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Relative-Motion Analysis using Rotating Axes

In the previous sections the relative-motion analysis for velocity and
acceleration was described using a translating coordinate system. This
type of analysis is useful for determining the motion of points on the
same rigid body, or the motion of points located on several pin-connected
bodies. In some problems, however, rigid bodies (mechanisms) are
constructed such that sliding will occur at their connections. The
kinematic analysis for such cases is best performed if the motion is
analyzed using a coordinate system which both franslates and rotates.
Furthermore, this frame of reference is useful for analyzing the motions
of two points on a mechanism which are nof located in the same body
and for specifying the kinematics of particle motion when the particle
moves along a rotating path.

In the following analysis two equations will be developed which relate
the velocity and acceleration of two points, one of which is the origin of a
moving frame of reference subjected to both a translation and a rotation
in the plane.
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Position. Consider the two points A and B shown .

Their location is specified by the position vectors ry and rg, which are
measured with respect to the fixed X, Y, Z coordinate system. As shown
in the figure, the “base point™ A represents the onigin of the x, y, 2
coordinate system, which is assumed to be both translating and rotating
with respect to the X, Y, Z system. The position of B with respect to A is
specified by the relative-position vector ry,,. The components of this
vector may be expressed either in terms of unit vectors along the X, ¥
axes, l.e., 1 and J, or by unit vectors along the x, y axes, i.e., 1 and j. For
the development which follows, rg;4 will be measured with respect to

the moving x, y frame of reference. Thus, if B has coordinates (xg, vg),
then

rgia = Xgi + Vgj
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Using vector addition, the three position vectors are related by
the equation

g — Iy - rH‘."A

At the instant considered, point A has a velocity v, and an acceleration
a,, while the angular velocity and angular acceleration of the x, y axes
are ) (omega) and ) = d{}/dt, respectively.
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Velocity. The velocity of point B is determined by taking the time

derivative , which yields
drH‘."A

dt

The last term in this equation 1s evaluated as follows:

YB:‘;A—F

dI"BJH B E . Ly ‘)
ar @ T Vsl
cir dl dyﬂ dj
=i+ xp—+ —j+ g
ar T Bar T ar ) T By
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The two terms in the first set of parentheses represent the components
of velocity of point B as measured by an observer attached to the
moving x, y, zZ coordinate system. These terms will be denoted by vector
(VB/a)nz- The changes. di and dj, are due only to the rotation df of the

X, y, Z axes, causing i to become i’ =i + di and j to become )’ = j + dj.
As shown, the magnitudes of both di and dj equal | db.

The direction of di is defined by +j, since di is tangent to the path
described by the arrowhead of i in the limit as At — dr.

Likewise, dj acts in the —i direction. Hence.

di  df dj  db
_— — 1 f— ﬂ' p— —. p— —ﬂ.
dt dt W J (=1 :
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Viewing the axes in three dimensions, and noting that 1 = QKk,
we can express the above derivatives in terms of the cross
product as

di d)
- ﬂ e 1 —_— = ﬂ iy 1
dt ! dt )
drﬂf:"t . .
dr (VB/a)wz T €2 X (xgi + yp)) = (Vpja)y, T 2 X Tpp

o= T B e o L .
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where

vg = velocity of B, measured from the X, Y, Z reference

v, = velocity of the origin A of the x, y, 7 reference, measured
from the X, Y. Z reference

(V/a)y, = velocity of “B with respect to A,” as measured by an
observer attached to the rotating x, y, z reference

() = angular velocity of the x. y. z reference, measured from the
X.Y.Z reference

Ig;s = position of B with respect to A
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{absnlut& velocity of B }motion of B observed
v
5 from the X, ¥, Z frame
(equals)
v {absnlute velocity of the )
A origin of x, y, z frame
(plus) motion of x, y, z frame
»observed from the
Q x {fmgular velocity effect caused X, Y, Z frame
r
B/A by rotation of x, y, z frame
(plus) )
N {velocity of B }mntinn of B observed
v -
B/A T with respect to A from the x, y, z frame
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Acceleration. The acceleration of B, observed from the X, Y, Z
coordinate system, may be expressed in terms of its motion measured
with respect to the rotating system of coordinates by taking the time
derivative

dvg dvy dQ) drgyn  d(Vpja)y:
= — X X
dt ar | ar AT @ i &l
—a, + Q % + Q X /A + AVs/a)sy:
dp = Ay I'p/a dt dt
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Here ) = dQ/dt is the angular acceleration of the x, y, z coordinate
system. Since {2 is always perpendicular to the plane of motion, then (2
measures only the change in magnitude of (1.

drﬂfﬂ

) x
dt

= () x (Fﬂfﬂ)-ﬂ*’f + ) X () X rﬂfﬂ)
Finding the time derivative of (Vg/a)y, = (Vg/a)d + (Vg/a)y)-

d(vﬂfﬂ)_:}r: B d(”ﬂ;.ﬂx, d(vﬂf,ﬂ.}}' ) di dj

+ + — 4 =
dt ar dt ‘l] {{vﬂf’*}‘dr Ws/alyyy
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The two terms in the first set of brackets represent the components of
acceleration of point B as measured by an observer attached to the
rotating coordinate system. These terms will be denoted by (ag4)y,. The
terms in the second set of brackets can be simplified using

d (VB/A)xyz
dt

= (Ag/a)nz T 2 X (Vo)

dg — A4 - 5 ﬂ X 1'3;.4 + () X (ﬂ K rE_,"'A} + 26} X (vﬂjﬂ}x}'z | (HE;"H}JE'PE
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where
ap = acceleration of B. measured from the X, Y, Z
reference

a, = acceleration of the origin A of the x, y, z reference,
measured from the X, Y, Z reference

(Ag/a)nyz- (VB/a)n; = acceleration and velocity of B with respect to A, as
measured by an observer attached to the rotating x,
y, z reference

Q. Q = angular acceleration and angular velocity of the
x, vy, z reference, measured from the X, Y, Z reference

rz4 = position of B with respect to A
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ap = a, + X rpa + 2 X (£ X rgyy), which is valid for a translating
frame of reference, it can be seen that the difference between these two
equations is represented by the terms 242 X (vg4)y, and (ag)y,. In
particular, 2€} X (vg4),- 1s called the Coriolis acceleration, named after
the French engineer G. C. Coriolis, who was the first to determine it. This
term represents the difference in the acceleration of B as measured from
nonrotating and rotating x, y, z axes. As indicated by the vector cross
product, the Coriolis acceleration will always be perpendicular to both €2
and (Vg )y, - Itis an important component of the acceleration which must
be considered whenever rotating reference frames are used. This often
occurs, for example, when studying the accelerations and forces which act
on rockets, long-range projectiles, or other bodies having motions whose
measurements are significantly affected by the rotation of the earth.
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, motion of B observed
ag absolute acceleration of B from the X. V. 7 frame
(equals)
. 3
{absnlute acceleration of the
i origin of x, v, z frame
(plus)
motion of
angular acceleration effect x, v, g frame
Q x Tgja caused by rotation of x. y, z ¢ observed from
frame the X, ¥, Z frame
(plus)
Q X (@ X rgy) {angular_velocit}r effect cansed
! by rotation of x, v, 7 frame
(plus)
combined effect of B moving
20 X (vgia)y, relative to x, y, z coordinates interacting motion

and rotation of x, v, z frame

(plus)

acceleration of B with | motion of B observed
(apia)a:

respect to A from the x, v, 7 frame
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Procedure for Analysis

Coordinate Axes.

e Choose an appropriate location for the origin and proper
orientation of the axes for both fixed X, Y, Z and moving x, y, 2
reference frames.

¢ Most often solutions are easily obtained if at the instant considered
the origins are coincident

e The moving frame should be selected fixed to the body or device
along which the relative motion occurs.

https://manara.edu.sy/


https://manara.edu.sy/

Py

Kinematic Equations.

¢ After defining the origin A of the moving reference and specifying
the moving point B

symbolic form
vg = vy + £} X rgja T+ I:"IEEIA}J;}E

ag = ay + Q x y: 77 + £} X (1} X 1'3,.-5’1} + 24} X [THI."A}.I}? + (aﬂ.-"-ﬂ -

e The Cartesian components of all these vectors may be expressed
along either the X, ¥, Z axes or the x, y, z axes. The choice is
arbitrary provided a consistent set of unit vectors is used.

® P\:’Iﬂtiﬂﬂ of the moving reference is expressed by vy, ay, {2, and
£); and motion of B with respect to the moving reference is
expressed by g4 (vp H}m’ and (ag/q)yy- -
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At the instant # = 60°, the rod has an angular velocity of 3 rad /s and an
angular acceleration of 2 rad/s*. At this same instant, collar C travels

outward along the rod such that when x = 0.2 m the velocityis 2 m/s
and the acceleration is 3 m/s*, both measured relative to the rod.

Determine the Coriolis acceleration and the velocity and acceleration
of the collar at this instant.

SOLUTION

Coordinate Axes. The origin of both coordinate systems is located
at point O . Since motion of the collar is reported relative to the rod,
the moving x, y, z frame of reference 1s attached to the rod.
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Kinematic Equations.
Ve = Vo + Q X reo + (Vo) (1)
d- — Elﬂ‘i‘ ﬁ X l'q(gﬁ— ) x {ﬂ X rC'fﬂ} +20) X (vaﬂ)_l}':—i_ (ECI."‘GJI}'I

(2)
[t will be simpler to express the data in terms of i, j, k component
vectors rather than I. J, K components. Hence,

Motion of Motion of C with respect
moving reference to moving reference
vp =10 I'cjo = {0.2i} m
ap =0 (Verolyz = {2} m/s
Q= {-3k} rad/s (Ac/0)yy: = {3i} m/s?

Q= {-2k} rad/s
The Coriolis acceleration is defined as
acer = 20 X (Vejo)ye = 2(—3k) X (2i) = {—12j} m/s’ Ans.
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The velocity and acceleration of the collar are determined by
substituting the data into Eqs. | and 2 and evaluating the cross products,
which yields
Ve = Vo t Q Xreo + (Voo

0 + (—3k) X (0.2i) + 2i

= {2i — 0.6j} m/s Ans.
ac=ap+ @ Xrcpp+ @ X (R X rep) + 2@ X (Voo + @c/o)ne

= 0 + (—2k) X (0.21) + (—3k) X [(—3k) X (0.21)] + 2(—3k) X (21) + 3i

=0 — 04j — 1.80i — 12§ + 3i

= {1.20i — 12.4j} m/s? Ans.

https://manara.edu.sy/


https://manara.edu.sy/

Py

Rod AB rotates clockwise such that it has an angular velocity
w,p = 3 rad/s and angular acceleration ayg = 4 1‘;311:1,’52 when 6 = 45°.
Determine the angular motion of rod DE at this instant.

The collar at C is pin connected to AB and slides over rod DE.
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SOLUTION

Coordinate Axes. The origin of both the fixed and moving frames
of reference is located at D . Furthermore, the x, y, z reference is attached
to and rotates with rod DE so that the relative motion of the collar is

easy to follow.

Kinematic Equations.

Ve = Vp + Q X repp + (Veply: (1)
d- = dp + ﬂ X rE‘,fD + ) X (ﬂ X I‘CJ."D) + 20 X (vaD}I}'E + {aCfﬂ}l}‘f,
(2)
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All vectors will be expressed in terms of i, j, k components.

Motion of Motion of C with respect
moving reference to moving reference
vp =0 remp = {0.4i}m
ap =0 (Ve/p)nyz = (Ve/p)iy:d
Q0 = —wpgk (Ac/p)nyz = (Ac/p)xyd
Q = —apk

Motion of C: Since the collar moves along a circular path of radius
AC, 1ts velocity and acceleration can be determined

Ve = @ap X repy = (=3K) X (041 + 04)) = {1.2i — 1.2j} m/s
ac = @ X Iejp — wiﬁl‘cm
= (—4k) X (0.4i + 0.4j) — (3)%(0.4i + 04j) = {—2i — 5.2j} m/s’
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Substituting the data into Egs. 1 and 2, we have

Ve = vp + ) X Yep + (Vep)os
12i — 1.2 = 0 + (—wpgk) X (0.40) + (V¢/p)y
1.2i — 1.2) = 0 — 0.4wpej + (Ve/p)yd
(Ve/plyz = 1.2m/s
wpp = 3rad/s J Ans.

ac = ap + Q Xrep + QX (Q Xrep) + 20 X (Veply: + (@c/ply
21 — 52§ = 0 + (—apk) X (0.40) + (=3k) X [(—=3k) X (0.4i)]
+ 2(—3]{} X {I.Ei} + {-ﬂﬂfﬂ}xj?zi
—21 — 52j — _ﬂ.4ﬂﬂEj — 3.61 — ?Ej T {Hﬂ'fﬂ]x}‘f.i

(Acip)y; = 1.6 m/s”
apy = —5rad/s? = Srad/s*S Ans.
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At the instant represented, the disk with the radial slot is rotating about O
with a counterclockwise angular velocity of 4 rad/sec which is decreasing at the
rate of 10 rad/sec®. The motion of slider A is separately controlled, and at this in-
stant, r = 6 in., 7 = 5 in./sec, and 7 = 81 in./sec’. Determine the absolute veloc-
ity and acceleration of A for this position.

@ = 4 rad/sec ~—_

\

@ = 10 rad/sec2

'\
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