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Operations with Matrices ϤϝТмУЊвЮϜ ЈϜм϶

Properties of Matrix OperationsϤϝТмУЊвЮϜ пЯК ϤϝтЯвЛЮϜ ЈϜм϶

The Inverse of a Matrix ϣТмУЊв ϞмЯЧв

Elementary Matrices ϣтЮмцϜ ϤϝТмУЊвЮϜ

Complex Matrices   ϣтϸЧЛЮϜ ϤϝТмУЊвЮϜ



Operations with Matrices ϤϝТнУЋгЮϜ пЯК ϤϝуЯгЛЮϜ

Â Matrix ϣТмУЊвЮϜ:

(i, j)-ϽЋзЛЮϜ: aij ϽГЃЮϜ: m ϸнгЛЮϜ: n бϯϳЮϜ: m×n
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Â j-th column vector
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ϸнгК ϣТнУЋв

Â Square matrix ϣЛϠϼвЮϜ ϣТмУЊвЮϜ: m=n
Â Diagonal matrix:ϣтϼАЧЮϜ ϣТмУЊвЮϜ
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Â Trace ϼϪцϜ:
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Â Complex matrices ϣтϸЧЛЮϜ ϣТмУЊвЮϜ



Â Equal matrix ϤϝТмУЊвЮϜ рмϝЂϦ:

³ ³
è ø è ø= =ê ú ê úij ijm n m n

A a B b,  

Â Ex 2: (Equal matrix)
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If A=B

ϻϚϹзКA=B  ϜϺϖ БЧТм ϜϺϖ= " ¢ ¢ ¢ ¢ij ija b i m j n1 , 1

Then a=1, b=2, c=3, d=4

Â Matrix addition ϤϝТмУЊвЮϜ ЙвϮ:

³ ³ ³
è ø è ø è ø+ = + = +ê ú ê ú ê úij ij ij ijm n m n m n

A B a b a b,
³ ³

è ø è ø= =ê ú ê úij ijm n m n
A a B b  If Then 



Â Ex 3: (Matrix addition ϤϝТмУЊвЮϜ ЙвϮ)
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0 1 1 2 0 1 1 2 1 3

- - + +è ø è ø è ø è ø
+ = =é ù é ù é ù é ù- - + -ê ú ê ú ê ú ê ú

- -è ø è ø è ø è ø
é ù é ù é ù é ù- + = - + =
é ù é ù é ù é ù
- - +ê ú ê ú ê ú ê ú

1 1 1 1 0

3 3 3 3 0

2 2 2 2 0

Â Scalar multiplication: ϸϸЛϠ ϣТмУЊв ϞϼЎ

If ,
³

è ø=ê úij m n
A a  c: scalar  ϸϹК( Kɸ) Then 
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Â Matrix subtraction:ϤϝТмУЊвЮϜ ϰϼА

- = + -A B A B( 1)
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Â Ex 4: 

Find ϹϮмϒ(a) 3A, (b) ïB, (c) 3A-B
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(c)
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Â Matrix multiplication ϤϝТмУЊвЮϜ ϞϼЎ:
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Â ϤϝДϲыв: (1) A + B=B + A,  (2) ABÍ BA
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Â Ex 5: (AB ̮ϸϮмϒ)
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Sol:
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(5)( 3) (0)( 4) (5)(2) (0)(1) 15 10



Â Matrix form of a system of linear equations ϣтА϶ЮϜ ϤъϸϝЛвЮϜ ϣЯвϮЮ ϤϝТмУЊвЮϜ ϣПтЊ
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Properties of Matrix Operations ϤϝТнУЋгЮϜ пЯК ϤϝуЯгЛЮϜ ЈϜн϶

Â Zero matrixϣтϼУЊЮϜ ϣТмУЊвЮϜ: Â Identity matrix of order nϣтϸϲϜмЮϜ ϣТмУЊвЮϜ:

Â Three basic matrix operators: ϤϝТмУЊвЮϜ пЯК ϣтЂϝЂцϜ ϤϝтЯвЛЮϜ

(1) matrix addition     ϤϝТнУЋгЮϜ ЙгϮ

(2) scalar multiplication   ϸϹЛϠ ϣТнУЋв ϞϽЎ

(3) matrix multiplication   ϤϝТнУЋгЮϜ ϞϽЎ

³m nO nI

Â Properties of matrix addition and scalar multiplication:

(1)  A + B = B + A
then, ,

³
Í m nA B C M K  ( )If

(2)  A + (B + C ) = (A + B ) + C
(3)  (cd) A = c (dA)

(4)  1A = A
(5)  c (A + B) =  cA + cB
(6)  (c + d )A = cA + dA



(1) ³+ =m nA O A

(2) ( ) ³+ - =m n A A O

Â Notes:

(1) Om×n: m×n аϮϲЮϜ дв ϤϝТмУЊвЮϜ рϸϝтϲ
(2) ïA: A ϣТмУЊвЯЮ ЙвϮЮϜ ЀмЪЛв

Â Properties of zero matrices ϣтϼУЊЮϜ ϣТмУЊвЮϜ ЈϜм϶:

If ³
Í m nA M K( ), c: scalar then

(3) 0 or³ ³= Ý = =m n m n cA O c A O



Â Properties of matrix multiplication ϸϸЛϠ ϣТмУЊвЮϜ ϞϼЎ ЈϜм϶:

If ,
³

Í m nA M K( )  

(1) A(BC) =(AB)C
(2) A(B + C) =AB+AC
(3) (A + B)C=AC+BC
(4) c (AB) =(cA)B=A(cB)

Â Properties of identity matrix ϣтϸϲϜмЮϜ ϣТмУЊвЮϜ ЈϜм϶:

then

(1) AIn=A
(2) ImA=A



Â Transpose of a matrix ϣТмУЊв ЬмЧжв:
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Â Ex 1: (ϣтЮϝϦЮϜ ϤъϝϲЮϜ дв ЬЪ сТ ϣТмУЊвЮϜ ЬмЧжв ϸϮмϒ)
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Â Properties of transposes ϣТмУЊв ЬмЧжв ЈϜм϶:

(1)  ( ) =T TA A

(2)  ( )+ = +T T TA B A B

(3)  ( ) ( )=T TcA c A

(4)  ( )  =T T TAB B A

Â Symmetric matrix ϢϼДϝжϦвЮϜ ϣТмУЊвЮϜ:

A square matrix A is symmetric if AT=A

A square matrix A is skew-symmetricif AT=ïA
Â Skew-symmetric matrix :
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b c

1 2 3

4 5
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Sol:
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T

a b
A a A c

b c

1 2 3 1

4 5 2 4

6 3 5 6
, ,= Ý = = =TA A a b c2  3  5

a, b, c ϥϠϜнϫЮϜ буЦ ϹϮмϒ ϢϽДϝзϧв ϣТнУЋгЮϜ дϒ ϥгЯК ϜϺϖIf

Â Ex 2:

Â Ex 3:
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0 1 2

0 3

0

is a skew-symmetric, finda, b, c?If
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a b

A a A c

b c

0 1 2 0

0 3 1 0

0 2 3 0

, ,= - Ý = - = - = -TA A a b c1  2  3

AAT is symmetric
Â Note:

Â Real (Complex) number:ab=ba (  сЯтϸϠϦ ϞϼЎЮϜ ϸϜϸКчЮ ϣϠЂжЮϝϠ)

Â Matrix сЯтϸϠϦ ЀтЮ ϤϝТмУЊвЮϜ ϞϼЎ:

¸AB BAmxn nxp



Â Ex 4:
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A
1 3
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-è ø
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B
2 1

0 2

Sol:
1 3 2 1 2 5

2 1 0 2 4 4

-è øè ø è ø
= =é ùé ù é ù- -ê úê ú ê ú

AB

Â Note: ¸AB BA

2 1 1 3 0 7

0 2 2 1 4 2

-è øè ø è ø
= =é ùé ù é ù- -ê úê ú ê ú

BA

дтϦтмϝЂϦв ϼтОABмBA дтϦТмУЊвЮϜ дϒ ХЧϲϦ.

and



Â Matrix:

,= ¸AC BC C O

(1) A=B  ϞЯЧЯЮ ϣЯϠϝЦ ϣТмУЊвЮϜ ϤжϝЪ ϜϺϖ)ϢϺϝІ ϼтО  ( ϺϚϸжК

(2) If C ϢϺϝІ, then AÍ B
Â Ex 5: (ϣжЪвв ϼтО ϼϝЊϦ϶ъϜ ϣЮϝϲ дК ЬϝϪв)

Show thatAC =BC

1 3 2 4 1 2
,     ,     

0 1 2 3 1 2
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A B C



Sol:

1 3 1 2 2 4

0 1 1 2 1 2
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2 4 1 2 2 4

2 3 1 2 1 2
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So AC =BC butA ÍB
The Inverse of a Matrix ϣТнУЋв ϞнЯЧв

( )³Í n nA M KConsider

Then  (1) A is invertible ϞЯЧЯЮ ϣЯϠϝЦ(or nonsingular ϢϺϝІ ϼтО)

(2) B is the inverse ϞмЯЧвof A

Â Inversematrix:

If thereexistsamatrix suchthatAB=BA=In,³
Í n nB M K( )

The inverse of A is denoted by 1-A - -= =AA A A I1 1
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Â Ex 1: ( ϸϮмϒϞмЯЧвϣТмУЊвЮϜ)
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Â ϸϝϮтϖϞмЯЧвϣТмУЊваϜϸ϶ϦЂϝϠϣЧтϼАЀмϝОдϸϼмϮ

Gauss-Jordan Elimination
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A I I A 1
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1 3 0 1 0 1 1 1
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Sol:

Â Ex 2: (Find theinverseof thefollowing matrix)
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So the matrix A is invertible, and its inverse is -
- - -è ø
é ù= - - -
é ù- - -ê ú

A 1
2 3 1
3 3 1
2 4 1

Â Check: - -= =AA A A I1 1



Â Powerof asquarematrix омЦϣТмУЊвϣЛϠϼв :


