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The Binomia
Theorem

n
X+d

-

-

tdadla—

n el elgs (7)) SIall ey S sloms] a2 ATl nica ol ol 5, KA1
. n - £ e, - 5w - £
o ngize ¥ 3 e e 095 (7 7) S1aBll 0T aoBhig Al a1 g Ay 5 Rmiso
 opekll (g5 gSiaa 1ALl 10 gSaa s 2y . s 4 joys crone
2
51400 e 3wl yae oS3 (i 3 e 300 MLl s (X +7) cnll 65 st L3y )
. 4 3
18 Sl oon SISl pLal) oS5 2 1645 2 35 (7 + 7)1 (7 +7) Ut solall s lSan 2Lt 00
a £ .7 . n
39 ¢ 2909 o slude N (ellly VI (P cnt> 13 [ylude (e Hlaall ey (Z"'?/) oSan e Jguazll
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RO
esilly faazme IS (e (Adsdo (i e (Gt (wsd ol LulgBYI eld 3,8,SG Blats 65 Aylai o sl LSy
B9l gedye

https://manara.edu.sy/



https://manara.edu.sy/

6)liogJl
SV FEW ol Cpaaad) L..Ss dgS20 —2-4
: Lf*fﬁ\ e deand sl b cpall dalad) foalial) alasia) e aglea 2 LS

(y+a) =y+a

(y+a) = y* +2ay+a* = y® +Clay +a>

(y+a) = y* +3ay* +3a%y +a°

=y*+Clay® +Cja’y+a°
(y+a)' = y* +Cllay® +Cla®y°Cia’y +a*

(;(+a)6 = +Ciay® +Cla’y* +Cla’y* +Cla’ y* +Cla’ y' +a°

E EII”IDFT"IIE] IS a po|ync~m|a| WIH: EED [erms SUG“ ds X+ 4. 5”6”

we need to raise a binomial to a power. In this section we'll
explore a way to do just that without lengthy multiplication.

(l‘—l— a)ﬂ =1 Can you see a
(x+a)1 [l pattern?

Can you make a
guess what the next

2
X+
(r H) one would be?

L
=

(Js:+ﬂ)3 = |+3ax’ +3a°:

(x +ﬂ)4

3

(x+a) =lX’+_a*+  ax’+_  ax’+__a'x+a

We can easily see the pattern on the X's and the &s. But what about the

coeflicients? Make a guess and then as we go we'll see how you did.
-
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Let's list all of the coefficients on the ¥s and the &s and look for a pattern.

_ 1 =
(x+ a)i =1x° 4+ 5ax’ +10a°¥ +10a°’x* +5a'*x +1a’

(x+a)0:1 1+ 2+ 1

(x+a)1 =lx+la

(x +ﬂ)'1 =1x*+2ax+1d’

1, + + g+ 4+
(x+a)3:]x3+3ar2+3azx+las' Y

4 5 E - 15 :0 %gnyngguesg
(x+a) =1x" +4ac’ +6a’x* +4a’x +1a the next row?

ol il HeSan sl il il &l Noazul (S

931 sl ' Sl JRECTIST
Nl degdnn @ ol Lasy n—1_ Niegs0a i Loy 0 M desd e @l LasY
Oodassiboly | ToMasstabols B nodlasses bl
. “"*RHRHRT —\\\\ / —W.-T-..—..—*"\\ Pl

(a + b)" = a" = 1bpl' + C, a" ~2b% + .. + ,C, a%"
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iy LB () ol s e cpand) (63 ualial) (e S Sl adl) iyl Gl ey el (e
AgSiall gl lan (N+1) Ao Juand Lild /n/ Sudy caage gmama ool A (y+a) lakall od) 128
G aal) ety Lain Cf ddalaag 7" Ao ALY aallyCp Alalaag " Jg¥) 2al) ey dua
..... iy C! Alalaag 4" e
L= = 1" = 7) con IAD a8l 7 e ety ¥ (6 s aad ) Juash o 5
P opaadl (g3 dgsial dalal) disall o Juans adley G (gglun Alalaag
n-3

(;(+ a)n =Cja’y" " +Cla'y" +Cja*y"* +Cla’y

2;5”+C1”a;(”‘l+C§a2;(”‘2+C§a3)(”‘3+C2a4;(”‘4

4+ _l_Cnaan—r

r

o

(z+a) = Z(;C;’ a "

(a+b)"=()a"+ () a" b+ (D) a"*+ (5)a"?b* ...

+HM)a™ b 4 (1) BT
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dsola
0)liall
n | <l | Cf PG GG GG
U (p+a) | 1] 1
2 | (y+af| 1| 2| 1
3 | (y+a)’| 1| 3| 3 |1
4 | (y+a)'| 1 | 4 | 6| 4|1
5 (y+af| 1| 5|10 10] 5 |1
6 | (y+a)f| 1 | 6 | 15|20 | 15| 6 | 1

1. Pascal’s triangle

s e

gl (sslw Ca IS 8 s Jo¥1 aaall -1
Bpilie 4858 € aaall goana (e Bl 5o Gl 13 5 AT 2 ¢l -2

Row O
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1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1

Each value is obtained by adding the two in the row above which are just to its left and right.
E.g the value 10 is found from 4 + 6

The next line should be: 1, 9, 36, 84, 126, 126, 84, 36, 9, 1.

2. The Binomial expansion

(@a+x)°=1

(@+x)! =a+x

(a+x)? =(a+x)(a+x)=a®+2ax + x°

(@+x)® =@+x)@a+x)’=(a+x)(a’+2ax+x*)=a*+3ax+3ax’+x°

(@a+x)*=(a+x)(a+x)?*
=(a+x)(a®+3ax+3ax’+x})=a’+4a x+6ax*+4ax +x*

Use the seventh row of Pascal’s Triangle to find the
binomial coefficients.

SCD SC1 802 803 BC4 885 BCB BC7 BCB
Solution:

1 .J'r 2] 3_:5 1‘:1 21 ? | S Seventh row
17 N\8” 287 Ns567 70/ N\56 g Ng N
| | | | | | | | |
5Co 5C 3Ca Cs 3Ca sCs sCo (7 sCy

a
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Example 2: Expand (x + y)4 by binomial theorem:
Solution:
4 4\ _4-1 4\ . 4-2 _2 4\ . 4-3
(X+Y)4:X+(1)X Y+(2)X y JF(3)7( y ty
= X+ Axiy+ 4x3 X2y + 4x3x2
x1 3x2x1
= x"+4x’y + 6x’y’ +4xy” +v*

CETre
o
dilA

XyS 4 y4

(a + b)*= a* + ,C,a3h + ,C,a?b? +,C3ab3 +b* (wlwl pggae
= Qp.@,bﬁmn;,ts 13
4_ A 2p2 A 13 g4
(a +b) at +— T3¢ a3h +ﬁa b +ﬁab +b + . +,C, a%"
(a + b)*=a* + 4a3b + 6a?b? +4ab3 +b* )

(@+b)7 dssininsi NEEES

N =74 e agn ot ol &glas ezl
(a+b)'=
a’ +,C,ab + ,C,a’h? +,C3a*b® +,C,a3b* +,C<a?h® +,C4ah® +b7

a’ + ae’b + —a5b2 +—a4b3 +—a3b4 + —azb5 + ab6 +57
2151 314! 4131 5121

a” +7a%b + 21a°b? +35a*h3 +35a3b* +21a2bh° +21ab® +b7
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(%;(+3,{) ol &S0 2a s

1 6 o 1 6 0 . 1 5 ) , l 4 .
Sx+8| =G| 51 (3y) +Cq > (By) +C¢ SX (37)
3 1 3 3 4 1 2 4 5 1 ' 5 6 1 ° 6
+Ci 57 (3y) +Cq 5 (3y) +Cq SX (3x) +Cq S (3)
0 . 185, , 135, , 1215, ,

1 6 5 5 6
- > oo 72 929
gat 1o el At A A 9°x+929

: JGa
(x+yf =Cox 7" +C ' +C; )z”f +CE %y
+ CEZ5—474 +C§ZS_57/5
(r+7) =2° +57"y +107°7% +104%° +52'7* +°
kel eSia dngl

(3x+2a) =C(37)"(2a)" +Ci(37)" (2a) +C2(37)'(2a)
+C2(3) (2af +Ci(37) (2a)* +Ci(3x) (2a)f

(2a — 3b)* 44Sas il (3) Jlte

N = 4aud e (ogn cuasdl 213 4l sl

(2a—3b)*= (2a)*+,C, (2a)3(=3b) + 4,C,(2a)*(—3b)? +,C5(2a) (—3b)3 +(—-3b)*

(2a — 3b)*

= 16a* + - (8a)(~3b) + =~ (4a%)(9b?) + - — (2a) (=27h) +81b*

(2a — 3b)*= 16a* — 96a3b + 216a%h? —216ab® +81h*
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Example 3: Expand by binomial theorem [a -

Solution:

|

1
a__
a

T

BxSx4x3
4x3x2x1

=a%-6a*+15a%-20+

iz

degln
6)liogJl

SRS LR TR T

a .
1) 6x5 1) 6x5x4
—aﬂ+ﬁa’(——]+ - 34(— 2]+ o aj(— 3)+
a 2x1 a~ /) 3xlxl a
1),6x5x4x3x2 (1 i 1
A il B -
a 5\4\3\2\1 a a
15 6+ 1
al  a a®

Example 4: Expand [KT

Solution:

|

[

=
2

4
2
X

: gﬂ}SﬁA]\ ) (Z+a)n

2] (=8

SEET 3 ) 4 4
(@0 e
3N 2 X 4]\ 2 X
Cxt (X 3[ 2] 4.3(x 2['4'
= —+4—||—— |+ = ||+
16 2 x) 2.11 2 )%
4.3.2(x ( 8 16
Sl et
320102 0 x X
5 8 4 2
2 4 8 16
= 42 2,62 242 220
16 8 x 4 x° 2 x X
3
= X__Xj G E—E-Fg
X X

il A coe Y (8) gy g e (7+2)" el osSaa slai)s
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(z-a) =" +C(=a) 2"+ (-a) "2 +C(-a) 1

=" +Cad "+ 0 -a -G -a
ot (1)
5l Linge loSiall 3 puall aal ()9S ety ((Aumnga a3 dullis o5 dunge ) dgaadl L) o (i ¢ Adadla
o A e el faciee Wl
clle ¥ aal 0 Lajh 5aY) aall IS 13y Cange 05S dY1 aall (fd Ty Taae culS 1308
b sl gSia angl 1 Jla
272 =22 =52 (" | +1002F (1] ~1002F (4
+8(2)r)f -

_32-50p% +80y° —40y° +10y° —®
(}/2)2 =y iy saall 5 ¢ Aasdle

4
(Z_%j p oY) Sl ded aagl 1 Il

: Jall
Z 4 3 0 /1/ 1 Z 2
(+-4) et (-] »eie(-4] eir(-4)

3 4
el el 4

3 4

2
S S A0 PV A S W ARV S
4 [3]1 9 ¥ TTo74 g%

_a 4 4.6 4 4 4, 1
TX TRX Tk T7h TgX
://{4 1_ﬂ+§_i+i —

379 27 81
_4(81-108+54-12+1) 16 ,
- 81 ~ 817

4
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5
(Z_lj laiall @ gSae angl : Jlia
X

5 0 1 2
(8] 3 el et 3
V4 V4 V4 V4
3 4 5)
oA 2Jreef el e
V4 V4 X

=ZS _SZ—lZ4 +1OZ—ZZS _101—3¢)2 +SZ—411+Z—5
=1’ -5 +10" 10yt +5 2 +
(7+2)f  cpal 63 BsSae sagl & Jlie
: dald)

5-r

(2 -3 e @) -3t @

r=0 r-0

=C(x) (2 +Cax'(2)' +C2x*(2f +C2°(2)

o 095
>0
aBE—_oy”

+ﬁ;{124 +ﬁ;{223 +ﬁ;{322
= (1*32)+ (5*16x)+ (10x 1642 )+ (10x 4x* )+ (B5x 25* )+ °
=32+80y +150x% +40x* +10x* + »°
poanl) (3 digSia b alal) anll 34
t o) el gaall (63 SeSas (e

Ugy =U; = J1 asli = CJa’y™°

Uy, =U, - st - Claly™

Uy, =U, = &t sal = Cla’y"?

Usy =U, = aiii sl = Cja*y™

Uy = .ot = Cla’ ™"
copal) (65 e b as (gl ala) mabi plall anl) PUA (e 43ld dile 3l
(z_if AsSha & aladl asl) 2l ¢ Jlia
:Jad)
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r,.n-r

ur+1 :Crna X

Uy =Ug,, = C;Z le—g ((_ 27()_1 )9
_ 220}(3 _2—9}(—9
= 220;(379 *512
220
_5_12;(
950
_mz

(72 +27f dsSie 3 Gualadl sadl sasf + Ol
u., =Cra'y"" : Jall
Gall (63 AsSia L plall aal
U =CE(z) (20"

- 8! * .8 % 4
—M 4 16]/

= (70" *16y*
= 70*167/4 *18 :112@/418

2;(2

U 7 oo JWI aall o jin s Jal

5
[ZS—LJ dsin b 7 Jal aadl sl ¢ Jlia

15-3r

-2r %
V4

|
|
Nk
@)
= o
NI NI N
~

OsSe Leaie 7 e WA aad) 13a (5

Z15—5r :1
:le—Sr :ZO
=15-5r=0

5r=15—>r=%’:3
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M (o Az
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adey il andl o Uz sl ga e 6 %% sl e g o) a2y
Uy :U6+1:C (37( ) ()7 °
709,

"~ 6(7-6)

_7x729% ' =5103,*
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BlL_ol

ZZr:Zﬁ
2r=10:>r:%):5

bl Ug puolidl andl sa dsSaal) 3 7% e (gmn 3 aad) L
us = C5 (2 L)z
Us =6x32x y*°
u; =1924"°
(27+3) @il 37" grins U axd Jelas 2ngf ¢ Jia
Upyg 4ais 3l aal = D ZA o sk Jal
Uy = Cr63r(2?()67r
4 Cr63l’ *264’ *Zﬁfr

o el s gt e gsina Upyy aall o Cung

P sle duanid alall aal) 8122 5 (ages aal) Jelae dlady G a8 2% (gsing 3 aa) o
Upy :C§32 *26_2}(6_2
u, =15x9x16y* =2160;*

. 2160 ol dlilan p* e s5ias @) 2l o Lﬁi
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The coefficients of the binomial expansion are called binomial
coefficients. The coefficients have symmetry.

+ P =1 +5xy+ 102592 + 102y + 5xp* T
(x+ ) XXy f.fjxy;f

The first and last coefficients are 1.
The coefficients of the second and second to last terms
are equal to n.

Example 1: What are the last 2 terms of (x + })10?
Since n = 10, the last two terms are 10x)® + 1)/,

Example 2: What are the last 2 terms of (x+ 2)19?

Since n= 10, the last two terms are 10x(2F + 1340,

Use a calculator to calculate (2F = 510 then multiply it by 10
Your final answer should be 5100x+ 147,

L -
P osds e ST agag Jla B cpaall (6 ki -

S i ¢ ST 5l agam A Gaa e ST gSae aladY Gaaal) (53 A pladia) GSed) (e

SV e jlaial (S laied aalg as ) b Qisad (Sl (e aild (p+a+b)" dsSadl Ll

(y+a+b) =[z+(a+b)]
=" +C(a+b)" +CI (a+b) 1™

(3;(2 +2;(+1)3 oY) sSia aal 2 Jlia

:dall

63 Ak alasial o Sa Alall o3a g [ agaa A [ cpas (re ST e cally @lsSiall 1aa o Jaadly
Ayl Aulad o5 (pap laaly fas e (27+1) of il dlidy cpan ) 3sas ADAN Jsaty elldg cuaal)
Br? + (27 +1)] dsie sloy cpanll (3
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B2 +27+1) =[352 + 2y +1)f

=322 +C2 2y +1)3x2f +C2 (2 +1)2 (342 ) +C3 (25 +1)
=27y° +3(2;(+1)(9;(4)+3(4;(2 +4;(+1X3;(2)
+87°% +(27) +3(2y)+1
=27y° +54y° +27y* +36y* +361° +9y> +8° +4y* +6y+1
=27y° +54y° +63y" +44y° +13y°6y +1

(;(WL\/E)4 +(;(+\/§)4 Dlaiall A gpaal) (65 dsSia Ao aagl : Jla

: Jal)
(;(+\/§)A = 7 +C5(y) +C§(\/§)2(;()2
+CA(\BF y+ci(VB) ()
(y+5) = z* +4/57° +3052 +20J5+25 (1)
(;(—\/3)4 = 7' —4J5° +3052 -205+25 (2)
Ple deanid (2) ae (1) e
(;(+\/§)A +(;(—\/§)4 =27* +60y% +50

(y+a)f —(y—a) dsSad) dad angl cpaall (o3 dphs alasials : Jba

(y+a)’ = y*+Clay? +Cla’y +a°
=y’ +3ay°+3a’y+a’ (l)
(x-af =*-3ay’+32’y-a° (2

(;(+a)3 —(;(—a)?’ =6ay’+2°

 cpiall (g3 dgsha b agaal) edlalas patlad —6-4
: ‘"53 dgludia (i llia (pas ‘"53 <Slalea ¢ (1
Cl=C’
Ct=CcM
Cl=Ccr*
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deola
0)liall
2" Sl cpaall (63 gSha B 3gaal) CDlalaa ggana ) (2
2" =(1+1f =2" gl
p sl 2l (gsln S aal) Gy aalgl) (glew JSV1 aall 8l
2" =(1+1)" =C°+C +C? +C’ +....+C™

(L+1)° aaal s anyl : Jiia

@+1° =CP+C*+C2+C3+C+C +
=1+5+10+10+5+1=32
2°=32 !

(@+0)" (55 dsSae cDales gaana angl ¢ Jlia

(a+b)' =a* +4a’n+6a%h? +4ab® +b*
=1+4+6+4+1=2"=16

(£ +7) sSie b sl sl angf 1 Jlin

(L+a)" sd st 2as sagl ¢ Ja
2 Jadl

(y+a) =" +Clay™™ +Cha’y" 2 +...+a"
P ol o Sl b b (7 =1) s

(1+a)' =CJ +Cla+Cla® +Cla’ +...+a"
PO Ciage punaa 32 N g

2 3
(L+a) =1+na+ n(n—j +n(n—1)(n—2)a +ora” Q)
2 3

s (L+(-a)! B b a=-a masy
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o (-ay =1-nay NI HOH02) e, gy g
A S Leie @iy

1 I oSaall dagd angl ¢ Jlia
X
2 Jall
B S
—1_)(—(1 7)
_ 1 —(-1-1) ,  (CY-1-1-1-2) 4
S, AT T AT e x)
=14+ y+ 272+ 7% Gslhaall sa
1 & oSaall dad angl @ Jlia
1+ 7
:dall
1 1
m—(lﬂc)
~1)*(-2 ~1)-2)-3
BINC S NG =) S R
DAY olad) Aad aagl cpaal) (63 Ak aladials ¢ Jla
c)-(5.99)" b)-(1.03)" a)—(102°

2 Jall
P e deani (1) 4Dl aladauls (a
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=3.5168556
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