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Euler-Bernoulli bending theory lF q

C
Knowns Functions of x: /V‘%l% Aj X

G S — L —— " W
q(x)'
EL,(x) variable section or ,

5 0 Hl
El, = Const. uniform section ¢ ,
L )

Unknowns Functions of x, to be calculated: l i ! ( x
V (x): Shear force (_all 343) L __
M (x): Bending moment (cslaai¥l a3<) “ - F\g’— )
Y (x): Section rotaion or deflection slope (Judl Ju of alasll o)1 593) ﬁ |

w(x): deflection or Elastic line (o} sl of Jaslt) Ry

Using four first order ordinary differential equations written with the prime convention: d( ) /dx = ( )’

VI MI V I __ M(x) I/
[
Two Eq. Egs. Material behaviour Eq. Kinematic Eq.

The Solution needs four boundary conditions (Integration constants) determined by the support types
Ailed ! blast oo oz (JolSG calel) Audyb Lo gy d dan)] 2 ym0 Joxdl dlagy
P
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Table Boundary conditions ‘\-‘SJ‘L‘M Al -J"}J-‘z BEREN
Support w w' M v
pin
7& 0 0 0 £ 0
parallel motion
2# £0 0 £0 0
fixed end
Z 0 0 # 0 # 0
free end

#0 # 0 0 0

|
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® The four first order ordinary differential equations can be combined l A X

into two second order ordinary differential equations as:

V'=—q(x) | | M'=V() = M" = —q(x) % : .
- M) S o M| [ 2ELGWTT=q6)
T EL(x) | T v || = wh = T EL(x)

® The two second order ordinary differential equations can be combined

into one fourth order ordinary differential equations as:

® This last equation can be simplified when the section is uniform: Ely = const.as | = EIyWIV = q(x)

® In the three forms of the equations, the solution needs the four boundary conditions as it will be shown in the examples.

® In the last form (the fourth order equation is used to determine the deflection W, the others unknowns are determined by:

Y(x) =—-w' | | M(x) = —EL,(x)w" | | V(x) = —[EL,(x)w"]" | IfEL, = Const V(x) = —EL,w"’

M
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4.4.2 Beams with one Region of Integration
It will be now shown with the aid of several examples how the differential equations can be used to obtain the

deflection curve. In this section we restrict ourselves to beams where the integration can be performed in one

region, i.e., we assume that each of the quantities q(x), V (x), M(x), w(x) and w(x) is given by one function
for the entire length of the beam. lF

F
-~ “
Ex.1 A cantilever beam (flexural rigidity ET ) subjected to a | . 1 B
. . . . o x - L o T —
concentrated force F(Fig.a). Since the system is statically El f ﬁl I
determinate, the bending moment can be calculated from the a VZ b

equilibrium conditions.

With the coordinate system shown in Fig.a, M = —F (Il — x). Introducing into M (x) = —EIw" to get

EIw” = F(l — x). integrating twice yields The geometrical boundary conditions: w (0) = 0,w’(0) = 0

x2
Elw' =F (lx — —) + Cy

2 — lead to the constants of integration:  C; =0,C,=0.
x? x3 : .
Elw = F ( ——— > +Cix+ G, i Hence, the slope and the deflection are obtained as
W' = FI? (2x _ X W= FI° 3x2 _ x® maximum slope & maximum , Fl? FI3
2E1\ 1 12 )’  6EI 12 3 deflection (at x = [, Fig.b) are Wimax = 2FE] Wiax = 3E]
m 6/3/2025 https://manara.edu.sy/ 5




Ex.2 A simply supported beam (bending stiffness EI) is loaded by a moment My
Py supp g y 7;;7 :5
A

M, (Fig. a). Determine the location and magnitude of the maximum deflection.
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Ex.3 Consider three beams (bending stiffness ET) subjected to a constant line load q,,. The supports in the three cases

are different; the systems in the (Figs. a & b) are statically determinate, the system in (Fig. c) is statically indeterminate.

Since in (c) the bending moment can not be calculated from Eqm. conditions, the 4" order Diff. Eq. EIyWIV = q(x)

will be used in all three cases. A coordinate systemis |, qo qo . o
: : .. . . ZEERERERREREYS IEERERRRER RN EEEEXEERTE A
introduced, integration is done 4 times starting from: T 7 g :3;;7 o B> YRR, AB—*
v _ : . 777 ] | — &7
EIyW = (o vy é _-—I v7 f) I vZ C
i =_V=?0x+cl' w(0)=0-> C;=0 M@0)=0-C=0 w(0)=0-0C=0
Elw" = =M =5 qox* + C1x + G, w0)=0- C,=0 \W(0)=0-C, =0 w(0) =0 —C, = 0
1 1 1
EIw' = = qox® + 5 C1x” + Cyx + s, VW) =0-C; = —qol M) =0-0C; = —3q0! | MD =0~
1 , 1 .1 2G>+ Cl+C, =0
Elw =05 @00 T gt o Gxm H lax Loy = 056, = 2012 wl) = 0 > C3 = 4013 | W) =0 >
These equations are independent of the supports & Lol + 0B+ 16,02 =0
therefore are valid for all cases. Different boundary
, € = _g%l & C; = %Clol2
conditions lead to different constants of integration: .
Indeterminate! no more
: L . qol* x\* X3 X2 x\ % X3 x x\t o3 g2
The deflection function is given by:  w(x) = TR [(7) — 4(7) + 6 (T) (T) —2 (T) + (7) (7) —5(7) + 5(7)
: . _ | qol* qol* 5qol* qol* qol*
Maximum deflection is given by: w = | —=0. — = 0. ~—~ __ 10.00542—— atx =0.578I
& Y max = gpr -~ 01257 32851~ 00130 El

M
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p qo qn “ qn
ZERRRRER RN R, Py PPy VP PYIYIYIY X 493879898y Y X
Ll A 1" 137
A EI A EI AA EI
e T
VA \&VA vZ
S L Y e R I [ Y e S N T Y
The deflection functionis : y (x) = S AE] X [(l) 4 (l) + 6 (l) 7) —2 (7) + (T) (7) — E(T) +3 (7)
Maximum deflection is: Woo = Qol* _ qol* 5qol* _ qol* qol* 2
max 8Bl 0.125 £l 348E] 0.0130 El 0.00542—— atx = 0.578l

v =2 (& 3@ 43| (@ -3+

w =g =25 (@ -2@)+1] [ -©)

B B Y R (-

A=V =ql®M g L 4y A=V =50l (0,8 ==V =56l N
Z Z 2

Ay = —-M(0) = ""z—lz (<) Ay = —M(0) = "0712 (2)

I —— Il
= .

3 2 3

@ -0 +6)

Supportreactions are:
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4.4.3 Beams with several Regions of Integration

Frequently, one or several of the quantities ¢,V , M, w', w or the flexural rigidity EI are given through different
functions of xin different portions of the beam. In this case the beam must be divided into several regions and the
integration has to be performed separately in each of these regions.
The constants of integration can be calculated from both, boundary conditions and marching conditions, also called

continuity conditions. The treatment of such problems will be illustrated by means of the following example.

Ex. 4 Asimply supported beam is subjected to a concentrated force F at x = a (Fig.).
Determine the deflection wat the location x = a.

I r]]

([} InRegion:0 < x <a | InRegionll:a<x <1
FTX: OSxSa b a
M) =1 4 EIWH:_Mz_FTx EIW"=—M=—F7(l—x)
&FT(l—x):anSl bx2 , a(l_x)z
E]W,=—F77-|—Cl Elw =FTT+C3
bx3 a(l—x)3 / T
Elw=—FTZ+C1x+C2 Elw = —Fo—2 — G —x) w'i(a) = w'y(a)
+C,
w;(0)=0=C, =0 w;(0)=0=C, =0 wy(a) = wy(a)
, , b a? a b? ab h Fab(a + 2b)
WI(a)=WH(a) ﬁ—F__+C1:F__+C3 =>Cl_C3=F_ 1=
g e ” ) Fab(2a + b)
ba’ ab? ab (a — b) _ Fab(Za +
wi(@) =wyla) =>-Fi—-+tCGa=-F-—-(Gb=CCa+(b=F 7 = 3= — =

6/3/2025
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Ex. 4 A simply supported beam is subjected to a concentrated force

F atx = a (Fig.). Determine the deflection watx = a.
(

b Boundary Conditions: w(0) = 0,w(l) = 0
FTX: In Regionl
M(x) =4 Continuity Conditions of Elastic line :
\FT(Z — X) In Region 11 W,(Cll) _ W,(Clr) &W(Cll) - W((lr)
, b , b x* b x3
InRegion:0 < x < a EIW"=—M=—F7x Elw =—F77+C1 Elw=—FT€+C1x+C2
)2 a(l—x)3
InRegionll:a < x <1 Elw" = -M = —F%(l — %) Elw' = F%(l Zx) +c, Elw= _FT( - ) —C;(I—x)+C,
Boundary Conditions give: w(0) =0 =, =0&w(l) =0=>C, =0
b a? a b? Fab n Fab
W,(al) - W,(ar) = _F77+ Cl — FT?'*’ C3 = C1 - C3 — T Cl :W(a+2b)
Continuity Conditions give: . . r
b b Fab ,a—b
w(a;) = w(a,) = _FT% + Cia = —F%?— C3b = aCy + bC3 = %(a?) ng = _F%lb(zQ.Fb)

mgntiw = Go{[1- (] 0 - @ Jew =G -0 ] 20 wo-Ter
ot =22 {[1 - (&) () - () Jew = E{[1- ()] -3 ()} iy - P -

3EIl
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a) Determine the deflection function of the cantilever beam shown in the figure

b)  Find the deflection at the free end

c) Findthe slope at the free end I —

6/3/2025 https://manara.edu.sy/



	Default Section
	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11


