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1. Center of Forces.
2. Center of Gravity and Center of Mass.

3. Centroids: Center of a Volume, Center of an Area and Center of a Line.

4. Examples and Exercises.

6/3/2025 https://manara.edu.sy/



1. Center of Forces: < X

It was shown that a system of forces that are not in equilibrium can be replaced by a single force,

namely, the resultant R (ﬁ), provided that the reduction does not lead to a couple.
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For parallel forces, the direction of the resultant R (ﬁ) coincides with the direction of the forces.

1.1 Concentrated Forces: 3 Sl sl A 03¢ R l5e Aand w& ol sl Al 2

a) Parallel forces acting on a line

R=)F =R=>F =F+F+F,-F,+F

The action line of the resultant R (R) can be found from

XcR=>X;F  =XcR=XF+X,F, +X;F; =X ,F, +XF +

X, F.
—x. :x1F1+x2F2+x;F3—x4F4+x5F5 o |xe _ZZIF i
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b) Parallel forces acting on a Plane

- D xF. _ZyiFi
R=>F X = ZFi Ve =

1.2 Distributed Forces:

1.2.1 Line Forces: Dim.:[g]=[F]/[L], S.I. Units:N/m, kN/m, ...

R=YdF = j:zq(x )dx

O XF Lxlz X (x )dx
> F szq(x )dx

Xc
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1.2.2 Area (Surface) Forces: Dim.:[p]=[F]/[L%], S.I. Units: N/m? kN/m?, ...

_ZXiFi _ZyiFi
YR °XF

Xc

R=>YdF :Jp(x,y)dxdy

[xp(x,y yixdy [ yp(x.y ydxdy
A A

— y —
© [pey)dxdy |77 [p(x,y)dxdy
A A

X
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2. Center of Gravity and Center of Mass.

Center of Gravity

W= dw :jy(x,y,z)dxdydz
V

Center of Mass

M =>dM =Ip(x,y,z)dxdydz
\

jx v(X,y,z)dxdydz
X

_V
- jy(x,y,z)dxdydz
Vv

jx o(X,y,z)dxdydz
X

_V
- jp(x,y,z)dxdydz
Vv

jyy(x,y ,Z )dxdydz

Yo =%
[0,y 2 )dxdydz
\

J'yp(x,y ,Z )dxdydz

Yc =Y
jp(x .Y ,Z)dxdydz
Vv

_[z y(X,Y,z)dxdydz
Z

_V
- jy(x,y,z)dxdydz
\

6/3/2025

_[z o(X,y,z)dxdydz
Z

_V
y jp(x,y,z)dxdydz
\

https://manara.edu.sy/

V4
/Kﬂ dVigs

X

awy

y(X,Y,2)

Weight per Volume Unit sl (35l

Dim. :[YV1=[FI/[L°], S.I. N/m?, kN/m?, . ..

p(X,y,z)

Mass per Volume Unit  4xsal) 41l

Dim.:[p]=[kg]l/[L°], S.I. kg/m?, kg/m?, . ..

On Earth oY) mh xie
y(X,y,2)=9gp(x,y,z)

)



3. Centroids: Center of a Volume, Center of an Area and Center of a Line.

When ¥(x,y,z) and P (x,y,2) are constant (homogeneous materials), the gravity and mass centers become

geometric centers “Centroids”. The previous equations take the forms

AL B )5S s e S e 2 pne ALY S el JE S se grieay vie 5 uailaall ) sall (8 RIS anal 05l 5 Bpanall B )5S

For Volumes For Areas For Lines
V =>V, :Zjdxdydz A=A =Zfdxdy SIJ-dS:J‘\/dXZ-I-dyZ
v, A S S
jxdxdydz j xdxdy jxds
S o =4 o =55
_[ ydxdydz - f ydxdy .f yds
Yo =* .i e =4 | yC:Ss
V A
jZdXdde fzdxdy J‘st
Zc =" Z. =4 Lo = :
V ¢ A S
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Example 1. Locate the centroid of a rectangular triangle with baseline aand height h.

y A
d A=y I.f'/

LA

x=a _
A= f dA= A = f ydx If 4 XdA f;:oax(ydx)
x=a /p o N R o .
— x=a =
= A= —L:O (ax) dx _ fx=0 x (7 xdx) _ fy=0 )’[(a—EY) dy]
h (*=¢ h[x2]*  ha A h[x31% A w2 31t
= — = —|— = — h = _x_ a ry=h g[L_y_]
aL=o xdx a[2 T2 a xzoaxzdx_a[3lo_2a =Efy=0 y[(hy—yz)dy]=h 2 3], _h
- A A 3 A A 3
y=h y“ (%1, Y1)
A=ﬂ dA=>A=J (a — x)dy i
A y=0 2h/3
y=h a 21h h i
y 2 1 X3,
=j (a—ﬁy)dy=ﬁlhy—— =—- h/3 Sold)
y=0 2 0 2 ’ X1t X3 + X3 Yi+Y2+Y3
LL/B»M o = 3 Yec = 3
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Example.
A wire is bent into the shape of a circular arc with an opening angle 20

yi

do ds
T

S
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2. Center of Gravity and Center of Mass.

3. Centroids: Center of a Volume, Center of an Area and Center of a Line.
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4. Examples and Exercises. Centroids of plane areas and lines
Three Remarks before starting
1. The term “centroid” is used when the material factors (y, p) are

omitted, i.e., when one is concerned with geometrical considerations only.

2. If the area has an axis of symmetry, [ xaxdy
the centroid of the area lies on this axis. Ko =530
solll ada (e s e adn 3L (ol AST 9 jLalis Hema JSCALS (K13 {ydA £2xydy
3. For area composed of several parts of i — |
simple shape. The coordinates x ., y; of the PR e
centroids C and the areas 4 of the individual |[°~ YA v AN
parts are assumed to be known. | — .
i Aoslas La3Slya9 6, meilpens JISAT (po Loz JSAII 0813 |y ZZVAA S
e Atal (8 (7 LS Lile dull Aa il e slall (0 638 5 " :
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Example 1. Locate the centroid of the area that is bounded by a parabola, as
in figure (a).

Solution

We use the coordinate system as shown
in (b). Since the y -axis is an axis of
symmetry, the centroid C lies on it: x_ = 0.

dy dA=2zdy

To determine the coordinate y_ from: . ' b 7
dA  [2xyd i _
ycz/!i J)Zy but A:j2xdy=jo.... and Yy =cx?, withx =awheny =h,soc=?and y =?
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Example 2. Find the centroid of the L-shaped area in Fig. (a), then in Fig. (c).
Solution: We choose a coordinate v}

4
system and consider the area to be P___t e il
composed of two rectangles (b): C
Sa d l1=8a t<<a
A,=8at, A,=(5a-t)t }""“‘{*C
The coordinates of their respective L t . o
centroids are given by st i T sed
x=t/2, yy;=4a,; x,=t+(5a-t)/2= (5a+t)/2, y,=t/2
A
. _ZzlxiAi _(t/2)(8at)+[(5a+t)/2][(5a—t)t] y ZZZZY. - _ (4a)(8at)+(t /2)[(5a—t)t]
TS A (8at) +[(5a—t)t] ; ;Ai (8at)+[(Ba—t)t]
- Aat? +(25a° —t°)(t /2) 25a°+8at —t° 322t +(5a-t)(t°/2) 64a’+5at —t*
° 13at —t? ~ 26a-2t Ve = 13at —t? ~ 26a-2
254 . 32a
For t<<g as in Fig. (¢), the areas become lines Xg =g 2and Y
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Exercises. [~—20—I |
6
1. Locate the centroids of the depicted profile. The jo sl t
measurements are given in mm. | |
| | 4
~ 45 -1
—20 —= |
2. Locate the centroids of the depicted profile. The T ¢
measurements are given in mm. 10 -5~
|

3. Locate the centroid of the depicted area with a 1
rectangular cutout. The measurements are given . : $
in cm. H B 7
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4. A wire with constant thickness is deformed into .
the depicted figure. The measurements are given in 80
mm. Locate the centroid. 30

5. From the triangular-shaped metal sheet ABC, the
triangle CDE has been cut out. The system is pin
supported in A. Determine h such that BC adjusts
horizontal.

6. A thin sheet with constant thickness and density,
consisting of a square and two triangles, is bent to
the depicted figure (measurements in cm). Locate
the center of gravity

https://manara.edu.sy/ 14

M

6/3/2025




7. Locate the centroids of the thin-walled profiles &
a
(t < a) as shown in Fig. |

8. Locate the centroids of the thin-walled profiles
(t < a) as shown in Fig.

9. Determine the coordinates of the centroid C of the number 5.
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10. A circular area is removed from a circle.
Locate the centroids of the remaining areas.

11. A circular area is removed from an ellipse.
Locate the centroids of the remaining areas.

12. The depicted stirrer consists of a homogenous wire
that rotates about the sketched vertical axis. Determine
the length /, such that the center of mass C is located on

the rotation axis.
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