Beams, Frames,... Arches
Beams are slender structural members that offer resistance to bending.

They are among the most important elements in structural engineering.
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The basic function of a structure is to carry loads for which it has been designed
& transmit forces from their points of applications to the supports. For example
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Observing... the behavior of structures under the action of external loads, led to
2Qs (two questions) then to 2Ss+2Ss:

How strong is a str.? Strength notion & Stress concept.

How stiff is a str.? Stiffness notion & Strain concept.(deformation concept)
sl il Leanled slaneg Adbally ool sleadl Lesnled slenng oglall s I35 e AsLaSHI polindl Wglis Aty sl liléin i
12/23/2025

3



Knowledge of the internal forces is important in order:
1. to determine the Ioad-bearing capacity of a beam,

2. to compute the properties (area,...) of the cross-section required Jozeid| 5408 .1
to sustain a given load, olebs Llass Ugamdl LAl e yolall aladll yailas .2
3. orto compute the deformation as we will see later. olagidl .3

For simplicity, the discussion is limited to statically determinate plane problems, — a4sgiwdlg 3,4kl Jilud
lcut
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The quantities N, V& Mare called the stress resultants (laba¥| cdlass of st oall of alaall S9d)

In particular N is called the normal force (4wlsld! 84411), V is called the shear force (_adll 598
and Mis called the bending moment (8lkaai®| ‘z}c).
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In order to determine the stress resultants (4ds /.Ul s44l1), the beam is divided by a cut into
two segments (method of sections) (akaal| 44,,b)

*AL\G/ : :m’l/

A 7;;7 M,y . cut

AX\Fl r/ )+ +( ,TH/

A z
AF. B. D. of each segment includes all of the forces acting on it, i.e., the applied loads (forces and

couples), the support reactions & the stress resultants acting at the cut sections. y> pus lalass)
(tla.&'.’.‘ $999 b lua J\.aéi 2939 43'2(3.4.7' 2R 532 J
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According to Newton'’s third law (action = reaction) stress resultant act in
opposite directions at the two faces of the segments of the beam.

AuSlaieg & glude aladll (g2 he Ads Il 9l (9SG (Jaddl wSlasg golun Jaddl 5y) Ul (i Gg3l8 349

i’fAz\l M{ )___ ____( " Hﬂ /B*

Since each part of the beam is in equilibrium, the 3 conditions of equilibrium for either part can be

used to compute the three unknown stress resultants.
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Before we can provide examples for the determination of the stress resultants,
a sign convention must be introduced. Consider the two adjoining portions of
the same beam shown in the next figure. The coordinate x coincides with the
direction of the axis of the beam and points to the right; the coordinate -

points downward.
Ly sl (caalaill) crans s et oo
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By cutting the beam, a left-hand face and a right-hand face are obtained (figure above).
They are characterized by a normal vector /7 that points outward from the interior of

the beam. If the vector 7 points in the positive (negative) direction of the x-axis, the

corresponding face is called positive (negative).
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The following sign convention is adopted: ANl (g Bl L4 oMl

v AV
y T n -
| - |
N
< V Nllw ll(’”d[l\(‘
e gall da gl g - bl 4 gl g adaial)

cl( c

Positive stress resultants at a positive (negative) face point in the positive (negative)
directions of the coordinates.

Here, the bending moment Mhas to be interpreted as a vector pointing in the direction of the y-

axis (positive direction according to the right-hand rule)

The above figure shows the stress resultants with their positive directions. In the following
examples, we shall strictly adhere to this sign convention.
It should be noted, however, that different sign conventions exist.

M
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In the case of a horizontal beam, very often only the x coordinate is given. Then it
is understood that the z-axis points downward.

The sign convention for frames and arches may be introduced by drawing a dashed line
at one side of each part of the system. The side with the dashed line can then be
interpreted as the “underneath side” of the respective part and the coordinate system
can be chosen as the one for a beam: x-axis in the direction of the dashed line, z-ax/s
toward the dashed line (“downward”).
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Example 1. We will now determine the stress resultants for

(8%
the simply supported beam shown in Fig.a.
A B
757 D % N A . ' Solution:
-— 4 b — | 1. Reactions, Fig.b:
l [ A, =F
a |- - . ,=F cosq,
—{lj in| ©  |Fcosa . A =(b/l)Fsina, B=(a/l)Fsina.
Fsma/‘ @ , 2. Cut, Fig.c, 0 <x <a:

E N=-A,=—F coscx
. V=A,=(b/l')Fsina,

L 2
— o

b Av| @ |Fsina M=xA,=[(b/I )Fsina]x.
M x =0=>M-=0, x =a =>M=0dA,
An C N | e B
—’41' > | ! 3. Cut, Fig.d, a<x </:
c Av | z YV ; ! . N=A,—Fcoso=0
F'sin ozl v M4 - aAy i =A,—Fsina=-B8,
An /X N - M=xA,—(x —a)Fsina
— ;"% = =l 1| — —
1 F cos @ . x=a=>M=adA,
a v T yV e x =l =>M=IA, — bFsina.=0

M
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Exam ple 2. Draw the diagrams of the stress resultants for the

beam shown in figure.

Solution:
1. Reactions:
A B —t Ay =0

2 A, = (b/DF,": B, = (a/DF,1:4, + B, = F (yes)

1.Cut: A..D,0<x <a:

—-:N = 0;

T(b/DF =V =0=V = (b/l)F;

Y M—x(b/OF =0=>M =x(b/))F
x=0M=0x=aM=(ab/D)F

2.Cut:D..Ba<x<I:

(b/DF n y —:N = 0;
|_+r’l T(b/DOF—-F-V=0=>V=(0b/DF —F=[(b—-0)/l]F = —(a/l)F;
M Py (/DF M+ (x—a)F —x(b/OF =0=>M = (I —x)(a/))F;
; ; x=a:M=(b/DF;x=01:M=0

12/23/2025 15
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Example 3. Draw the diagrams of the stress
resultants for the beam shown in figure.

Solution:

0. Reactions:

Si—lA, + My, =0= A4, =M,/l;

‘vt 1B, +My=0=>B,=—-My/l(}) = B, = —M,/l(-)
—:—A,+B, =0 A, = My/1(<)

1. Cut: A..D,0 < x <a:

| —-:N =M,/
N - M/l MMy /l—V =0V =M,/
|—I_‘£(> Y M—x(My/1) =0=>M = (x/D)M,,
VA M.l x=0:M=0;x=a:M = (a/l)M,.
lé‘i‘» 2.Cut:D..B,a <x <1I:
M i —:N = M,/1;
X MMy /l—V =0V =M,/

' M+ My —x(My/) =0=>M = —M, + (x/D)M, = (xT_l)Moi
x=a:M=—(b/)My;x=1:M = 0.

(b/DM,

12/23/2025 16
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Problem 1. Draw the diagrams of the stress
resultants for the beam shown in figure.

Solution:
6 sm 5 i
am . 6m ~=2M [ 0. Reactions:

>:—A, +4+566=0= A4, =9.66KkN (<)
D
8.31 kNT

“:+5(5.66) + 10(6.93) + 16(3) — 204, = 0 => A, = 7.28 kN
2 —4(3) — 10(6.93) — 15(5.66) + 20E, = 0 = E, = 8.31 kN

1. Cut: A..B,0 < x <4m:
—: N = 9.66 kN; T:V =7.28 kN
> M —x(7.28) =0=> M = 7.28%,
x=0M=0;x=4:M = 29.1 kNm.
2.Cut:B..C,4 < x<10m:
—: N = 9.66 kN; T:V =728—-3 =4.28KkN
P M—x(728) +(x—4)(3) =0=>M = 4.28x + 12,
x=4:M=29.1kNm;x = 10: M = 54.8 kNm.
3.Cut: C..D, 10 < x < 15m:
—: N = 5.66 kN; T:V =728 -3 —693 = —2.65kN
Y M—x(7.28)+(x—4)(3) + (x—10)(6.93) =0
> M = —2.65x + 81.3,
x=10:M = 548 kNm; x = 15: M = 41.6 kNm.
17

9.66 kNg M

X
7.28 kN

M
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4. Cut:D...E, 15 < x < 20m :
- N=0;T:V=728—-3 —-693 —5.66 = —8.31kN
Y M—x(7.28) + (x —4)(3) + (x — 10)(6.93) + (x
—15)(5.66) =0 = M = —8.31x + 166.2,

x =15:M = 41.6kNm; x = 20: M = 0.

>.66kN g 39 kNT

<

V [KN]* 7.2
4.28
+ +
2.65 ]
M [kNm]* 54.8 831
T~ 416
29,
B +
+

M
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Stress Resultants in Straight Beams
Beams are usually subjected to forces perpendicular to their axes. If there is no loading (external or reactions) in the direction

of the beam axis, the normal force vanishes N=0.

N =0 L jsles e Lages dlesll dopanad ! oliatl § Auals il 89411 atais

Beams under Concentrated Loads

B35 ya p9yes Sodd sl olnatl Al

To determine V& M choose a coordinate system and cut at an arbitrary x. Represent & Mwith their positive directions in the

F. B. Ds.; use Eq. Egs. for either portion of the beam. Results are a shear-force and a bending-moment diagram.
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1. Reactions
2B —Ya;F; + ¥M; =0 — B = H[yaF-uM;]
3—lA+Y(—a)F+3IM; =0 - A= Xzu-apri+zm;]
2. Cutat X
m—V+A-YF,=0 5V =A-YF
Y M—xA+Y(x—a)F,+¥M; =0
M > M =xA—-)x—a)F —YM;
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Relationship between distributed Loading and Stress Resultants (General case)

JAdF =q(x)dx

Any part of the beam is in Equilibrium
Eq. Egs. of [dx]:

'dF =q(z)dx
q(x)

Fxxrxaall

Vv

M+4dM

Y
A% = Clvjudv T.V—-—q)dx—(V+dV)=0= dx = —q(x)
a | T ar b .J:_ o _iudg; A dx 2
q M seal) ails Vo oalll 56 ali M cilhai) aje a C: (M+dM)+(7>CI(X)dX—de—M= 0
0 Constant <l Linear hs | 20
Constant <t Linear b3 Quadratic (x5 withdx - 0,= E =V(x)| & — = —q(x)
Linear ba Quadratic 220 Cubic »<S dx
Support Liwall uall) 38 dad  Cillaly) aje dad ‘Uagm" ?«."J& Gl (il cay) jia 65’3& > g4 el
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EXAMPLE 1. Draw the shear force and bending moment diagrams for the shown beam.
12 kN/m

A . s 0. Reactions:

3m bm —— A ;=1
< >i< > +36 12 94, = 0> A, = 24 kN
| 12 kN/m - ( )( )~

1—6(6)(12) + 9B, =0= B, = 48 kN
A B 5
C N R .
24 kN y 48 kN —-:N=0; T:V =24kN
H?—»N 2 M —x(24) = 0 = M = 24x,
24 kN =0:M=0;x=3:M=72KkNm.
\|||||||||||||||||||||||||||||||||||||||||||||| g > o

¢

24 kN x—3 y 2.Cut: C..B,3 <x<9m:
VIKN] * >N =0
< I]]]]]]]]] TV =24—-12(x—-3) = —-12x 4+ 60
x=3:V=24kN,x =9:V = —48 kN;

X =5 >wuunmmﬂﬂﬂﬂﬂ]]]]ﬂmumm@ V=0:x=60/12=5m

¥t M —x(24) +5(x —3)(12)(x —3) = 0

AM [KNm]
= M = —6x? + 60x — 54,
i x=3:M=72kNm;x = 9: M = 0.
Minax = Myy=o = Mz=5 = 96 KNm.
"L 12/23/2025 "




Example 2 Determine the shear-force and bending-moment diagrams for the
cantilever beam shown in Fig.a.

) iF Solution:
7 o ,
A4 Mo=2lF

—— 1/2 e 1/2 —|

’

Ma

[
\o
A My
T
Vi
A=F @ F
M

s 3
My =IF ﬂ glF
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TV (b/DF (b/l)F (a/ DF
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VT iy *qn Example 3 Determine the shear-force and bending-moment
AR = B diagrams for the beam shown in Fig. using the section method
77 and the integration method.

I t z —l Solution:
@ Reactions:
¥l

N Cut or Cuts:

11/25/2024 https://manara.edu.sy/ Mechanics of Materials 1 - Civ-Eng. - 2024-2025 - L4



Example 4 Determine the shear-force and bending-moment diagrams for the cantilever
beam shown in Fig. using the section method and the integration method.

Z do
THIII" solution
2 A
— _l Reactions:
- [

Cut or Cuts:

11/25/2024 https://manara.edu.sy/ Mechanics of Materials 1 - Civ-Eng. - 2024-2025 - L4



By Heart
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d, Example 5 Determine the shear-force & bending-moment diagrams

g forthe shown simple beam. using the integration method.

x | Solution:

1) Find the function of the distributed load: ~ q(x) = 42x
d*M

»
L
|
|

2) Integrate twice the equation: = —q(x) Toget:

X2
d*M _ oy, B dM _
dx? . dx

3) Determine the two constants C; & C, from the two boundary conditions:

1- At x =0 (pin supportat A) M=0: 0=—-2(0)°+C;(0)+C, = (=0

—Lox2 4+ ¢, = M=-Bx’+Cx+C,

2- At x = (roller support at By M=0: 0 = —%"lz +Gl = ¢ =%
4) Write the final expressions of V & M as:

v=—g_gx2+q_gz=%(—3x2+12) M=—%x3+%’lx=%(—x3+lzx)

x=O:V=%l & x=l:V=—%l x=0M=0 & x=01:M=0

V=0 x=—= 0577l = — = 05771 > M _ 9l _ ol
V3 V3 " 943 15.6

11/25/2024 https://manara.edu.sy/ Mechanics of Materials 1 - Civ-Eng. - 2024-2025 - L4



q
° Example 6. Determine the shear-force & bending—moment diagrams

A for the shown cantilever beam, using the integration method.

A

> Solution:

v

Reactions: No need

Cut or Cuts:

11/25/2024 https://manara.edu.sy/ Mechanics of Materials 1 - Civ-Eng. - 2024-2025 - L4



Problem 1. For the shown beam find 22.5 kN/m
(a) Reactions in supports A and B. A l B

(b) Shear force and bending moment diagrams.

4 m %

(c) Determine the value and the location of the

maximum bending moment.

Solution:

(a) Reactions:
SM, = 0: —22.5(4)(4) + 6B,= 0 = B, = 60 kN(1)
SE, =0: A, +60—225(4) =0 = A, = 30 kN(T)
(b) Shear force and bending moment diagrams
For: 0 < x < 2:V(x) = 30,
M = 30x,M(0) =0,M(2) = 60 kNm

For2 < x < 6:V(x) =30 —225(x —2) = —22.5x + 75, V(2) = 30 kN, V(6) = —60 kN

_2\2
M(x) = 30x — 22.5 %2 = —11.25x2 + 75x — 45, M(2) = 60 kNm, M(6) = 0
(c) Maximum bending moment:
V(x) = 0if x = 75+ 22.5 = 10/3 = % . M, = M(10/3) = 80 kNm
"L 12/23/2025 29




Problem 2. For the shown beam find

(a) Reactions in supports A and B.
(b) Shear force and bending moment diagrams.

(c) Determine the value and the location of the maximum bending moment.

36 kN/m AVIKN] Cutl: 0 < x < 4:
Al B V(x) = 96 — 36x.
x =0:V =96kN;
—— x =4:V =—48 kN;
il V=0:x=267m
X =267m ;:W: 48
| | M(x) = 96x — 18x?
& x=0:M = 0;
AM[kN - m] x =4:M = 96kN - m;
48 kN' B x=267mM
A,196 kN F. B. D. z P max
36 kN/m
A [ g Cut2:4 <x <6
I) V =—48 kN
X £} M(x) = 48(6 — x).

M
96 kN v (I/ = x = 4:M = 96kN - m.
X T 6—Xx x=0:M=0.
48 kN

12/23/2025 30
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Problem 3. Determine the shear-force and

bending-moment diagrams for the simple beam

shown in Fig. using the section method.

Problem 4.Determine the shear-force and bending-moment diagrams for the simple beam shown

in Fig. using the section method. Then determine the location and the value of the maximum bending

moment.

2kN/m T2

2m 2m 2m =——2m

M
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