Example

For the circuit of Figure , the initial conditons are 1; (0 ) = 0, and v(0 ) = 0.5 V. Use the

state variable method to compute i (t) and v(t).
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Solution: For this example,
1 = iI.

and

, di
R1L+Ld—:' +ve =1

Substitution of given values and rearranging, vields

1 di :
_—1{1—:— = (=1); —ve+1
or

dip

= —4i, —4v. + 4
d‘ L C



Nexrt, we define the state variables x, = i; and x,

Ve . LThen,

. di
Ty
and
- 5
Also,
dwv
1; = C dtc
and thus,
dwv
X, = iL = C d'[’c = {:*:‘iz — ‘%}iz
X, = —4x, —4x,+ 4 |
%, = 3> x and in matrix form, Y| = [ =%  —3| % 4[4 ve(t)
4 X5 374 0f|xs] |0
A(t—t,) Atr Y _a
X(t) = e ? Xg + € _[ e bu(t)dt

to

where A = | =% —94 x = (@) _ | o b = |4
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First, we compute the state transition matrix e . We find the eigenvalues trom

det[A—AI] = 0

Then,
det[A—AI] = det|~*—4* —4 = o (=A)(=4—A)+3 =0 A4+4A+3 =0
34 —h
Theretore, A, = —1 and A, = =3

The next step is to tind the coetticients a,. Since A is a 2 x 2 matrix, we only need the first two

- - - i L - ." L At
terms of the state transition marrix, thart is, o = a,I+a,A
The constants a, and a; are found from Ayt
dp + El}q.l = <
- At
and with 2, = -1 and A, = -3, we obrain a,—a, = ™' a, = 1.5¢ "'—0.5¢ "
-3t —t —3t
ap—3a, = e a, = 0.5e —-0.>5e
At —t —3t. |1 0 —t —2t —4 -
e = (1.5 —0.5¢ ) + {0.5¢ —0.5e )
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_ |15 —0.5¢e 3t 0 2e "+ 2e 2e "+ 2e
— + —3t
S5e " Se " Set_3e 0
0 1.5¢e —0.5e E 3 |
_t —3t —t —3t
At —0.5e +135e —2e + 2e
[ =
3 —+ 3 —3t —t 3t
- ——g 1.5¢ —0.5¢
—t —3t -~ —t —3t _t —3t
At —0.5e + 1.5e —2e + 2e 0 At _ —_e 'y e
g —g° 1.5¢ " —0.5¢ 172 0.75e " —0.25e”
We also need to evaluate the integral on the right side
b = |* = |l|4 and denoting this integral as Int, we obtain
O )]
|0 5e " 4] 503D e {(t=T) L 5 3(E-T) .
Int = J 3t 4dt
i %e_“_ﬂ_ée Y st 05670 | [0




—(t—1) —3(t—T1T)
t|=0.5e + 1.5 _0.5e " TV 0.5
Int = J- 3 «(t—-1) 3 (-1 ddt Int = 4 (t—1) _3(t—1)
ol Z - Ze 0.375e — 0.125¢
Int = 4| —05+05 | _ | -05e"+05e7" | _ , 0.5¢ "—0.5¢ "
0.375—=0.125 0.375¢ " —0.125¢" 0.25-0.375¢ '+ 0.125¢""

By substitution of these values, the solution of

T
. At —tg) At —AT
X(t) = e Xg + € J- e bu(T)dr
ty
—t —3t —t - —3t —t —3t
X1l _ —e +e +4 0.5¢e —-0.5¢ _ e —e
—_ —t —3t —_ = —T —3t — —t —3t
Xo 0.75e —0.25e 0.25—-0.375e 4+ 0.125e 1-0.75e +0.25e
: —t 3t
31 —_ 1]:'_ = g —

X, = Ve = 1 =0.75¢ +0.25e

Other variables of the circuit can now be computed. For example, the
voltage across the inductor is



We use the MATLADB script below to plot the relation

t=0:0.01:10;
x2=1-0.75.*exp(-t)+0.25.*exp(-3.*t);
plot(t,x2); grid
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