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Objectives: Mechanics of Materialsinvestigates the stressing and the deformations of structures subjected to

applied loads, starting by the simplest structural members, namely, bars in tension or compression.
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In order to treat such problems, the kinematic relations and a constitutive law are needed to complement the eqU|||br|um conditions which

are known from Engineering Mechanics (Statics). :p.v‘.c.: S J—G ‘wa.\." RV eg.m
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1 Stress Consider a straight bar with a constant cross-sectional area A. Its axis is connecting the centroids of the cross sections. Its ends are
[ ]

subjected to the forces £ acting on the axis (Fig. a). The externalload causes internalforces, which can be visualized by an imaginary

cut of the bar (Fig. b).TI':fe:ly are distributed over the cross section and called szresses (Fig. c). Jl g a. }" .1
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2. Longitudinal Strain: Letusfirst consider a bar with a constant cross-sectional area which has the undeformed length . P

Under the action of tensile forces it gets slightly longer :‘-’J 1 S‘ 5 :ws‘ .2

The elongation is denoted by Al and is assumed to be much smaller than the original length L -
d=oln
e I e Al

~=l—— |
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As a measure of the amount of deformation, it is useful to introduce, in addition to the elongation, the ratio between the elongation and the

original (undeformed) length:

The dimensionless quantity € is called szrain. gﬁ"‘ay‘ J}I@J‘j JjUa.’i_“ o wb L,;ﬁja'” bﬁ-—@-ﬁ‘ U’U‘}.'s';
Al
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Example: If, for example, a bar of the length [=1m undergoes an elongation of Al = 0.5 mm
then we have € = 0.5 X 1073, This is a strain of 0.05%.
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If the bar gets longer (Al > 0) the strain is positive; it is negative in the case of a shortening. P
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In what follows we will consider only small deformations
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3 Constitutive or behavior Law palall ol ild 3 [>

Stresses are quantities derived from statics; they are a measure for the stressing in the material . On the other hand, strains are kinematic quantities; they measure the

deformation of a body.
However, the deformatlon depends on the load which acts on the body. Therefore, the stresses and the strains are not mdependent doal
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External Loads

N

Statics g = —
A

Al
E = — kinematic

i

constitutive law
alall & gl (o gil8

It describes the behavior of the material of the body under a load. It depends on the material and can be obtained only with the aid of experiments.
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One of the most important experiments to find the relationship between stress and strain is the tension or compression test. Here, a small specimen of the material is placed

into a testing machine and elongated or shortened.
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The force I applied by the machine onto the specimen can be read on the dial of the machine; it causes the normal P

stress 0 = F /A. The change Al of the length [ can be measured and the strain € = Al /[ can be calculated.

The graph of the relationship between stress and strain is shown schematically (not to scale) for a steel specimen in Fig. | d=ola

This graph is referred to as stress-strain a'/}zgram. One can see a4

that for small values of the strain the relationship is linear
(straight line) and the stress is proportional to the strain.

This behavior is valid until the stress reaches the proportional
..
. . . . . . %

//m/tO'P. If the stress exceeds the proportional limit the strain

) ) ) 0., -
beglns to increase more rapidly and the slope of the curve F

decreases.
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This continues until the stress reaches the yie/d stress Oy . From this point of the stress-strain diagram the strain

increases at a practically constant stress: the material begins to yield. Note that many materials do not exhibit a

pronounced yield point.

At the end of theyielding the slope of the curve increases again which shows that the material can sustain an

additional load. This phenomenon is called szrain hara’en/'ng.
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Experiments show that an elongation of the bar leads to a reduction of the cross-sectional area A. This phenomenon .
ﬂ*’

is referred to as /areral contraction.
a4 F deal n

Whereas the cross-sectional area decreases uniformly over the
entire length of the bar in the case of small stresses, it begins to
decrease locally at very high stresses.

This phenomenon is called necking. Since the actual cross section

Aa may then be considerably smaller than the original cross section

A, the stress@ = F /A does not describe the real stress any more.

===

Itis therefore appropriate to introduce the stress 0, = F /Aa which is called zrue stress or physical stress. It

m ¥

represents the true stress in the region where necking takes place. The stress 0 = F/A is referred to as nominal
or conventional or engineering stress. The Fig. shows both stresses until fracture occurs.

Consider a specimen being first Joadedby a force which causes the stress 0. Assume that 0 is smaller than the yield

stress Oy ,i.e, 0 < Oy.
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Subsequently, the load is again removed. Then the specimen will return to its original length: the strain returns to zero. Djﬁrﬁ

In addition, the curves during the loading and the unloading a4 o=
L . . . . t= Aa P deola
coincide. This behavior of the material is called e/aszic; the Y- 5)Lial

behavior in the region 0 < Opis referred to as /inearly elastic.

Now assume that the specimen is loaded beyond the yield stress,

. . . . ..
i.e., until a stress 0 > Oy is reached. Then the curve during the ¥

unloading is a straight line which is parallel to the straight linein 7 7

the linear-elastic region, see Fig. If the load is completely removed pA

the strain does not return to zero: a plastic strain Epl remains after F AN _T

the unloading. This material behavior is referred to as p/astic. .
€t E

In the following we will always restrict ourselves to a linearly elastic material behavior.
For the sake of simplicity we will refer to this behavior shortly as elastic, i.e., Then we have the linear relationship

between the stress and the strain.
o=Ee¢
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The proportionality factor E is called modulus of elasticity or Young’s modulus (Thomas Young, 1773—1829). The P
constitutive law 0 = E & is called Hooke’s [aw after Robert Hooke (1635—1703). Note that Robert Hooke could A

not present this law in this form since the notion of stress was introduced only in 1822 by Augustin Louis Cauchy.

The modulus of elasticity has the same value for tension and compression. But, 0 must be less than the

proportional limit Op which may be different for tension or compression.

The modulus of elasticity E is a constant which depends on the material and which can be determined with the aid

of a tension test. It has the dimension of force/area (which is also the dimension of stress); it is given, for example, in

the unit MPa.

Next Table shows the values of E for several materials at room temperature. Note that these values are just a

guidance since the modulus of elasticity depends on the composition of the material and on the temperature.
A tensile or a compressive force, respectively, causes the strain: £ = O'/E

Changes of the length and thus strains are not only caused by forces but also by changes of the temperature.
Experiments show that the termal strain Eris proportional to the change AT of the temperature if the

temperature of the bar is changed uniformly across its section and along its length:E7 = a7 AT



The proportionality factor A7 is called coefficient of thermal expansion. Itis a material constant and is given in the P

unit 1/°C. Next Table shows several values of @ and E.

If the change of the temperature is not the same along the entire length of the bar (if it depends on the location) then deol

er = apAT represents the local strain £,(x) = a; AT (x).

6)liall

If a baris subjected to astress 0 as well asto a change AT of the temperature, the total strain £ is obtained through a

superposition € = 2 + arAT. This relation can also be written in the form 0 = E (e — arAT).

sall

3¥gall

ool

25 Loy

C3LIY sl 3 i
_,up:‘\ STRES )

ol
il

Table of Material Constants

Material E in MPa o in 1/°C
Steel 2.1.10° 1.2.10%
Aluminium 0.7-10° 2.3.10~%
Concrete 0.3-10° 1.0-107°
Wood (in fibre direction)  0.7... 2.0-10% 2.2 ...3.1-107°
(ast iron 1.0-10° 0.9-10~°
Copper 1.2-10° 1.6-10~*°
Brass 1.0-10° 1.8.10~%
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Illustrative example

For the shown truss the two members are made of steel with £ = 2 x 10°MPa, find:
1. Theinternal forces in members 1 & 2.

2. Therequired cross-section area A,.., of member 1 if the allowable stress is less

than o,y = 125 MPa and the longitudinal strain does not exceed g4;; = 10™*.

IIMHHHHIIMN

https://manara.edu.sy/ Mechanics of Materials 1 -2025-2026 - S1 11/23/2025



14

Example 1. (Design problem) The truss in Fig.a is under the action of the
force F = 20KkN. If E = 200 Gpa (200000 MPa[=N/mm?]). Determine the
required cross-sectional areas of the three members so that the stresses do
not exceed the allowable stress g ,;;,, = 150 MPa and the displacement of B
is smaller than 0.5% of the length of bar 3.

Solution

* First we calculate the (reactions if necessary) and forces in the members. The equilibrium conditions
for the free-body diagrams of pin C and support B (Fig.b) yield:

AtC; »: Ny = Ny; !Ny =N, = —F /2 AtB; »:—N; — N, cos45% =0 = Ny = F/2
e Then we establish the design requirements (Conditions) amuaill L g i o cilllaia

» Stress requirements: g; = — :> (4;) Ni 1 =1,2,3.

min =
O'allow

LN 2)N N
33 < 0.5 % 107%(2]) = (A3) i = l(g(A)l)z - 0.5><13())—2E

Member Normal Force: Min. Area [mmz] Min. Area [mm?] Req. Min. Areas

(length) N[kN] A, = N/o,; | Displacement of B [mm?]
1(W2) —F/V2=-141 95 - 95
2(W2) —F/V2=-141 95 — 95

3 (21) F/2=10 67 10 67
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» Displacemen requirement: ug = (Al)g—




5 Statically Determinate Systems of Bars (1. Trusses)
In the preceding section we calculated the stresses and deformations of single slender bars. We will

now extend the investigation to trusses and to structures which consist of bars and rigid bodies.

In this section we will restrict ourselves to statically determinate systems where we can first
calculate the forces in the bars with the aid of the equilibrium conditions.

® First, the stresses in the bars and the elongations are determined.

® Then, the displacements of arbitrary points of the structure can be found.

As itis assumed that the elongations are small compared with the lengths of the bars, equilibrium
conditions are applied to the undeformed system.

As an illustrative example let us consider the truss in Fig. a. Both bars have the axial rigidity EA.

The equilibrium conditions, applied to the free-body

. . . . 7 N
Displacement ofpin C dueto the applied force F isto be é 5 2
. Z, C
determined. Z
. . yy
First we calculate the forces N; and N, in the bars. Z "
2
yy
yy
)
A

diagram (Fig. b), yield A 1
F
T: Nysina —F =0and «<: Ny + Nycosa =0 _ | ] -
15 https://manara.edu.sy/  Mechancs of Materials 2 11/23/2025

| ; L
|I_,.-"
¥

ojliall

>



T: Nysina—F =0and «<: Ny + N,cosa=0 = N, =—F/tana and N, = F /sina

[ Fl [ Fl
Allz—l _2

— _ Al, = —=N, =
EANl & 2T FEA?

EAtan«a
Bar1 becomes shorter (compression) and bar2, longer (tension).

EA sin a cos a

The new position C' of pin C can be found as follows.

X X A
We consider the bars to be disconnected at C. Then the system

becomes movable:

bar1 can rotate about point 4; bar2 can rotate about point B-

The End of bar1 makes a circle of radius [ + Aljand the end ¢
bar2 makes a circle of radius (I/ cos a) + Al, the two circle * <.
intersect at C', (Fig.c)

The two arcs €;C'& C,C" and are very small compared to [, <
they can be approximated by the two tangents as in (Fig.d).
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- -

Al - > o - . -
=ul+vj, =1,8 =cosal+sina]. P:“\\/

e =u=Al; & CC"-e,=ucosa+vsina = Al,

6)LiaJl
Flcosa o)
u=— _
EAsin
\%& vsina = Al, —ucosa =
h Fl Flcos*a
a/ "~ : + . =
T~ C EAsinacosa EAsina
—_— - -
€1 Alq 4/9

_ FI(1 + cos®a)
 EAsinacosa

E = 200 GPA, A = 400 mm?
l=2m,h=15m F = 20 kN

C'//
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Bip =cosal+sina] AA =u i+ v, BB’ = ugl + vgJ Pjv

B"B" = (up —ug)t + (vg — v4)J G0l
A'B' = A'B" + B"B’ ?Jb:ﬂ.ll

lip€sp = lup€ap + B"'B’
hg€as * €ap = laup€up - €ap + B''B' - €45
‘ g cosO = lug + BB’ - €45
. For 0 < 1 (rad):

D cosf ~1& sinf = 6

9

lzilB =~ lAB + B”B, ¢ eAB

-

/ DD’
luyg — lap = B""B'" - e,

Alyp = [(ug —ug)T+ (vg —va)j |+ (€sp)
Alyg = (ug —uy) cosa + (vg —vy)sina
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