutions of a BVP: Vibrating String
Solve the homogeneous boundary-value problem: ¢ + Ay =0, y(0) = y(L) = 0.
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Case |: For 4 =0, the solution of the DE " =0 is y= ¢;z+ ¢,. 4(0) = y(L) =0
= ¢; = ¢, = 0. Hence, the only solution of the BVP is the trivial solution y = 0.
Case Il: For 4 < 0, it is convenient to write 4 = —a?, where a > 0. The
general solution of 3" — a?y = 0 is y = ¢,cosh ax + c,sinhaz. y(0) = y(L) =0 =
c1 = c,= 0. Once again the only solution of the BVP is the trivial solution y = 0.
Case Ill: For A > 0, it is convenient to write 4 = o2, where o > 0. The general
solution of y" + &’y = 0 is y = ¢;cosazx + c,Sinazx. y(0) =0 = ¢, = 0 and so
y = c,Sinaz. y(L) =0 = c,sinal = 0. If ¢, = 0, then necessarily y = 0 . But
this time we can require ¢, # 0, sinalL.=0 = aL = nzror a= nal L or:

b=l =(=), n=123, -

L
Therefore for any real nonzero c,, y, = ¢,sin(nza/ L) is @ nontrivial solution of

the original problem.
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= The numbers A, = n?72/1%, n=1, 2,.. . for which the BVP '1_ wod  p=l._ m=%. |
possesses nontrivial solutions are the eigenvalues.

The nontrivial solutions that depend on these values of

A Yp = cSIN(nma/ L) are the eigenfunctions. \Xw/ _

= Example 16: Sturm - Liouville Problem 1§
Solve the homogeneous BVP: 4" + Ay =0, y(0) =0, y(1) + y'(1) =

For A =0 and for A = —a?< 0, where a > 0, the BVP possesses only the
trivial solution v = 0. For 4 = o?> 0, where « > 0, the general solution of
y" + o’y =0is y=c,cosaz+ c,Sinaz. y(0) =0 = ¢, =0 and so y = ¢,sin ax.
(1) + (1) =0 = ¢, sina + ,acosa = 0. Choosing ¢, # 0, the eigenvalues
are then A =abn= 1,2, 3,... , are the consecutive positive roots «;, a,,... of
tana =—c.
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y(1) + ¥'(1) =0 = ¢, sina + pacosa = 0. Choosing ¢, # 0, the eigenvalues
are then 4 = 0572“ n=1,2,3,..., are the consecutive positive roots «;, a,,... of

¥y y=lanx

tana = —«a.
The eigenfunctions are {sine, 2}, n=1, 2, 3,....

Thus {sing, 1}, n =1, 2, 3,.. is an orthogonal set with
respect to the weight function () = 1 on the interval
[0, 1].

o ) = [ 7@, (0, (2)d =0, m £

= |f p(a) = 0, then (2a) can be dropped from the problem. If p(b) = 0, then (2b)
can be dropped. It is then required that y and ¢’ remain bounded at such a

point, and the problem is called singular.
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If p(a) = p(b), then (2) can be replaced by the “periodic boundary conditions”

ya) = y(b), y(a) =y (b))  (3)

The BVP consisting of the Sturm-Liouville equation (1) and the periodic
boundary conditions (3) is called a periodic Sturm-Liouville problem.

Orthogonal Series - Generalized Fourier Series

= Let vy, v, 4o, .. De orthogonal with respect to a weight function (x) on an
interval a < ¢ < b, and let f{z) be a function that can be represented by a

convergent series .
f(z) = ano: A Y, (Qf)aoyo (7) +ayy, (z) +---

s Ynd _
A IIanI

(x)dz

n —
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This is called an orthogonal series, orthogonal expansion, or generalized
Fourier series.
0, -1<zx<0

= Example 16: Fourier-Legendre expansion of the function: f(x) = 1 0<z<l

For Legendre’s equation a, = 2””_[ f(@)P, (x)dz

f@)=Y" a,P () =a,+aP@)+

_ 1 _ 3 _ 1.4 |
CLO —59 CLl —Z, CI/Q —O, a3 — T T - : ¥

f(x):%+%$—%(5x3—333)+... g_gg

06%

S5 () :l+%$—l(5x3 —32) + o= 56 L (632 — 702" +15x)04§ / E
N\~ Et'

4096 (4292" — 693z° + 3152° — 35%) VRS .

-1 —0.5 0 0.5 1

Fourier Analysis https://manara.edu.sy/ 2024-2025 52/75


https://manara.edu.sy/

6)liaJl

5. Boundary-Value Problems in Rectangular Coordinates
Separable Partial Differential Equations PDEs

= A PDE is an equation that contains one or more partial derivatives of an
unknown function, call it u, that depends on at least two variables. Usually one
of these deals with time ¢ and the remaining with space (spatial variable(s)).

* The most important PDEs are the wave equations that can model the vibrating
string and the vibrating membrane, the heat equation for temperature in a bar
or wire, and the Laplace equation for electrostatic potentials.

= PDEs are very important in dynamics, elasticity, heat transfer, electromagnetic
theory, and quantum mechanics.

» PDEs, like ordinary differential equations (ODEs), are classified as either
linear or nonlinear.
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* The dependent variable « and its partlal derivatives in a linear PDE are only to
the first power. We shall be interested in linear second-order PDEs.

= Example 17: Important Second-Order PDEs

Ou 5 0% . . .
v =c 8_ One-dimensional wave equation
x
Ou _ 20 One-dimensional h '
Fre = 8x ne-armensional heat equation
o’u 52
Pye) 6 =0 Two-dimensional Laplace equation
X (

Oy o O°u O
ﬁ =c (8132 + @yQJ Two-dimensional wave equation
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» the general form of a linear second-order PDE is given by:

2 2 2
Aa—u+B Al +Ca—u+Da—u+Ea—u+Fu:G
or? Ox0y oy” ox oy
where the coefficients A, B, C, ..., G are functions of x and y. When G(z, y) =0,

the equation is said to be homogeneous; otherwise, it is nonhomogeneous.

= A solution of a linear PDE is a function u(z, y) of two independent variables
that possesses all partial derivatives occurring in the equation and that
satisfies the equation in some region of the zy-plane.

» [t is often difficult to obtain a general solution of a linear second-order PDE. In
general, the totality of solutions of a PDE is very large. For example, the
functions: u = 2> —¢°>, w=-e"cosy, wu=sinzcoshy, u =In(z’>+ y*)which are
entirely different from each other, are solutions of 2D Laplace equation.
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= There are several methods that can be tried to find particular solutions of a
linear PDE, the one we are interested is called the method of separation of
variables. In this method we seek a particular solution of the form of a product

of a function of z and a function of y: w(z,v) = X(2) Y (y)

2 2
u_xy, _yy, ZU_xry ZU_xyr
oz oy oz’ oy’
» Example 18: Separation of Variables
o*u ou
Find product solutions of — =4—
ind produ uti 72 oy
Substituting u(z,y) = X(z) Y(y) into the partial differential equation
X"Y =4XY' = Ly

4X Y
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Since the left-hand side of the last equation is independent of y and is
equal to the right-hand side, which is independent of z, we conclude that

both sides of the equation are independent of zand .
X” Y!

41X Y
Case | If =0, thenthetwo ODEs are: X"=0and Y' =0
X=c¢+cerandl =¢, >u=XY =A +Bx
Casell If A=-a?<0, then the two ODEs are:
X'-4o’X =0and V' —a’Y =0
X =c,cosh2ax + c.sinh2ax and Y = (366“2”
= u=XY = A26“2yc0sh 201 + B26a2ysinh 201

— =1 X'"+44AX =0 and Y +AY =0
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Case lll If A=a?2> 0, then the two ODEs are:
X" +4a*°X =0andY' + a?Y =0

. 2
X =c,cos2ax + csin2ax and Y = ce ™’
J— 2 f— 2 .
= u=XY = Ae “cos2ax + B,e ” 'sin2ax

» Theorem 6 (Superposition principle): If w,, u,, ..., u, are solutions of a
homogeneous linear PDE, then the linear combination u = cjuy + couy, + ... +
c.u,, Where the ¢, 1= 1, 2, ..., k, are constants, is also a solution.

= Definition: classification of equations
The linear second-order partial differential equation

2 2 2
Ag—u+B oy +Ca—u+Da—u+Ea—u+Fu=G
or’ 0x0y Oy ox oy
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where the coefficients 4, B, C, ..., G are real constants, is said to be
hyperbolic if B—4AC >0,
parabolicif B?-4AC=0,
elliptic if B?-4AC<0.

Heat Equation: Solution by Fourier Series iy i
ou 0% 0 D .
E_Cax” O<z<L, t>0 0 L
w©,t)=0, w(L,t)=0, t>0 boundary conditions
w(z, 0) = f(z), O0<x<L Initial condition
X” T’
w(z,t) = X(2)T'(1) = X " 27 -1

Fourier Analysis https://manara.edu.sy/ 2024-2025 59/75


https://manara.edu.sy/

>y

X" +AX=0 and T +cAT =0
w(0,t) = X(0O)T(t) =0 and w(L,t)=X(L)T(t) =0
T(t) 0 forall t = X(0)=0and X(L)=0
X"+1X =0, X0)=0, XL)=0
X(z) = ¢ + ¢z, A=0
X(z) = ccoshax + csinhaz, A= —a® <0
X(z) = ¢c,cos ax + csinax, A=a">0
= When the boundary conditions X(0) = 0 and X(L) = O are applied to the first
and 2nd equations, these solutions yield only X(x) =0, so u=0.

= But when X(0) = 0 is applied to the 3rd equation, we find that ¢, = 0 and X(z) =
c,sin ax. The second boundary condition then implies that X(L) = ¢,sinaL = 0.
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= To obtain a nontrivial solution, we must have ¢, # 0 and sin a.=0. So oL = nx

or o= nxa/L.
» Hence X+ AX =0 possesses nontrivial solutions when:
A, = ai =n’7?/ I, n=123,...

= These values of 1 are the eigenvalues of the problem; the eigenfunctions are:

. N
X, (z) = czsmn—x

L
T + AT =0 = T (t) = 036_02("2”2/ i)y

. T 202 2,72 2002 272y, T
u (z,t) =X ()T () = c2smnTxc3e I = A e C(””/L)tsm%x

= Each of the product functions « (z,t) is a particular solution of the PDE, and
each v, (x,t) satisfies both boundary conditions as well.
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= The solution of the entire problem: by the superposition principle

u(z,t) = Zn U, (T,1) = Zn L Ae” e Dtin Z g
= To satisfy the initial condition, we would have to choose the coefficient A in

such a manner that:
u(x,0) = f(z) = Zn A sinTE

= Hence A, must be the coefficients of the Fourier sine series (half-range
expansion of fin a sine series), thus

A _LI f(z)sin ZF x d

n

u(z,t) = %Z:Zl(j f(x)sin 2% xdx) NG )tsmTw

In the special case when the initial temperature is «(z,0)=100, L=r, and ¢?=1,
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n T n

200 | 1 - 1
u(z,t) = == (n a
n=1
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u(zx, t) graphed as a function of u(z, t) graphed as a function of t
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6. Fourier transform (FT)
= Fourier series are powerful tools for problems involving functions that are

periodic or defined over a finite interval —-L < 2z < L.

= |[f a nonperiodic function flx) is to be represented over an arbitrarily large
interval, some generalization of a Fourier series is required.

» Letting L — o in a FS leads to the introduction of a diff. type of representation
called a Fourier integral representation, where the function fis defined for all x
and need not be periodic. This representation forms the basis of so called FT.

Fourier Transform and Its Inverse
F(w) = F{f(2)} = jfo f(x)e”dz  Fourier transform

f(x)= FYF (o)} = %j: F(w)e'"dew Inverse Fourier transform
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» Theorem 7/ (Existence of the Fourier Transform): If f{x) is absolutely integrable

on the z-axis and piecewise continuous on every finite interval, then the
Fourier transform F(w) exists.

= Example 19: Fourier Transform
Find the Fourier transform of f(z) = 1 if |2 < 1 and f{z) = 0 otherwise.

1 L]
1 : . .
F(C()) _ j_ll 0T g e_za) _ 1 (e—za) _ eza)) _9 S1n @ _ QSinC(wj

—l 0 T

—1

= Example 20: Fourier Transform

Find the Fourier transform of f{z) = e if z>0and flx) =0if x<0, a>0

—(a+iw)z |*

1
a—+ 1w

- —1WT €
F(w)—joe e da;_—(a+z'a))

0
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= Example 21: Fourier Transform for the Delta Dirac Function
0 ifx#0
olz) = {undeﬁned if 2 =0

)Xz~ a)=fla&a~a) [ f(2)5(—a)dz = f(a)
FL8(z)} = j“; S(z) e dy = 7| =1

=0

Fio(x—a)} = J‘_Z S(z — a)e dy = e

and [~ S(z)dz =1

—1ma
=€

r=a

properties of the Fourier transform

» Theorem 8 (Linearity of the Fourier Transform): The FT is a linear operation;
that is, for any functions f(z) and ¢(z) whose FT exist and any constants « and

b, the FT of af + bg exists, and Fiaf(z) + bg(z)! = a F{f(z)} + b Fig(z)}
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» Theorem 9 (Differentiation in the time domain): Let f{x) be continuous on the z-
axis and f{x) — 0 as |2 — oo. Furthermore, let f’(x) be absolutely integrable on

the z-axis. Then Fif(2)) =io F{f(x)
FiO (@)} = (io)" Fif(2)}

» Theorem 10 (Differentiation in the frequency domain): Let f{x) be a continuous
and differentiable function with an n times differentiable Fourier transform
F(w). Then J

Jiaf(z)y =i [F (@)]

Fla"f(2)} =

for all n such that F1"(w) — 0 as |@| —
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= Example 22: Fourier Transform
Find the Fourier transform of f(x) =e¢

The function f(z) is continuous and differentiable for all x and

J-oo ‘6_a2$2 1 poo 2 /A
—00

dr = joo e dr == [ e du =L
—o0 Q J—oo a

absolutely integrable over the interval (—oo, o). f(x) satisfies the differential

equation: f'+ 2a%zf= 0.

Fif(x)} + 2a2f{$f(x)} =0= 2a2F’(a)) + wF(w) =0

2 2
J.—da) = ——ja)da) = InF(w) = —a)—+lnA = F(w) = Ae 4’

4a’

F)=A4= I f(z)dz = £ = F(w) = F{f(2)} = £6_P

2 2
—a T

ca>0
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Fourier transform of a Gaussian
2 . . . o0 . 2
f(x) =™ Normalized Gaussian function j e "dr=1
) —00

(4]

F(w) = Fif(x); =e ¥

w=2f= F(f) = ol The Gaussian f(x) = e is its own FT

Convolution property

(f* o)) = [ f(Dg(z - tydt = [~ f(z—t)g(t)dt

» Theorem 11 (The convolution theorem for Fourier transforms): Let the
functions flx) and ¢(x) be piecewise continuous, bounded, and absolutely
integrable over (—oo, o0) with the respective FT F(w) and G(w). Then

FAS *9)@)) = Fif (@)} Fig(@)} = F(0) G(w)
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and, conversely,

(@) = 5= | F(0) G(o)e™ do

—00

» Example 23: Fourier Transform

It was shown in Example 19 that the function flx) = 1 if |2 < 1 and flx) = 0
otherwise, has the Fourier transform F(w) = 2sinc(w/ ), so by the convolution

theorem it follows that F{(f * f)(z)} = F(®w)F(®) = 4sinc*(@/ )
Confirm this result by calculating (f * f)(z) and finding its Fourier transform.

-l<t<z+1,(-2<z<0)
otherwise

o= =1;

L z-1<i<,(0<z<2)
o =1) 2 {O, otherwise
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V)

deola
djligJl
dt =2+z, (-2<zx<0)
(f * f)(x) =<7 and (f * f)(z) = 0 otherwise
_1dt:2—:13, 0<z<?2)

FUF* D@ = [ @+x)e ™ dr + [ (2 - 2)e ™ da

:21—c052a):4sin2a)

. T
— 4sinc’ (—)
0 0 w

2 2

Parseval formula

= Theorem 12 (The Parseval relation for the Fourier transforms): If f{x) has the
Fourier transforms F(w), Then

[ lr@pde = 5[ |F@) do
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V)

deola
o bt
» Example 24: Using the result of Example 19 and the Parseval relation, show
j —dw =7
© g |
The FT of f{z) = 1if |2] < 1 and f(z) = 0 otherwise is F(w) = 2 812)”
_“112dac:2:i 4sma)da):>_“ SN D o =1
-1 272' —00 0)2 —00 0)2

= Theorem 13 (Fourier transforms involving scaling z by a, shifting x by a, and
shifting o by a,): If f{z) has the Fourier transforms F(w), Then:

Fif(az)} = L F(w/a), a >0
Fif(z-a)} =" F()
Fie™ f(2)} = F(o—ay)
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deola
ojtioll
Duality property
f@) =3[ Flo)e do = 2xf(z) = j“ F(w)e do = F(A)e*dA
2mf(- o) = [ F(A)e™di= [ F(z)e dr = F{F(z)}
FiF(2)} =27f( - o)
» Example 25: Find the Fourier transform of fiz) = 1

F(w) = _[jo f(x)e " dx = Ji e '®dr  could not be evaluated

The function f{x) = 1 does not satisfy the existence conditions; it is neither
absolute integrable nor square integrable. Its FT does not converge.

Hot)=1 = F{1} =2720-w) = 278 w)
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» Example 26: Fourier transform of the signum function 4 f(x) = sgn(x)
-1, <0 1
f(x) = sgn(x) = { L 0 k
F(w) = jo (—De"dx + j ) (D) e " "dz 1
—00 0 B

The two integrals cannot be evaluated. Instead, we will define an
iIntermediate signal f (z) as:

-]

axr

_ix’ TS O, where ¢ > 0 Hla(®)

e, >0 1\

120 >

0 a -1 ®© —a -1
F (o) = j_oo(—e “Ye tdt+_[0 (e e dt = - M)Q\
—1
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[y

F(o) = Fisena)} = lim| -2 | = 2
= Example 27: Fourier transform of the unit step function ]“
fo =A@ = 7 |

F{H(x)} = f; H(z)e "™dx = j: e '*dz  could not be evaluated

H(z) = 72+ Y2 sgn(z) = HH(2)} = F{2 + 72 sgn(z)}

FiH(@)} = 76 (@) + 7~
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