Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)
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An harmonic excitation can be described either by means of a sine function: p(¢)=p,sindz,
or by means of a cosine function: p(7)=p,cosClz.

Equation of Motion (E.0.M.): 45 al) dalaa

. Py cosLd
mu +cui +ku =p(t)= ,
D, SIn 2

The complete response (solution) will be the sum of the transient djaiul) (uilaia Ja £ saaa 2 Lgda
(homogenous) and steady-state (particular)components. (Aadld Al Gald Ja g (Bste

u(t)=e " (A coswyt + B sin w,t ) +C cos Q +D sin

~
steady state

s
transient

Find C & D, for the cosine and sine functions of harmonic excitation (dails dilaiul) galddl Jad) sl
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)

Undamped harmonic vibrations Bladial) & A gajlgdl 4y ) <l 30 35aY)
mu +ku = p,cos i+ ou = (%) cosQt = (%)(%) cos QU i +wu =wu, cosCy

A steady-state response (A particular solution) can be JS&ll 32l o (Aails Llaiul) Galal) Jall (Sa;

u, (t)=C cosCy i (1) =-CQ cos (—CQ* +Cw’)cosQt = wu, cos
w'u u @)
(0, -Q")C = wu, C=—75—" C =—"— where r =—
t (w0 — Q%) (1-r?) o,

The transient response (The homogeneous solution) 1s

u,(t)=Acoswt+Bsmawt

The complete solution 1s(A homogeneous solution) 1s

2
. wu

u)=A4coswt +B smcont+( — 2‘22 cos (2t
@, —
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)

Undamped harmonic vibrations Bladial) & A gajlgdl 4y ) <l 30 35aY)
2
u)=Acosawt+Bsmat+ 620””” —cosQt
(w0, —Q
By means of the initial conditions given by : u(0)=u, & u(0)=u,
a)just M.O
the constants 4 and B can be calculated as follows: A=u,———"—"5 =
(w; — Q) @,
w'u U WU
u(t)=|u,——==%> |cosm,t +| — |sin@,t + —"—=—cosQt
(w, —Q)) @, (0, — Q2
For two null initial conditions the complete solutionis,  ©#(0)=0 & 1 (0)=0
2
U
u(t)=—5"—(cosQt—cosw,t)
(@, =C2")
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)

Undamped harmonic vibrations Bladial) & A gajlgdl 4y ) <l 30 35aY)
u(t)= ( az)"uzfzz (coth—cosa)nt)
@, —
Using the trigonometric identity cosa —cos F =-2sin ¢ ;'B sin< ; P We get
20, Q-0 \. (Q+tw
u(t):(an —sin Lt |sin !

Case 1: Natural frequency SDoF 0.2 Hz, excitation frequency 0.4 Hz. Q /w,=2

200

—Total response = =-Emvelope

400 F
f‘

o0 oo
200 F
1000 §
0
100 §

Displacement

2Ugsp .
u(t) = 3 sin(0.2mt) sin(0.6mt)

=400 f

=300

0 2 4 B d 10 12 14 16 18 20
Time [s]
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)

Undamped harmonic vibrations Bladall & A galgd) dg puadl) <l 3) AN
20, . (Q-o0 ). (Q+o
u(t)=—=""5-smn Lt |sin Lt
Q@ — ) 2 2

Case 2: Natural frequency SDoF 2.0 Hz, excitation frequency 2.2 Hz. QO /»,=1.1

a0

—Total response ==-Envelope

60 |
a0 f s

¥
20 |

0

Displacemeant

=20 F

u(t) = 9.52ug; sin(0.2mt) sin(4.2mt)

=40 F

50 F

=g0

Time [s]

A beat is always present, but is more evident when the natural frequency of the SDoF
system and the excitation frequency are close
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)
Undamped harmonic vibrations Baadall & A ga gl Ag ) i 3) 35AY)

300

g 8

Q/0,=1.025

Displacement

E 88883 .

Q /0,=1.0125

Displacement

Displacement
- 8888¢&88.

$E8S88 RS

Displacement

g888.

0 5 10 15 20 25 30 35 40
Time [s]
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Response to Harmonic Excitation (Aiall) 5 ga ) oo adill Alaiu)
Undamped harmonic vibrations Baadall b Auigalgd) Ay el il 31 5N
Resonant excitation (Q = w,)
i +@u =wu, cosCy i + U =wu, cosmt
A steady-state response (A particular solution) could notbe 2, (¢)=Ccosat

Another possible choice is u, (¢)=Ct sin .l
u,(t)=Csmayt +Ctw, cosm,t

. 2 .
u,(t)=2Cw,coswt —Ctw, smao,t
Substituting into the E. 0. M.

2 - 2 - 2 -
2w coswt —Cto, smat +Ctw, sSimaot =wu, coSm,t 2C=wu,

So the particular solution is u (f )= ( > jl‘ SIn .t
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)
Undamped harmonic vibrations Bladial) & A gajlgdl 4y ) <l 30 35aY)

The transient response (The homogeneous solution) is
u,(t)y=Acoswit +Bsinwt

The complete solution is(A homogeneous solution) is
. au .
u(t)=Acoswt+Bsinwt +| =L |t sinw t
n n 2 n
By means of the initial conditions given by , u(0)=u, & u(0)=u,
the constants 4 and B can be calculated as follows: A =U, & B =u, / @,

Uy ou, \, .
u(t)=u,cosm,t + sina@,t + 5 tsina,t
@

n
For two null initial conditions the homogeneous part of the solution falls away and the complete
solution reduces to the particular solution,

u(t)= ( 5 jtsma)t
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Response to Harmonic Excitation (filiall) (A galgdl o2 aill 4laiuy)
Undamped harmonic vibrations Baadall & A ga gl Ag ) 30 35N
ut)= (%jt sin @, ¢

This 1s a sinusoidal vibration with increasing amplitude: C =(w,u /2):.

The amplitude grows linearly with time and when: £ — o, C — .

After infinite time the amplitude of the vibration 1s infinite as well.

2000 ¢
500 E
0 freow
500 E
-1000 E
-2000 E

Displacement
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Response to Harmonic Excitation (Ailial)) S lgdl g aill Alaiu)

Al
Damped harmonic vibrations :uj B o0
ku
Fmg 1
mii +cii +ku = p,cosQt i + 25w +wu =(p, / m)cos

Canonical E.o. M. 1/ + 2560”11 + a),fu = a),fu , cos Q)

Particular solution u,(t)=C cosC¥ +DsinQt
u,(t)=-CQsinQt+DCcos

ii,(t)=—CQ’ cosQt—DOsinQr  Sub. Into E. 0. M.
~C Y cosQt—DCY’ sinQ¥ +2&w, (-CQsinQt+DQcos O )+ wu = wu,, cosCy
(07 —©@)C +2£0,QD |cos Qt+(-260,QC +(w; - Q) D )sinQt = wju,, cosQx

This is true at any time 7, So C = oy (a),f —Qz)
st g 2)2 2
(@7 -@°)C +260,0D =wju, [ = - . _Qz);(fwng)
a)l’l
~260,QC +(@]-Q*)D =0 oo (@02 -©°) +(260,Q2)
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Response to Harmonic Excitation

{7
| PocosQt
Damped harmonic vibrations <« 7 >
$me ¥
Canonical E. 0. M. 1 +2&@ i + wu = @u,, cosCY
Particular solution u,(t)=CcosC¥ +DsmCt

(@ -)
(@2 ~) +(260,92)"

28w 2

and D =w’u

n-st

C =w'u

n-st

(@2 ~) +(2é0,92)°
u,t)=e " (Acoswyt +Bsinw,t) with @, =, 1-&
By means of the initial conditions the constants 4 and B, can be determined

Denominations:
- Homogeneous part of the solution: “transient”
- Particular part of the solution: “steady-state”

Visualization of the solution 1s illustrated in the next example
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Response to Harmonic Excitation

v
m

cu

[ J o o 4_
Damped harmonic vibrations =

PpocosQt
»

P}

Example 1: o, = 27 [rad/sec],Q2 = 0.4n [rad/sec], &= 5%, u,=25mm, u,=0, 11y = Uuswy,

60

= =-Steady-state response

40 . . . . | -~ =—Total response

[
=

Displacement
=

Time [s]
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Response to Harmonic Excitation

v
m

Damped harmonic vibrations :”t PocosQt

Resonant excitation (€2 = w,) . Fmg &
Canonical E.0. M. U + 2560”14' + a),fu = a),fu o cos ()
u,(t)=CcosC¥ +D st
(0 -7)
(@2 ) +(260,Q2)

28w, Q)

2
n- st

and D =w'u

n- st

(@2 ~) +(260,Q2)
By substituting (2 = ) in thee two expressions constants C and D, becomes:

C=0 and D =Y
25
This means that 1f damping is present, the resonant excitation is not a special case any
more, and the complete solution of the differential equation is:

ust

u(t)=e “* (A coswyt +B sinw,t)+—Lsinw t
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Response to Harmonic Excitation

v
Damped harmonic vibrations k:% m e
u
Resonant excitation (2= w,) Fmg §

Canonical E. 0. M. 1 +2&w 1i + wu = wu,_, cosCy
u,(t)=C cosC¥ +DsinQt
(@ -)
(@2 ~) +(260,92)"

28w 2

and D=wu,

C =w'u

n- st

(@2 ~) +(260,92)°
By substituting (2 = w,) in thee two expressions constants C and D, becomes:

C=0 and D=12u
25
This means that 1f damping 1s present, the resonant excitation 1s not a special case any
more, and the complete solution of the differential equation is:

ust

u(t)=e > (A coswyt +B sinw,t)+—Lsinw t
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Response to Harmonic Excitation

v
Damped harmonic vibrations k:% m e
u
Resonant excitation (2= w,) Fmg §

ust

u(t)=e (A coswyt +B sinw,t)+

sin @, ¢

By means of the 1nitial conditions the constants 4 and B, can be determined.

For example in the special case, u, =0 & 1,=0,4 & B, are

A=0 and B =- t

26\1-£

- ‘fa)nt

U, e

u(t)=2§ —,_1_52

After a certain time, the homogeneous part of the solution vanishes and what remains 1s
a sinusoidal oscillation of the maximum limited amplitude: (v, =u ,/2%)

S11 C()nf — S11 C()Dt

For small damping ratios (£<0.2), @,~®, and (1— £)"? ~ 1, hence u (¢ ) becomes:

ult)=u_._ (1 —e ™ )sin .t
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7/14/2025

Response to Harmonic Excitation
Damped harmonic vibrations

Dynamic Amplification Factor

The steady-state displacement of a system due to harmonic excitation is the dominant
part of its response. This steady-state response is given by

u,(t)=C cosC¥ + D sinQt
(@ -)
(@2 ~) +(260,Q2)
By means of the trigonometric identity:

26w Q2
(@2 ~) +(280,Q2)

and D =w’u

n-"st

Where C =wu

n- st

a cosa +b sina =(a >+b ?)?cos(a—f) with tanfB=b/a
The steady-state response can be transformed as follows
u,(t)=u,, cos({¥ —p)
It 1s a cosine vibration with the maximum dynamic amplitude u_,,, given by

=(C 24D 2)112

Z/lIIIaX

and the phase angle ¢ obtained from:
tanp=D /C
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Response to Harmonic Excitation
Damped harmonic vibrations

Dynamic Amplification Factor
Substitution of C and D, in u ., expression gives

i (07 -) [ 260,Q 2
umax = a)nust 2 + wnust 2 -
\ (0] -@*) +(220,9Q) (07 —@*) +(280,9Q)
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Response to Harmonic Excitation
Damped harmonic vibrations

Dynamic Amplification Factor

Substitution of C and D, in tang expression gives

oD 28w,Q) :2§(Q/a)n)
T (@) 1-(0/a)

Defining the ratio » = /@, , the two expressions simplify to

1
DAF:uumaX - 2 2
st \/(l—rz) +(2§I’)

RS 12—5:2
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Dynamic Amplification factor
[ I L - -

Frequency ratio Q/o,
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Ex. 1. An undamped oscillator 1s driven by an harmonic loading. If the static
displacement 1s u = 0.05m, determine the displacement response amplitude for the
following frequency ratios: »=0.2,0.9, 1.1, 1.8 & 3.0.
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Ex. 2 An undamped system consisting of a 10 kg mass and a spring of stiffness &
=4 kN/m 1s acted upon by a harmonic force of magnitude P,=0.5kN. The
displacement amplitude of the steady-state response was observed to be 11 cm.
Determine the frequency of the excitation force.
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Ex. 3. An undamped system having a mass of 50 kg 1s excited by a harmonic force
with magnitude Py,=100 N and an operating frequency of 10 Hz. The displacement

amplitude of the steady-state response was observed to be 3.2 mm. Determine the
spring constant k of the system.
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Ex. 4. An undamped system having a mass of 10 kg and a spring of constant of & =8
N/mm 1s excited by a harmonic force with magnitude F,=200 N and an operating
frequency of 35 rad/sec. If the initial displacement 1s 21 mm and the 1nitial velocity
1s 175mm/sec, determine the total displacement, velocity and acceleration of the
mass at (a) £ =2 sec, (b) t =4 sec and (c) ¢ =6 sec.

2 . 2
o u U, | . o u
u(t)z(uo— L 2)]cosa)ntJr(—o)sma)nt+ 1S cos Ot

(> —O o, (@ -

n

Ex.5. An undamped spring-mass system having a mass of 4.5 kg and a spring of constant of
k =3.5 N/mm 1s excited by a harmonic force with magnitude F,=100 N and an operating
frequency of 18 rad/sec. If the 1nitial displacement 1s 15 mm and the 1nitial velocity 1s 150
mm/sec, determine

(a) The frequency ratio

(b) The amplitude o the forced response

(c) The displacement of the mass at # =2 sec
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Ex. 6. A portable eccentric mass shaker 1s sometimes used to evaluate the in situ dynamic
properties of a structure, using two different frequencies and measuring the displacement
amplitudes as well as the phase angles. Such a test was carried out on a single story building and
the following responses were recorded:

(1) at 2,=18.30 rad/s, P,;=837 kN, u..;= 1.39mm & ¢,=8°;

(2) at Q,=60.99 rad/s, P,,= 9300 kN, u,_..,= 3.32mm & ¢,=174.29°.

Compute the natural frequency w, & the damping ratio ¢ for the structure

u 1 1 1
DAF = % = 251 = =CosQ
tangp =
e J1=r) +(28r) R J+[er)ia-m ] Ni+tan'e
u 1 u_, cose
Unax = 1 - Pl > = Slt B I/l(t
(1=r )\/1+[(2.§r)/(1—r2)] (57 o — g f J
_u,cosp u,w.cosp Pw cosp  Pycose

u = = = =
A=) (9,-Q) k(0,-QY) m(e, Q)
Wi — Q5 (Umax)1 Pozcos @,  1.39 X 9300 X cos 174.29°

WE— 2 (Umax)s PorCOs@,  3.32X 837 X cos8 —4.67435
2 = 0% + 4.674350% = B0 s
" 5.67435 n
= (1- 7‘12,2) tan ¢ _ [1 - (Q;/w,)?] tan ¢ B [1 —(18.3/30.5)?] tan 8°
2115 2(Q,/wy) 2(18.3/30.5)
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Ex.7. A Structure having a mass of 100 kg and a translational stiffness of 40000
N/m 1s excited by a harmonic force with magnitude F;=500 N and an operating
frequency of 2.5 Hz. The damping ratio for the structure 1s 0.10. For the steady-
state vibration determine

(a) The amplitude of the steady-state displacement

(b) Its phase with respect to the exciting force, and

(¢) The maximum velocity of the response
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