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Planar frame elements (local coordinates) fim
- 5
5
Y Deformed position o’ *
: BT = @
; ®i f,
y ,
. v
’ im
R EEEEN ‘
. = 5 :
@ r ! m @ 7 X
ui u
Undeformed |
. position E, I, A‘— constants

L
Frame member in the
Local Coordinates x'y’

x" & y' are the local coordinates system of the undeformed frame member - Under
external actions the member move to the deformed position b’

() (fix)
V| fiy
vector d’ is the local _, ?; vector f' is the _, _ .., fim
nodal displacements 4 ={d} =1,/ ¢ local nodal forcesdir— U 7= T i
v Iy
2’ ) \Sim3

Stiffness coefficients

o = Ee¢ Constitutive Equation

fi = oA Internal Equilibrium Equation fi = (EA/Lu; = kiu;
AL = Le = u; Compatibility Equation

+ — > F. = 0 External Equilibrium Equation f; = —F

For Beginning node i:

ki1z=—ky = EA/L e =0
k11=§A = k41=-@ Xu
k21 = k31 = ks; = k(&0 L @ @Il s
k3 =0
21=0 ks;=0
f L i

Similarly for End node

® o=
k. =—k =—FEA/L  Js=-22 ( C;'T%’hm:% < u!
=01
k. .=k =k =k =0 3 kyy=0 | ksqa=0 3
b L i
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For Beginning node i:
12E71
2=
k22 = — k52 == 12EI/L3
a Fyn =
Ko = Jone = B 12750 —— k..o SEI
ki) = koo = 6EI/L? v{:lT k32=_6£21 e el 7. X v
—== ky2=0
stiffness coefficients if A @ @1 12E1
settles A,p: GEI ’ kgy=— T3
gA Mga =FAAB E I L {
EI _.--~ B )
__ 6EI s <
Aml M“‘f TE e P 12EI T
(%____——' 5 Oas r..o 12E1
12E1 Similarly for End node ;: 537 73
= Las k —_G_E'!
e L N 6= L2___ kys=0
® -~ T”' .
k15= Lo — - X v,
6ET
oDt ks = — 12EBI/L3 \I/kg,s:-F ®
kic=ky;s=0
k. =k .= —6EI/L?
stiffness coefficients if A
rotates 6,:
Mpp = ?e“ e Mg, = 2EI o, \ .
<, EY G T T~ E b, Similarly for End node
A EI B ) @
teas, ol | ko= 0—r=——
1 L ] k — lE;I
. ! 36 F3
6ET
k= —5
- "
4+ Fixed End Moments: fixo ?@ — \/
fin 4,
fiyO
For beam & frame elements: f' = k' d’ + f =
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Frame stiffness matrix: end displacement vector fixed- end{r‘ce vector
!
A
rfl,x (k11 k12 kiz kK k ki6] fui (fixo)
fiy Ky, koy kos k.. k.. k 4 fivo
4 !
end force vector fijn L — ka1 SpTkaz k i< fe X Q)f >+ 3 fitno ;
i g kai ksy kaz k k k u fixo0
(All'in local fly ks, ks, kss k k k v’ f,yO
coordinates) ) L kg1 kex kez k k keol v oF o)
[ AL? AL? i
V0 R
The stiffness matrix k (6x6) El 0 12 6L2 Y —12 6L2
of the 2D frame element in k' = — v 6L 4f D eral
local coordinates written as: |2k 0 0 ab 0 0
. I I
can be separated mto 0 —12 A=et 0 12 —6L
the 2 following matrices: L 0 6L 212 0 —6L 4121
The stiffness matrix K’ (4x4) of the & the stiffness matrix K’ (2x2) of 2D
2D beam member in local coordinates. truss member in local coordinates.
Beam equation (shear & moment) Truss equation (axial)
12 6L —12 6L
woEll 6L 412 —6L 217 k,=@[ L -1
L3|—12 —6L 12 —6L L1-1 1

6L 2L? —6L 417

Continuous Beam stiffness matrix:

we do not need to consider the degrees of freedom in the direction of the member’s
centroidal axis in the analysis. Thus, only four degrees of freedom need to be
considered. y'

fim @

12 6L —12 6L f”"'(b(f. = @Zf)—x

El| 6L 412 —6L) 212

K'=Tl-12 —eL 12 6L ﬁy, / L Y,V
6L 21> —6L 4I? ET — constant '
Continuous Beam elements in local coordinates
Truss stiffness matrix: y'
=t 1 ’ =1 8':) X
t i .

The beam member matrix can be used in global coordinates but the frame & truss
matrices must be transformed from local to global coordinates using T & T7.
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Coordinate Transformations for Frame Members
Transformation from global to local coordinates fo . @ X
m » /

SN
Member end forces f’ & end Member end forces f & end
displacement d in local coordinates displacement d in Global coordinates
fie = fixctfiys ] (f=) o s 0 o0 o op(fix)
fiy=~fxs+fiyc j:iy —s ¢ 0 0 0 0 jij
fim = fim D 0 01 0 0 ol]fim A
— ’ = > =
flo=fxc+fys V(=0 0 0 ¢ o of)\fuf S F=TF
s - 0 0 0 —s s ONDSfiy
f,‘rn = fm B kflrnj L 0 0 0 0 (&4 14 \fmJ .
ru,} ) c s 0
;L, —s ¢ O
oy . — tL_[o o 1 01(9:
Similarly: ' =Td {—>3 ' ¢ 0 0.9 1 {(D }
V4 0 0O O
transformation matrix @’ . 0 0O O

from global to local
for frame element

Note that, the rotation needs no transformation in 2D, because the rotation vector is
perpendicular to the xy plane in 2D problems

Transformation from local to global coordinates

fix =flc—fys | (fix) e —s 0 o o o]

fiy=fixs+fic Jiy s ¢ o o o oflfw

fim = fim 1 im 0 0 1 0 0 o0|)fim — Ter
T ’ F=Tf

fix=ec — fiys "7« (Tlo 0 0 ¢ -s o e (

ey B e O PP 1

Fim = fim ) Mm 2

Similarly: d=TTd’
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Frame Members: f =K d +f)

d=Td ) F=TTK'Td+ TTf;
H_/

the member fixed-end force vector in global coordinates: Fo = TTf(')

Continuous Beam Members:

Local coordinates are identical to the globalones: T =TT =1

Member Stiffness Relations in Global Coordinates

— 7T r 3’ I\ A Ty’ 37 Tgr
E— T } F=TT('d +f}) =TTk’d’ + TTf)

the member stiffness matrix in global coordinates: K = TTK'T F =Kd + F,

The member stiffness relations in the local and global coordinates are the same.

Truss Members: Fp=0 F =Kd
c O c? cs _—0Z —cCs
K=|5 O E[l _1][C s 0 0]_& cs s?2 . Scs —s?
0 c| L L—1 1 0 0 C si L _CZ —C S CZ CcS
0 s —cs —s? ©c¢s BP
10
EXAMPLE 2 kN/m 75 kKN
Determine the reactions and the member end forces Z ‘ I ; I I ‘ I I I l e
for the frame shown in the figure by using the % I=0.039 m*
- S >
matrix stiffness method. A=1111 em?o 2 20 m
Y %, %
OG—— - | %
Z) [E @ 30m [—15 m—|

Solution: Y

0
Joint Load Vector P = [ 0]
75

Analytical model

DoF, in the X and Y directions, respectively, and the rotation DoF; of joint 2

Degrees of Freedom: the frame has 3 degrees of freedom: the translations DoF,; and

11
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Element (1): 0] o 2 kN/m fro=—150
oo | 2 fro=0 COMIRTTIINT,
2 ¢ = 0 1 fr =150 4 (1] ' 0
30| 2 fi,yO:30 f’y0=30
=il 3 Member fixed-end forces
0 0 0 1 2 3
15,466.67 0 0 —15,466.67 0 o o
0 71.6 1,074.07 0 —71.6 1,074.07] 0
KD — 1@ 0 1,074.07 2148148 0 —1,074.07 10,740.74| 0
—15.466.67 0 0 15.466.67 0 0 1
0 -71.6 —1,074.07 0 71.6 —1,074.07| 2
0 1,074.07 10,740.74 0 ~1,074.07 21,481.48] 3
Element (2): " 13950 o 0  —13,920 0 0
0 61.87 773.33 0 —61.87 773.33
@ = 0 773.33 12,888.89 0 —773.33 6.444.44
—13,920 0 0 13,920 0 0
0 —61.87 —773.33 0 61.87 —773.33
£? =0 0 77333 6,444.44 0 —773.33 12,888.89 |

By using the global coordinates of the beginning joint 3 and the end joint 2, we
determine the direction cosines of member 2 as

[ —0.6 08 O 0 0 0]
X> — X3 30 — 45
cos 0 = I = 55 = —0.6 —08 —-06 0 0 0 0
0 0 1 0 0 0
T® =
. _ Y>— Y3 _ 0—(—=20) _ 0 0 0 —-0.6 08 O
sin 0 = = = 0.8
L 25 0 0 0O —-08 —-06 O
| o o o0 o 0o 1]
K = TTKT
0 0 0 1 2 3
5.050.8 —6,651.9 —618.67 —5.,050.8 6,651.9 —618.67] 0
—6,651.9 8,931.07 —464 6,651.9 —8,931.07 —464 0
K(Z) —618.67 —464 12,888.89 7 618.67 464 644444 | O
—5.,050.8 6,651.9 618.67 ! 5,050.8 —6,651.9 61867 | 1
6,651.9 —8.,931.07 464 —6,651.9 8,931.07 464 2
—618.67 —464 6.444 .44 ! 618.67 464 12,888.89 | 3
The assembled stiffness matrix is:
DoF; DoF, DoF5
15466.67 + 5050.8 —6651.9 618.67 DoF;
S = —6651.9 71.6 + 8931.07 —1074.07 + 464 DoF,
618.67 —1074.07 + 464 21481.48 + 12888.891 DoF;y
DoF; DoF, DoF5
0 DoF;
20517.47 —6651.9 618.67 | DoF; > DoF
—6651.9 9002.67 —610.07 | DoF, 5 3‘; ooz
618.67 —610.07 34370.371 DoF; —150) Dofs |
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Joint Displacements The stiffness relations for the entire frame, {13} = [S]{DoF} + {pf}

0 0 20517.47 —6651.9 618.67 |(DoF;
0¢—3 30 (=|—6651.9 9002.67 —610.07 |{DoF;
75 —150 | 618.67 —610.07 34370.371\DoF3
0 [20517.47 —6651.9 618.67 | (DoF; —0.00149 m
—30¢=| —6651.9 9002.67 —610.07 |{DoF; I::> DoF = {—0.00399 m
225 | 618.67 —610.07 34370.371\DoF;5 0.0065 rad
Member End Displacements and End Forces
Element (1): P ]
Uiy 0 0 0 | 23.05kN | 1
V1|10 0 0 f =K d + f; i 3727kN |
g =J%\to_) 0 | _ 0 1) _ gr(1) o [L224.1 kN-m |
d d up (1 DoF,; —0.00149m [ T FW =W =550
v2 | 2 DoF, —0.00399 m 22.73 kN
02/ 3 DoF; 0.0065 rad _ —6.08 kKN-m
2}i£\/m )
23.05 f””l 11111\ 23.05
N0 O] @t~
224.1 6.08 14
37.27 22.73
: Usy 0 0 0
Element (2): vs | o 0 0
d® =190 _ 0 _ 0
U (1 DoF; —0.00149 m
UZ 2 DOFZ _0-00399 m 31.()()
3

@5 DoF;5 0.0065 rad ><\
""""""" by [ 31.99 kN | 81 7
H 7.
271N e g 4.81 kN 4.81 ©@

39.12 kN-m 39.12 kN-m
------------- i 1(2) = o

23.04 kN —> f —31.99 kN ©) 39.12
—22.71 kN —4.81 kN s

81 kN-m | | 81 kN-m 481 31.99

Support Reactions
Since support joints 1 & 3 are the beginning joints for elements 1 & 2, respectively, the
reaction vectors R; & R; must be equal to the upper halves of F(1) & F(?) respectively.

2 kN/m 75 kKN-m

" 23.05 kKN e e LHEREREEEY

R 37.27 kN 2305 KN D ©)
®= : =

-224'1 kN-m 224.1 kN-m

(—23.04 KN 37.27 kN ©) ~——23.04 kN
Ry =| 2271kN 39.12 kN-m

19.12 kKN-m
2271 kN
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