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Elementary Matrices 4l g¥) <ild siaall

- Row elementary matrix k¥ e 40,3 Cllaall :
An nxn matrix IS called an elementary matrix if it can be obtained from the identity
matrix Z, by a single elementary operation.

« Three row elementary matrices:

(1) Ry =ry(/) O b s,
(2 RO =) (k=0 Goba i 2my sl i,
(3) Ry =r;2(1) Al by daan g g e b 23 sl G,
- Note:
Only do a single elementary row operation. 4mal )l dé siadll o sas) 5 4 o dlan 7 sarne
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=« EX : (Elementary matrices and non elementary matrices)
(1 0 0] 10 0]
(@) [0 30 (b){(l)(ljg} (0|0 10
00 1] 00 0]
Yes (1,2 (1)) No (not square)  No (Row multiplication must
be by a nonzero constant)
100 - 10 0]
(d) |0 0 1 (e)LJ (H |02 0
01 0] 00 -1
Yes (7,(/3)) Yes (r2(1,)) No (Use two elementary

row operations)

0RO
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« Theorem (Representing elementary row operations):

Let £ be the elementary matrix obtained by performing an elementary row operation on
I . If that same elementary row operation is performed on an mzxn matrix A, then the
resulting matrix Is given by the product £A.

r(/) =E
r(A) = EA
= Notes:

(1) 7;(A) = R;A

(2) 11°(A) = RPA
(4) _ k)

(3) 7 (A) = R A
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« Ex : (Elementary matrices and elementary row operation)
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« EX : (Using elementary matrices)
Find a sequence of elementary matrices that can be used to write the matrix A in row-

echelon form.

A=

Sol:

N - O

oW

N O W
O N Ol

A=n,(A)=EA=

A
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= 157(A) = EA =

D= W

1-30 2
0 13 5
0 02 -4
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« EX:

Elementary Matrix

E,
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Inverse Matrix

0
100|=R, (R =E"=]|1
001 0

10 0] !
010|=R? (R =E"=|0
201 2
100] g ) 1
0 10|=R? (RZ)'=E'=1|0
00 %_ _O
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| (Elementary Matrix)

_ p@
= Rl3

| (Elementary Matrix)

= R
(Elementary Matrix)
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= Theorem (A property of invertible matrices):
A square matrix A is invertible if and only if it can be written as the product of

elementary matrices.

« EX : Find a sequence of elementary matrices whose product is
-1 -2
SHER
Sol:
a1 2] A1 2] me? 12
|13 8 ’13 8 0 2

(112) (-2) :
/" —
2—{1 Z}L{é (1)} =/ Therefore RZ(IZ)RZ(Z)Rl(f)Rl(‘”A =/

MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy T



[

ojligJl

1
Thus A = (R HRED)(RE ) (RED)™
= RRY R R

EERCRUEH LN

If A is invertible then
E,-EEEA=I
A'=E, - EEFE,
A=E'E'E; - E.}
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« LU-factorization:
If the <2 matrix A can be written as the product of a lower triangular matrix Z and

an upper triangular matrix U, then A= LU is an LU-factorization of A

= Note:
If a square matrix A can be row reduced to an upper triangular matrix U using only

the row operation of adding a multiple of one row to another row below it, then it is
easy to find an LZU-factorization of A.

E,E,EA=U
A=EE,; - E;U
A=LU (L=E]E;---E})

(OO0
MU-EPP-FM-005 Issue date 17November2025 1ssue no:1 https://manara.edu.sy ; 3



Vi

= EX (L U-factorization) ] )
2 -10 2.
Sol: (a)
a_[121 %7 1 2]_,
110 0 2|
= RYWA=U
= A=(R")U=LU
= L=(R,")" =R; = H ﬂ
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(D)
1 30| 2 [1-30] , |1 -3 0]
A=l0 13— 1|0 13|—251|0 1 3|=U
2 -10 2. 0 -4 2 0 0 14
= RYRVA=U
= A= (RGNURYYU=LU
= L =(R,7)(Ry) " = RER,”
100|121 0 o] [1 0 O]
=1010(j0 1 O0O(=/0 1 O
201)/0-41] |2 41
[ E
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MANARS USMLCERS |

Ax=b If A= LU then LUx= b
Let y= Ux, then Ly=b
« TWO Steps:
(1) Write y= Ukx, and solve Ly = bfor y
(2) Solve Ux= yfor x
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« Ex : (Solving a linear system using LU-factorization)

Sol:

A=

X, — 3X = -5
X, + 3x, = -1
2x, — 10x, + 2x, = -20
1 -3 0] [1 0 0|1 -3 O]
0 1 3|={0 1 0|0 1 3|=LU
2 =10 2] |2 4 1,0 0 14

(1) Let y= Ux, and solve for Ly= b

MU-EPP-FM-005

1 00| [y
0 10| |
2 -4 1| | Vs
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V,=-20-2y, +4y, = -14
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(2) Solve the following system Ux=y
1 -3 0|[x] |-5]
0 1 3| |x|=|-1
0 0 14| x| |-14
So x; =-1

X, =-1-3x,=-1-(3)(-1) =2
X, =-9+3Xx,=-5+3(2) =1

Thus, the solution is -
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