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Examples

Solution plotting using Matlab
F=10;

k=1;

m=10;

t=0:100;
v=(F/k)-(F/k)*exp(-k*t/m);
plot(t,v)

grid

[

6)liaJl

Mathematical model
(ODE)

R
AN\ O
+
GD C—0—= v
R O

Solution plotting using Matlab

vs=10;

R=10A15;

C=10/7-4;

t=0:100;
v=(vs)-(vs)*exp(-t/(R*C));
plot(t,v)

grid
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Newton’s Law of Cooling Applications

IF YOU TAKE YOUR HOT CUP OF TEA, and let it sit in a cold room, the tea
will cool off and reach room temperature after a period of time. The law
of cooling is attributed to Isaac Newton (1642-1727) who was probably
the first to state results on how bodies cool. The main idea is that a body
at temperature T (f) is initially at temperature T(0) = Tp. It is placed in
an environment at an ambient temperature of T,;. The goal is to find the
temperature at a later time, T (t).

We will assume that the rate of change of the temperature of the body
is proportional to the temperature difference between the body and its
surroundings. Thus, we have

dT
—r o T — Tj,.

The proportionality is removed by introducing a cooling constant,

al

E — —k(T — Tﬂ),

where k > 0.
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The solution is easily found as
T(t) — Ty = (TD — Ta)f_hr

T(t) = Ta + (To — Ta)e ¥,
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Example. A cup of tea at 90°C cools to 85°C in ten minutes. If the
room temperature is 22C, what is its temperature after 30 minutes?
Using the general solution with To = 90°C,

T(t) =22+ (90 — 22){?_‘“ — 22 L 689_“,

we then find k using the given information, T(10) = 857C. We have

85 = T(10)
— 22 4 68¢ 10k
63 — 68e 10k
10k __ 63 _
¢ = g~ 0.926
—10k = 1n0.926
L In 0.926
— 10

~ 0.00764min 1.
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This gives the solution for this model as

T(t) = 22 + 68¢~ 000764,

Now we can answer the question. What is T(30)?

T(30) = 22 + 68¢~0:00764(30) — 7¢60C.

0.00764 4>I>—> s
k Gain —.-Kl
Product? *
Integrator Scope
22
Ta 50
TO
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Free Fall with Drag 6)liaJl

CONSIDER AN OBJECT FALLING TO THE GROUND with air resistance? Free
fall is the vertical motion of an object solely under the force of gravity. It
has been experimentally determined that an object near the surface of the
Earth falls at a constant acceleration in the absence of other forces, such
as air resistance. This constant acceleration is denoted by —g, where g is
called the acceleration due to gravity. The negative sign is an indication
that we have chosen a coordinate system in which “up” is positive.

We are interested in determining the position, (), of a falling body as

a function of time. The differential equation governing free fall is have
y(t) = —g-
Note that we will occasionally use a dot to indicate time differentiation.
We need to model the air resistance. As an object falls faster and faster,
the resistive force becomes greater. This drag force is a function of the
velocity. The idea is to write Newton’'s Second Law of Motion F = ma in
the form mij = —mg + f(0),
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where f(v) gives the resistive force and mg is the weight. Note that this
applies to free fall near the Earth’s surface. Also, for f(v) to be a resis-
tive force, f(v) should oppose the motion. If the body is falling, then f(v)

should be positive. If the body is rising, then f(v) would have to be nega-
tive to indicate the opposition to the motion.
We will model the drag as quadratic in the velocity, f(v) = bov?.

Example . Solve the free fall problem with f(v) = bo?.
The differential equation that we need to solve is

o = ko* —g,

where k = b/ m. Note that this is a first order equation for o ().
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Equation can be modeled in Simulink. The model is shown in Figure.

k=000159m~"  —/f =-78m/s.
9.8 - . T
—] *E
Constant
Integrator
0 — 1
¥ g
Constant

Scope

B g P oy B

Sain Math
Function
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A
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dh
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