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Purpose of the Session:

Studying algorithms for finding function roots using numerical 
methods and converting them into Python programming code.
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Bisection Method Algorithm

The Bisection Method, also known as interval halving, is one of 
the numerical techniques used to find the root of a function. It 
works by iteratively halving the interval where the root lies and 
selecting a subinterval that also contains the root to refine the 
computation. Although it is very simple and robust, the bisection 
method is relatively slow.
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If the function f(x) = 0 is continuous and defined in the interval [a, b], where f(a) * f(b) < 0, 
meaning they have opposite signs, this indicates that at least one root of the function f(x) 
lies within the interval [a, b]. In this case, we follow the following algorithm to solve for the 
root:
1.Check if the interval contains a root:

1.1. Compute the midpoint of the values a and b, denoted as x₁, where x₁ = (a + b) / 2. 
1.2. If f(x₁) < tol, then x₁ is a root of the function f(x) and a solution to the equation.
1.3. Otherwise, if f(x₁) * f(b) < 0, set a = x₁ to refine the interval and approach the 
solution.
1.4. Otherwise, if f(x₁) * f(a) < 0, set b = x₁ to refine the interval and approach the 
solution.

2.Repeat steps 1.1, 1.2, 1.3, and 1.4 until reaching a value where f(xᵢ) = 0 or f(xᵢ) < tol, 
where tol represents the desired accuracy level of the solution.
3.Otherwise, there is no solution in this interval.
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Use Python to:

1.Write a function to find the approximate root of a given function using the 

Bisection Method algorithm.

2.Use the previously written function to find the approximate roots of the 

equation f(x) = x³ - 9x + 1 within the interval [2,4] with different accuracies:

1. With accuracy ε = 0.5, print the value of the function f at this root.

2. Then, with accuracy ε = 0.05, print the value of the function f at this root.

3. Finally, with accuracy ε = 0.0005, print the value of the function f at this 

root.
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ن  مري ل الت ح ن  ك م ة ي كراري ة ت خوارزمي هي  ة  خوارزمي ن ال ما أ ب

عودية ع ال دام التواب خ ست ت او با حلقا دام ال خ ست با

ع ل تاب شك ل ب ح ب ال طل ن ي مري ص الت ن ن ظ أ ح لا 
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1. Writing a function that can be called each time for a new 

function (as we learned earlier).

2. Conditional statements in Python (such as if, elif, and else 

for decision-making).

3. Using Lambda expressions to define the function that 

needs to be studied.
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In Python, there are three forms of the 

if...else statement.

1. if statement

2. if...else statement

3. if...elif...else statement
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Python Nested if statements

We can also use an if statement inside of an if
statement. This is known as a nested if statement.

The syntax of nested if statement is:

# outer if statement

if condition1:

    # statement(s)

    # inner if statement

    if condition2: 

        # statement(s)

Notes:

● We can add else and elif statements to the inner if statement 

as required.

● We can also insert inner if statement inside the outer else or 

elif statements(if they exist)

● We can nest multiple layers of if statements.
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In Python, a Lambda function is an anonymous function, 
meaning it is a function without a name.
It can have any number of parameters but only a single 
expression, which is evaluated and returned. It is not necessary 
for it to have a return value.
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The necessary tools to solve the exercise:
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The programming code related to 
writing the function
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import numpy as np

def my_bisection(f, a, b, tol):

# check if a and b bound a root

if f(a)* f(b)<0:

# get midpoint

mid = (a + b)/2    

if np.abs(f(mid)) < tol:

# stopping condition, report m as root

return mid

elif f(a)*f(mid)<0:

# case where mid is an improvement on a.

# Make recursive call with a = m

return my_bisection(f, a, mid, tol)

elif f(b)*f(mid)<0:

# case where mid is an improvement on b.

# Make recursive call with b = m

return my_bisection(f, mid, b, tol)

else:

print("No Solution")

Note that this function is a 
recursive function that calls itself 

from within its body.
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The programming code related 

to using the previous function 

to determine the root of the 

function: 

𝑓 𝑥 =  𝑥3 − 9𝑥 + 1 

within the range [2,4], with 

precision 

ε = 0.5

ε = 0.05 

and accuracy ε=0.0005. 

f = lambda x: x**3 - 9*x + 1

r1 = my_bisection(f, 2, 4, 0.5)

print("r1 =", r1)

print("f(r1) =", f(r1),"\n")

r2 = my_bisection(f, 2, 4, 0.05)

print("r2 =", r2)

print("f(r2) =", f(r2),"\n")

r3 = my_bisection(f, 2, 4, 0.0005)

print("r3 =", r3)

print("f(r3) =", f(r3))
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𝑓 𝑥 =  𝑥3 − 9𝑥 + 1 

r1 = 2.9375

f(r1) = -0.090087890625 

r2 = 2.9453125

f(r2) = 0.04237794876098633 

r3 = 2.94281005859375

f(r3) = -0.00016979126507976616

OUTPUT

Notice that the tolerance or precision value affects both the root r and the function value f. 
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The programming code 
related to using the previous 
function to determine the 
root of the function: 

𝑓 𝑥 =  𝑥3 − 9𝑥 + 1 
within the range [3,4], with 
precision 
ε=0.5.

f = lambda x: x**3 - 9*x + 1  

r1 = my_bisection(f, 3, 4, 0.5)

print("r1 =", r1)

print("f(r1) =", f(r1),"\n")
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𝑓 𝑥 =  𝑥3 − 9𝑥 + 1 
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Newton_Raphson Algorithm

An iterative algorithm that starts from an initial point considered an 
approximate solution to the function and refines it to approach the actual 

solution.
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𝑥0

𝑥0

𝑥0

𝑥0  𝑥0
𝑓(𝑥0)

𝑓′(𝑥0)
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Use Python:
To write a function to find the approximate root of a given function using the 
Newton-Raphson algorithm.
Use the previous function to find the approximate root of the equation:

𝑓 𝑥 =  𝑥3 − 9𝑥 + 1 
starting from an initial guess of 1.5, with a precision of 1e-6. 
Print the function value f at this root on the screen.

Note: The value 1e-6 represents 0.000001

Since the algorithm is iterative, the 
exercise can be solved using loops or 

recursive functions. Note that the 
problem statement requires the solution 

to be implemented as a function.
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The programming code related to writing the function:

𝑓 𝑥 =  𝑥3 − 9𝑥 + 1 

ε=0.5.

f = lambda x: x**3-x - 1

df=lambda x:diff(f,x, 1)

newton_raphson = my_newton(f,df,1.5, 1e-6)

print("newton_raphson =", newton_raphson)

print(f(newton_raphson))

newton_raphson = 1.32471817399905

9.24377759670136e-7
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Thanks for Listening
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