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 ϤϜϸϸϲвЮϜ

ϣтЮмцϜ ϤϝтЯвЛЮϜм ϤϜϸϸϲвЮϜ

ϤϜϸϸϲвЮϜ ЈϜм϶



The Determinant of a Matrix ϣТнУЋв ϸϹϳв

Â The determinant of a 2 × 2 matrix 2 × 2 ϣϠϦϼвЮϜ дв ϣТмУЊв ϸϸϲв:

Â Ex. 1: 

Â ϣДϲыв :ϼУЊ мϒ ϞЮϝЂ мϒ ϞϮмв дмЪт ϸЦ ϣТмУЊвЮϜ ϸϸϲв

ЬЪІЮϝϠ РϼЛв ЙϠϝϦ дК ϢϼϝϠК ϣТмУЊв ϸϸϲвdet: ( ) ; det ( )nM K K A A A­ =

K: (R or C) ϣтϸϹК ϣКнгϯв



Â Minor of the entry aij: ϼЊжЛЮϜ ϼПЊв

ϸϸϲвϣТмУЊвЮϜϣϮϦϝжЮϜдКРϺϲϼАЂЮϜi-ϸмвЛЮϜмjдвϣТмУЊвЮϜ

Â Cofactor of aij:Ь рϼϠϮЮϜ ХТϜϼвЮϜ

( )i j
ij ijC M+= -1

( ) ( )

( ) ( ) ( )( ) ( )( ) ( )

( ) ( ) ( )( ) ( )( ) ( )

( ) ( )

j j n

i i i j i j i n

ij
i i i j i j i n

n j n jn n nn

a aa a a

a a a a a
M

a a a a a

a aa a a

- +

- - - - - + -

+ + + - + + +

- +

=

1 1 1 111 12 1

1 1 1 2 1 1 1 1 1

1 1 1 2 1 1 1 1 1

1 11 2



Â Ex 2:

a a a
A a a a

a a a

è ø
=é ù
é ùê ú

11 12 13

21 22 23

31 32 33

( )C M M+Ý = - = -2 1

21 21 211 ( )C M M+= - =2 2

22 22 221

a a
M

a a
Ý = 12 13

21
32 33

a a
M

a a
= 11 13

22
31 33



Â Ex 3: Find all the minors and cofactors of A
ϣтϼϠϮЮϜ ϤϝЧТϜϼвЮϜм ϤϜϼПЊвЮϜ ϣТϝЪ ϸϮмϒ

Sol: (1) All the minors of A
A
è ø
é ù= -
é ù
ê ú

0 2 1

3 1 2

4 0 1

,M
-

= = -11

1 2
1

0 1

,M = =21

2 1
2

0 1

,M = =
-31

2 1
5

1 2

,M = = -12

3 2
5

4 1
M

-
= =13

3 1
4

4 0

,M = = -22

0 1
4

4 1
M = = -23

0 2
8

4 1

,M = = -32

0 1
3

3 2
M = = -

-33

0 2
6

3 1



(2) All the cofactorsof A

( )i j

ij ijC M+= -1

,C = - =12

3 2
5

4 1

,C = - = -21

2 1
2

0 1

,C = + =
-31

2 1
5

1 2

,C
-

= + = -11

1 2
1

0 1
C

-
= + =13

3 1
4

4 0

,C = + = -22

0 1
4

4 1
C = - =23

0 2
8

4 1

,C = - =32

0 1
3

3 2
C = + = -

-33

0 2
6

3 1



(ϼАЂЮϜ ХТм ϼІжЮϜi-th row, i=1, 2,é, n )

( ϸмвЛЮϜ ХТм ϼІжЮϜj-th column,  j= 1, 2,é, n ) 

ϸϸϲвϣТмУЊвЮϜϣЛϠϼвЮϜAϞЂϲтЬЪІЮϝϠ

or

Â Theorem :

( ) det( )
n

ij ij i i i i in in
j

a A A a C a C a C a C
=

= = = + + +ä 1 1 2 2

1

( ) det( )
n

ij ij j j j j nj nj
i

b A A a C a C a C a C
=

= = = + + +ä 1 1 2 2

1



Â Ex 4: 3 аϮϲЮϜ дв ϣТмУЊв ϸϸϲв

a a a
A a a a

a a a

è ø
=é ù
é ùê ú

11 12 13

21 22 23

31 32 33

det( )A a C a C a C

a C a C a C

a C a C a C

a C a C a C

a C a C a C

a C a C a C

Ý = + +

= + +

= + +

= + +

= + +

= + +

11 11 12 12 13 13

21 21 22 22 23 23

31 31 32 32 33 33

11 11 21 21 31 31

12 12 22 22 32 32

13 13 23 23 33 33



Â Ex 5: The determinant of a matrix of order 3

Sol:

A
è ø
é ù= -
é ù
ê ú

0 2 1

3 1 2

4 0 1

, ,    

, , 

,   ,   

C C C

C C C

C C C

= - = =

= - = - =

= = = -

11 12 13

21 22 23

31 32 33

1 5 4

2 4 8

5 3 6

det( ) ( )( ) ( )( )+( )( )

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )(

( )( ) ( )( ) ( )( )

)

A a C a C a C

a C a C a C

a C a C a C

a C a C a C

a C

Ý = + + = - + =

= + + = - + - - + =

= + + = + + - =

= + + = - + - + =

=

11 11 12 12 13 13

21 21 22 22 23 23

31 31 32 32 33 33

11 11 21 21 31 31

12 1

0 1 2 5 1 4 14

3 2 1 4 2 8 14

4 5 0 3 1 6 14

0 1 3 2 4 5 14

( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

a C a C

a C a C a C

+ + = + - - + =

= + + = + + - =
2 22 22 32 32

13 13 23 23 33 33

2 5 1 4 0 3 14

1 4 2 8 1 6 14

From Ex 3:



Â Ex 6: The determinant of a matrix of order 3

( )C + -= - =
-

1 1

11

1 2
1 7

4 1

Sol:

( ) ( )( )C += - = - - =1 2

12

3 2
1 1 5 5

4 1

det( ) ?A A
è ø
é ù= - Ý =
é ù-ê ú

0 2 1

3 1 2

4 4 1

( )C + -
= - = -

-
1 3

13

3 1
1 8

4 4

det( )

)( ) )( ) ( )( ) 2( (
A a C a C a CÝ = + +

= + + - =

11 11 12 12 13 13

0 7 2 5 1 8



Â Note:

ЬЎТϒϼϝт϶ϞϝЂϲЮϸϸϲвЮϜмкϼІжЮϜХТмϼАЂЮϜмϒϸмвЛЮϜрϺЮϜрмϲтϼϠЪϒϸϸКдвϼϝУЊцϜ

Â Ex 7: The determinant of a matrix of order 4

det( ) ?A A

-è ø
é ù-
= Ý =é ù
é ù

-é ùê ú

1 2 3 0

1 1 0 2

0 2 0 3

3 4 0 2



Sol:

[ ]

( )( ) ( )( ) ( )( )

( )( )( ) ( )( )( )

( )( )

+ + +è ø- -
= - + - + -é ù- -ê ú

= + - + - -

=

=

2 1 2 2 2 31 2 1 2 1 1
3 0 1 2 1 3 1

4 2 3 2 3 4

3 0 2 1 4 3 1 7

3 13

39

det( ) ( )( ) ( )( ) ( )( ) ( )( )A C C C C C= + + + =13 23 33 43 133 0 0 0 3

( ) +
-

= -
-

1 3
1 1 2

3 1 0 2 3
3 4 2



a a a a a
a a a a a
a a a a a

11 12 13 11 12

21 22 23 21 22

31 32 33 31 32

det( )A A a a a a a a a a a

a a a a a a a a a

Ý = = + +

- - -
11 22 33 12 23 31 13 21 32

31 22 13 32 23 11 33 21 12

 иϺк ЙвϮϤϜ̭ϜϸϮЮϜϨыϪЮϜ

 иϺк ϰϼА аϪϤϜ̭ϜϸϮЮϜϨыϪЮϜ

Â The determinant of a matrix of order 3 (SarrusRule)

a a a
A a a a

a a a

è ø
=é ù
é ùê ú

11 12 13

21 22 23

31 32 33

Â Ex 8:

A
è ø
é ù= -
é ù-ê ú

0 2 1
3 1 2
4 4 1

-
-

0 2
3 1
4 4

ï4

0 16 ï12

0 6

det( )

( )

A AÝ = = + -

- - + + =

0 16 12

4 0 6 2



Â Upper triangular matrix :ϝтЯЛЮϜ ϣтϪЯϪвЮϜ ϣТмУЊвЮϜ

Â Lower triangular matrix:пЯУЂЮϜ ϣтϪЯϪвЮϜ ϣТмУЊвЮϜ

Â Diagonal matrix: ϣтϼАЧЮϜ ϣТмУЊвЮϜ

 ϼϝУЊϒ сЂтϚϼЮϜ ϼАЧЮϜ ϤϲϦ ϣЛЦϜмЮϜ ϼЊϝжЛЮϜ ϣТϝЪ

ϼϝУЊϒ сЂтϚϼЮϜ ϼАЧЮϜ ФмТ ϼЊϝжЛЮϜ ϣТϝЪ

 ϼϝУЊϒ сЂтϚϼЮϜ ϼАЧЮϜ РмТм ϤϲϦ ϣЛЦϜмЮϜ ϼЊϝжЛЮϜ ϣТϝЪ



Â Ex :

upper triangular lower triangular diagonal

a a a

a a

a

è ø
é ù
é ù
ê ú

11 12 13

22 23

33

0

0 0

a

a a

a a a

è ø
é ù
é ù
ê ú

11

21 22

31 32 33

0 0

0

a

a

a

è ø
é ù
é ù
ê ú

11

22

33

0 0

0 0

0 0

Â Theorem :

If A is ann×n triangularmatrix (uppertriangular,lower triangular,or diagonal),

ϝвϸжКдмЪϦϣТмУЊвЮϜϣтϼАЦмϒϣтЯϪЯϪвϝтЯКϒпЯУЂдмЪтϸϸϲвЮϜ̭ϜϸϮϼЊϝжКϼАЧЮϜсЂтϚϼЮϜ

det( ) nnA A a a a a= =11 22 33



Â Ex :

(a) A

è ø
-é ù

=
-é ù
é ùê ú

2 0 0 0
4 2 0 0
5 6 1 0

1 5 3 3

(b)

|A| = (2)(ï2)(1)(3) = ï12

|B| = (ï1)(3)(2)(4)(ï2) = 48

(a)
(b)

Sol:

B

-è ø
é ù
é ù
=
é ù
é ù
é ù-ê ú

1 0 0 0 0

0 3 0 0 0

0 0 2 0 0

0 0 0 4 0

0 0 0 0 2



Evaluation of a determinant using elementary operations

Â Theorem : (ϤϜϸϸϲвЮϜм ϼАЂцϜ пЯК ϣтЮмцϜ ϤϝтЯвЛЮϜ)

( ) ( ) det( ) det( ) (i.e. ( ) )ij ija B r A B A r A A= Ý = - = -

Let A and B be square matrices дтϦЛϠϼв дтϦТмУЊв.

( ) ( )( ) ( ) det( ) det( ) (i.e. ( ) )k k
i ib B r A B k A r A k A= Ý = =

( ) ( )( ) ( ) det( ) det( ) (i.e. ( ) )k k
ij ijc B r A B A r A A= Ý = =



, det( )A A
è ø
é ù= = -
é ùê ú

1 2 3
0 1 4 2
1 2 1

, ,A A A
è ø è ø è ø
é ù é ù é ù= = = - - -
é ù é ù é ùê ú ê ú ê ú

1 2 3

4 8 12 0 1 4 1 2 3
0 1 4 1 2 3 2 3 2
1 2 1 1 2 1 1 2 1

( ) det( ) det( ( )) det( ) ( )A r A A r A A= Ý = = - = - - =2 12 2 12 2 2

( ) ( )( ) det( ) det( ( )) det( ) ( )( )A r A A r A A= Ý = = = - = -4 4

1 1 1 1 4 4 2 8

( ) ( )( ) det( ) det( ( )) det( )A r A A r A A- -= Ý = = = -2 2

3 12 3 12 2

ÂEx :



det( ( )) det( ) det( ) det( ( ))ij ijr A A A r A= - Ý = -

( ) ( )det( ( )) det( ) det( ) det( ( ))k k
i ir A k A A r A

k
= Ý =

1

( ) ( )det( ( )) det( ) det( ) det( ( ))k k
ij ijr A A A r A= Ý =

Â Notes:



Sol:

, det( ) ?A A
-è ø

é ù= - =
é ù-ê ú

2 3 10
1 2 2
0 1 3

det( )A  
- - -

= - = - - = - -
- - -

2 3 10 1 2 2 1 2 2
1 2 2 2 3 10 0 7 14
0 1 3 0 1 3 0 1 3

r12

1
( )( )  ( )   ( )( )

-

- - -
= - - = - = - -

- -
1

7

1 2 2 1 2 2 1 2 2
1 0 1 2 7 0 1 2 7 1 0 1 2

0 1 3 0 0 1 0 0 1

( )( )( )( )( )= - = -7 1 1 1 1 7

( )r -212

( )

r
-

1

7
2

( )r -13

( )r -123

Â Ex :



( ) ( ) det( ) det( ) (i.e. ( ) )ij ija B c A B A c A A= Ý = - = -

Let A and B be square matrices дтϦЛϠϼв дтϦТмУЊв.

( ) ( )( ) ( ) det( ) det( ) (i.e. ( ) )k k
i ib B c A B k A c A k A= Ý = =

( ) ( )( ) ( ) det( ) det( ) (i.e. ( ) )k k
ij ijc B c A B A c A A= Ý = =

Â Theorem : ( ϤϜϸϸϲвЮϜм ϢϸвКцϜ пЯК ϣтЮмцϜ ϤϝтЯвЛЮϜ)

Determinants and elementary column operations



, det( )A A
-è ø

é ù= = -
é ùê ú

2 1 3
4 0 1 8
0 0 2

, ,A A A
- -è ø è ø è ø

é ù é ù é ù= = =
é ù é ù é ùê ú ê ú ê ú

1 2 3

1 1 3 1 2 3 2 1 0
2 0 1 0 4 1 4 0 1
0 0 2 0 0 2 0 0 2

( ) det( ) det( ( )) det( ) ( )A c A A c A A= Ý = = - = - - =2 12 2 12 8 8

( ) ( )

( ) det( ) det( ( )) det( ) ( )( )A c A A c A A= Ý = = = - = -

1 1

2 2
1 1 1 1

1 1
8 4

2 2

( ) ( )( ) det( ) det( ( )) det( )A c A A c A A= Ý = = = -3 3

3 23 3 23 8

Â Ex :



1 . ϼАЂ)ϸмвК (ϼϝУЊϒ иϼЊϝжК ЬЪ.

2 .дттмϝЂϦв дтϸмвК мϒ дтϼАЂ.

3 . ϼАЂ)ϸмвК (ϼАЂЮ РКϝЎв)ϸмвК (ϼ϶ϐ

det(A) =0 ϺϚϸжК ϣтЮϝϦЮϜ АмϼІЮϜ оϸϲϖ ϤЧЧϲϦм ϣЛϠϼв ϣТмУЊвЮϜ ϤжϝЪ ϜϺϖ

Â Theorem : (Conditions that yield a zero determinant)



=

1 2 3

0 0 0 0

4 5 6

=

1 4 0

2 5 0 0

3 6 0
=

1 1 1

2 2 2 0

4 5 6

=
1 4 2
1 5 2 0
1 6 2

=
- - -

1 2 3
4 5 6 0
2 4 6

=
1 8 4
2 10 5 0
3 12 6

Â Ex :



Sol: A

-è ø
é ù= - -
é ù
-ê ú

3 5 2

2 4 1

3 0 6

det( )   ( )( ) ( )( )A +

- - -
-

= - - = - = - - = - - =
-

- -

3 1

3 5 2 3 5 4
5 4

2 4 1 2 4 3 3 1 3 1 3
4 3

3 0 6 3 0 0

( )c 2

13

det( )   / /

/ /
( )( ) ( )( )

A

+

- -

= - - = -

- -

-
= - = - - =

-
1 2

3 5 2 3 5 2

2 4 1 2 5 0 3 5

3 0 6 3 0 6

32 5 3 5
5 1 5 3

3 6 5

( )

r
4

5
12

Â Ex : (Evaluating a determinant)



Sol: A

-è ø
- -é ù

-é ù=
é ù- -
é ùê ú

2 0 1 3 2
2 1 3 2 1
1 0 1 2 3
3 1 2 4 3
1 1 3 2 0

2 2

det( )    

(1)( 1)

A

+

- -
- - - -

- -= =
- - -

-
-

= -
-

2 0 1 3 2 2 0 1 3 2
2 1 3 2 1 2 1 3 2 1
1 0 1 2 3 1 0 1 2 3
3 1 2 4 3 1 0 5 6 4
1 1 3 2 0 3 0 0 0 1

2 1 3 2
1 1 2 3
1 5 6 4
3 0 0 1

( )r 1

24

( )r -125

ÂEx : (Evaluating a determinant)



4 4

8 1 3 0 0 5

(1)( ) 8 1 2   8 1 2  

13 5 6 13 5 6

+

-

- -
= = - - - = - -

-

8 1 3 2

8 1 2 3
1

13 5 6 4

0 0 0 1

( )c -341
( )r 1

21

1 35( 1)

( )( )

+ - -
= -

= -

= -

8 1

13 5

5 27

135



Properties of Determinants

Â Theorem 3.6: ( ϣТмУЊв ̭ϜϸϮ ϸϸϲв)

Â Notes:

(1) det(EA) = det(E) det(A) 

(3) a a a a a a a a a

a b a b a b a a a b b b

a a a a a a a a a

+ + + = +
11 12 13 11 12 13 11 12 13

21 21 22 22 23 23 21 22 23 21 22 23

31 32 33 31 32 33 31 32 33

det(AB) = det(A) det(B) 

(2) det(A + B) Í det(A) +det(B) 



Â Ex :

Sol:

Find  |A|, |B|, and |AB|

,A B

-è ø è ø
é ù é ù= = - -
é ù é ù

-ê ú ê ú

1 2 2 2 0 1

0 3 2 0 1 2

1 0 1 3 1 2

| | , | |A B

-

= =- = - - =

-

1 2 2 2 0 1

0 3 2 7 0 1 2 11

1 0 1 3 1 2



|AB| =|A| |B|

-77 =-7 x 11

Check:ХЧϲϦ

AB

-è øè ø è ø
é ùé ù é ù= - - = - -
é ùé ù é ù

- -ê úê ú ê ú

1 2 2 2 0 1 8 4 1

0 3 2 0 1 2 6 1 10

1 0 1 3 1 2 5 1 1

ABÝ = - - =-

-

8 4 1

6 1 10 77

5 1 1



Â Theorem : (ϸϸЛϠ ϣϠмϼЎв ϣТмУЊв ϸϸϲв)

Â Ex 2:

,A

- -è ø
é ù= =
é ù
- - - -ê ú

10 20 40 1 2 4

30 0 50 3 0 5 5

20 30 10 2 3 1

Find |A|

Sol:

( )( )A A

- -è ø
é ù= Ý = = =
é ù
- - - -ê ú

3

1 2 4 1 2 4

10 3 0 5 10 3 0 5 1000 5 5000

2 3 1 2 3 1

If A is an nxn matrix and c is a scalar, then 

det(cA) =cn det(A)



Â Theorem : (ϢϺϝІ ϼтО ϣТмУЊв ϸϸϲв)

Â Ex 3: ъ мϒ ϢϺϝІ ϣТмУЊвЮϜ ϤжϝЪ ϜϺϖ ϝвтТ ϸϸϲ

|A| =0 ᵼ A  ϢϺϝІ(it is singular).

|B| =-12 Í 0 ᵼ B ϞЯЧЯЮ ϣЯϠϝЦ(it is nonsingular).

Sol:

det(A) 0̧ дϝЪ ϜϺϖ БЧТм ϜϺϖ ϟЯЧЯЮ ϣЯϠϝЦ ϣЛϠϽгЮϜ ϣТнУЋгЮϜ днЫϦ

,A B

- -è ø è ø
é ù é ù= - = -
é ù é ù

-ê ú ê ú

0 2 1 0 2 1

3 2 1 3 2 1

3 2 1 3 2 1



Â Theorem : ( ϣТмУЊв ϞмЯЧв ϸϸϲв)

(a) (b)

Sol:

If  is invertible, then det( ) .
det( )

A A
A

- =1 1

Â Theorem : ( ϣТмУЊв ЬмЧжв ϸϸϲв)
TIf  is a square matrix, then det( ) det( ).A A A=

Â Ex :


