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The Determinant of a Matrix 48 siaa 332
det:/\/ln(K)—>K; AHdet(A)=|A| duhuﬂ@bus'é)\_\sz\aﬁma Qdaa

K. (Ror €) 4 4c sens

= The determinant of a 2 x 2 matriX 2 x 2 43 all (s 4d j0i0a Jaa

a dp
A= [ } = det(A) = |4 = a,,2,, —a,a,,

dyy 4y
« EX. 1;
— 3
=2(2)-1(=3)=4+3=7 = 04)-23)=0-6=—6
| 4
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= Minor of the entry a;; »aisll jias
44 ghiadll (je j dsarlly 1 lall Gada e A0l 48 dhiadll daaa

‘311 ‘312 e 621(/-_1) 621(/-+1) e a,

M. = a(/—l)l a(i—1)2 a(i—l)(/—l) 3(/_1)(/+1) 3(,-_1),7
Iy

Q

Ay ez ... Qo Qs (i+1)n

anl an2 co an(/'—l) an(/'+1) o o a,m

= Cofactor of 2,:J sl Gl 4l
C,=(-D""M,
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« EX 2:
A 311 312 313
o aZl 322 323
_331 a32 a33_
M. = 312 813 M. = all a13
— 21 a a 22 a a
32 33 31 33
. 2+1 . _( _ 2+2 .
= Cy =(-1)""M, =-M,, Cp, =(=D"M,, =M,,
0RO
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« Ex 3: Find all the minors and cofactors of A

4y all &) Hall § Ol jradll d81S 2a | 0 21
A=|3 -12
4 0 1
Sol: (1) All the minors of A - .
-1 2 3 2 3 -1
Mi=1o 1‘:‘1’ M =4 1‘:‘5' M =4 0‘24
2 1 01 0 2
Mo = o 1‘:2’ Mo =4 1‘:‘4’ Mas =4 1‘:‘8
2 1 01 0 2
Mo =1 2‘ =2 My =) 2‘ =3 My = ‘3 —1‘ =5
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(2) All the cofactors of A
C,=(-)"M,
-1 2 3 2 3 -1
Cll_‘|‘o 1‘:—1, 012:—‘4 1‘:5, Cl3_+4 0‘24
2 1 01 02
2 1 01 0 2
(331—+_12‘=5, (332:—32‘:3, 6‘33—+3_1‘——6
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= I heorem :
JUAIL s A A el Ad ghiaall 2asa

(a) det(A) = |A = ZaUC =a,C,+a,C,+-+a,C

(Shadl 35 a1 “th row, i=1,2,..., n)

or
n
(b) det(A) = |A| = Zl"a,jc‘,j =a,C;+a,C,; ++4a,C,
/=
((2se) 335 3 Ath column, /=1, 2,..., n)
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« EX 4: 3 aaall (e 4 ghias 22

4
A= ai
_331

= det(A)

MU-EPP-FM-005

djp  dyg
dyy Ay
dgy dg |

=a;,Cyy +a,C, + 3,30,
= dy 0y + 8,0, +ayty,
= dyCy +3d5C 5 +3aC5
=a;,Cyy +a,Cy +3ayC5
=a;,C1, +d,)C, +a,Csy
=a;3C15 +d,0, +a,Cay
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« EX 5: The determinant of a matrix of order 3
0 2 1| C,=-1C,=5 C;=4
-1 FromEx3: C, =-2,C,=-4,C, =8

A=|3 -1 2
B C, =5 C,=3 C,=-6

Sol:
= det(A) = a,,C); +a,,Cy, +a,;C,5 = (0)(-1) +(2)(5)+(D)(4) =14
=a,,Cy; +3,,Cr +3,,C, =(B)(-2)+(-1)(—-4)+(2)(8) =14
=a,C,, +a,C,, +3,C. = (4)(5) + (0)(3) + (1)(-6) =14
— allcll & a21621 + a31631 — (O)( o 1) + (3)( o 2) + (4)(5) = 14
— 312012 + 322622 + 332632 — (2)(5) + ( o 1)( o 4) + (O)(3) — 14
=a3,,C1 +3,,C,s +35,,C =(1)(4)+(2)(8) +(1)(—-6) =14

ORsi0)
ol
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=« EX 6: The determinant of a matrix of order 3
0 2 1]
A=|3 -1 2|= det(A) =2
4 -4 1
Sol:
s _1 2 + 3 2
611:(_1)11_4 1‘:7 612:(_1)124 1‘:(_1)(—5):5
33 -1
Cls - (_1)1 ’ 4 _4‘ = -8
— det(A) P allcll T 312612 T 313613
= (0)(7) + (2)(5) + (1)( - 8) = 2
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy i
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« Note:
Dl e 20 ST 5 gm oA dseall S ladl 335 il sa adaall Cluad s il

« EX 7: The determinant of a matrix of order 4

1 -2(3|0
-1 1 (0|2
= :?
A=1"0 5o |3 | = dettA) =
'3 4|02
0RO
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Sol:
det(A) = (3)((:13) T (O)(Czs) T (O)(C33) T (O)(C43) = 3C.13
-1 1 2
=3(-0"flo0 2 3
3 4 -2
| all 2 2-1 2 al-1 1
T e A I N v A T Y ] o 4H
=3[0+ @M(-4)+@)(-D(-T7).
= (3)(13)
=39
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy T



SOEN Clelaall oda C)la ?"

dy;y dyp dg
A= dy, dy dy
| d3 dgp dgg

SOEN Gl laall oda —

= det(A) = |A| = dy,8,,A33 + A1,d,385 T A13d,,d5,
o 331322313 o 3323 23311 o a33a21a12

« EX 8:
\ 4 0 6
A= = det(A) = |A =0+16 - 12
g —-(-4+0+6)=2
0 16 -12
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« Upper triangular matrix :Llall 438l 48 siiaql

« Lower triangular matrix: il 48lall 48 s a4l

Ddual il Hhadll 358 aliall A8
« Diagonal matrix: 4 kall 43 siaal

Dbl i N el Cagd g cn dadl ) ualiall d8lS
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« EX!
all 312 al3 all O O all O 0
O 322 323 321 322 O O 322 O
B O O 333_ _331 a32 333_ B O O 333_
upper triangular lower triangular diagonal
« Theorem :

If Ais an nxatriangular matrix (upper triangular, lower triangular, or diagonal),
il kil jualic elaa daaall oSy i | le BB 4 5kl 48 iadll ) 5SS Ladie

det(A) = |Al = a,,a,,3,,---a

nn

[EicsE
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy ; :



Va

doola
« EX:
-1 000 O]
2 0 0 0] 0300 O
|4 =2 00 p B=| 0020 O
W A%ls 6 10 ® 0004 O
1 5 3 3
- - 0 000 -2
Sol: - -
(9 14 = (2)(-2)(1)@3) =-12
(5) 18 =(-1)(3)(2)(4)(-2) = 48
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Evaluation of a determinant using elementary operations
« Theorem : (laaaally Hhul) e 40,3 cilleall)
Let A and Bbe square matrices (rizm ya (288 shaaa
(@) B=r,(A) = det(B) = —det(4) (ie. |r,(A]=-]4)
() B=r®A) = det(B) = kdet(4) (e [ (4) = kA4
(c) B=r{"(A) = det(B) =det(A) (i.e. |r” (A)‘ = |A))

[EicsE
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« EX:

A1:

A=A = det(4) = det(5¥ (A) = 4det(A) = (4)(-2) = -8

O~

RO

N — 00

A =1, (A)
A =r50(A) = det(A) =det(rs 2 (A) = det(A) = -2

MU-EPP-FM-005

NN

12
4
1

= det(A4) = det(r,(A)) = —det(A) = —(-2) =2

Issue date 17November2025
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det(A) = -2
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, A=

1ssue no:1

1 2 3
2 -3 -2
1 2 1
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« Notes:
det(r,.j(A)) = —det(4A) = det(A) = —det(r,j(A))

det(r® (A)) = kdet(4) = det(A) = % det(r® (A))

det(r¥ (A)) =det(4) = det(A) =det(+(A))
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« EX:
2 -3 10
A=|1 2 -2|, det(4) =7
0 1 -3
Sol:
2 310/, 1 2 221 2 -2
det(A) =1 2 -2/ =—]2 -3 10| =-|0 -7 14
0 1 -3 0 1 -3 0 1 -3
1
n? o4 12 240 po2 -2 A 12 -2
=(-)(2)0 1 -2l=@0 1 -2 =@)(-Dp 1 -2
7 01 -3 0 0 -1 00 1
= (N(-DDODAD) = -7
MU-EPP-FM-005 Issue date 17November2025 1ssue no:1 = EI
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Determinants and elementary column operations
« Theorem : ( <hasall 32ac ! PArS a4V d_}LuJ\)
Let A and Bbe square matrices (s yo (18 stiaa

C/J'(A)‘ =—|A)

(@) B=c,(A) = det(B) = —det(A) (i.e.
e (A)| = kA

() B=c¥(A) = det(B) = kdet(A) (i.e.
ey (A)| = A)

(¢) B=c(A) = det(B) =det(A) (i.e.

0RO
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« EX:

1

OrLN

OO

OOk

_3|
1
2 —

N -

1

deola
,  det(A) = -8
1 2 -3
A=|0 4 1|
00 2|

A =

(@ RSN\ )

OOoOrF

NP O

A=c(A) = det(4) = det(c? (A) = 7 det(A) = (5)(~8) = -4

A = 12(’4)
A=

MU-EPP-FM-005

—  det(4) = det(c,,(A)) = —det(4) = —(-8) = 8

Issue date 17November2025
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det(A) = 0 Jaie 40Ul Ja g jall (gas) st g day ja 48 shiaall CuilS 1Y)
_JumiaJmUQ JS(JJAQ)J.E“‘I
O guda (pagae ol ol 2

AT (3500) lad Cilian (3300 L 3

MU-EPP-FM-005
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« EX:
1 2 3 1 4|0 1 1 1
0 0 Oj=0 2 5|(0||=0 2 2 2ll=0
4 5 6 3 6|0 4 5 6
11 4 |2 1 2 3 1 (8]|4
11 5 |2|=0 4 S5 6]=0 2 [10{|5]|=0
11 6 |2 -2 -4 -6 3 [12||6
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy i



=« EX : (Evaluating a determinant) 3 5 2
Sol: A=|2 -4 -1
-3 0 6
-3 5 2|@|-3 5 -4 s 4
det(A) =2 -4 -1 =|2 -4 3 =(—3)(—1)3+1_4 3‘:(-3)(-1):3
-3 0 6 -3 0 O
4

3 5 2|r5|-3 |5] 2
det(4) = |2 —4 -1 = |-2/5|0]| 3/5

-3 0 © -3 |0 6
. 2/5 3/5
- -0 7 - -o-2) -
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy = EI
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« EX : (Evaluating a determinant) 2 0 13 -2
-2 1 3 2 -1
Sol: A= 1 0 -1 2 3
3 -1 2 4 -3
11 32 0
2 0 13 -2 2(0] 1 3 -2
2 1 32 -1/02[1/ 32
det(4)=| 1 0 -1 2 3 =|1/0/-12 3
3 -1 24 =3[V 1|/0| 56 —4
1 1 32 O 3(0] 00 1
2 1 3 2
— 2+2 1 —1 2 3
=D 5 6 4
3 0 0 1
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy = EI
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c(—3)813_2 8 1 3,w||/0 0 5
41 —8 _1 2 3 414 r21
=113 & & a=(O(-D"|-8 12 =18 -12
0 0 0 1 13 5 6 13 5 6
-8 -1
_ _ 1\1+3
-5-0"5 5
= (9)(-27)
=-135
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy = EI
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Properties of Determinants
« Theorem 3.6: ( 43 s8aa claa 22a4)

det (AD) = det (A) det (D)

« Notes:
(1) det (£A) = det (£) det (A)
(2) det (A + B) # det (A) + det (D)
(3) all alZ a13 all 312 313 all alZ a13
a21 +021 322 +b22 a23 +bZS . 321 322 323 + bZl b22 b23
331 a32 333 331 332 333 a31 a32 a33
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy T
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« EX:
1 -2 2 2 0 1
A=|0 3 2|, B=|0 -1 -2
10 1 3 1 -2
Find |A4], | B, and |AH
Sol:
1 -2 2 2 0 1
Al=|0 3 2/=-7, |B|=[0 -1 —2|=11
1 0 1 3 1 -2
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy = EI



1 -2 2|2 0 1
AB=|0 3 2|0 -1 -2|=
10 13 1 2
8 4 1
=|AB|=|6 -1 ~10|=-77
5 1 -1
Check:asss
AR =|A) |5
—77=-7x11
MU-EPP-FM-005 Issue date 17November2025
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ojlioll
.
6 -1 -10
5 1 -1
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« Theorem : (23a: 425 pae 43 jhiaa 2254)

If Ais an mzxn matrix and cis a scalar, then

det (cA) = < det (A)

« EX 2:

A=

A=10

MU-EPP-FM-005

10 -20 40| |1 -2 4
30 0 50[,/]3 0 5
20 -30 10| |-2 -3 1
1 -2 4 1

3 0 5|=]A4=10°|3
-2 -3 1 )

Issue date 17November2025
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=9

Find |4

— (1000)(5) = 5000

1ssue no:1
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« Theorem : (333 xé 48 fhias 23a4)
det (A) # 0 oS 13) Jadd 5 13) lal) A8 Ly yall 48 gihuaall ) 5SS

e EX 3: Y 5l 33L3 48 shiaall CuilS 13) Lagd 2aa

0 2 -1] 0 2 -1
3 2 -1 3 2 1

Sol:
|A|=0= A s3i(it is singular).
|8 =-12 # 0 = B <Ll (it is nonsingular).
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« Theorem : (44 shias o slia 22a4)
1

det(A)

If A is invertible, thendet(4™") =

« Theorem : (4 sias J sl 22a4)
If A is asquare matrix, then det(A") = det(A).

« EX: 1 0 3
A=|0 -1 2 (3 |Aat=2 (8 AT|=?
2 1 0
Sol: g i
1 0 3 11
A0 -1 2/=4 =AY ===, |AT|=|A=4
2 10 A 4
MU-EPP-FM-005 Issue date 17November2025 issue no:1 https://manara.edu.sy S
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If Ais an zxn matrix, 48l 40Ul L 5 )dll Jaie
(1) A el als
(2) Ax= by da el
(3) Ax=0 il Jall el
(4) det (A) =0
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« EX : Which of the following system has a unique solution?

(2) 2x, — X, = -1 () 2x, — X; = -1
3x, —2x, + x; = 4 3, — 2x, + x, = 4
3, + 2x, — X, = 4 3, + 2x, + X, = 4

Sol:

(Q)AX: bﬁlAl:OJAJLb&ASYM\DJA
(b)) Bx=b= |B|=-12#0. 25> <lla dlaall oda,
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