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A(y(t) +z(1)) = Ay(t) + Az(t) ‘
—r el

DO A (1-1) el

Aly(®) +z(®)) =y + 1)+ z(t + 1) — (y(t) + z(t))

=y(t+1)—y()+z(t +1) —z(1)
— Ay(t) + Az(t)
~ A(y(®) +2z(2)) = Ay(t) + Az(t)

-:(1-8)J%s
A +z(0) el €T, S, 2(D) =t + 2 ,y(0) =2t a9y

=1 i
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=3
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=y(t + Dz(t + 1) — y(D)z(t + 1) + y(0)z(t + 1) — y(£)z(1)
= z(t + D(y( + Dy(®) + y(©)(z(t + 1) — z(1))
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~ A(y(0)z(D)) = y()Az(t) + Ez(0)Ay(t)
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If x becomes arbitrarily close to a number a as approaches from either sides, the
limit of f(x) is written as:

lim f(x) = L.

X=a

And say “the limit of f(x) , as xapproaches to a , equals L”

yi

N

i 1 LD
A
- I +
24
Figure 2.1 Figure 2.2
EN
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isting of Limit:

If imf (x)=L and jm f (x) = L, then 1imf (x) = L(Exist) and vice versa

X33 X A8

For example: 1im f (x)=Land lim f (x) =1 then limf (x)=1(Exist). See Figure
s=1" |

x x ==l

But If lim f (x) #and lim f (x), then limf (x) Does Not Exist (DNE).

X8 x—a A=W

lim £ (x) =2,and limf (x) =-1, then limf (x) Does Not Exist (DNE). see Figure

x-1 -l x—l

2.2 Computing Limits Graphically
The limit of f(x) as x approaches the value of a form the right is written as:

lim f(x)

X —-)“l’

The limit of f{x) as x approaches the value of a form the left is written as:

lim f(x)

A—ra

Let’s explore these ideas with the graph of f(x) in Figure 2.3.
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Figure 2.3

Looking at f(x) whenx = —2, you notice there is a “jump” in the function.
However, if you approach x = —2 “from the left” (Figure 2.4a) you can see that the
function values are getting closer and closer to 1. On the other hand, if we approach
x = —2 “from the right” (Figure 2.4b) you can see that the function values are getting
closer and closer to 3, Therefore, the following statements are true:

lim f(»=3 lim f(x)=1,then |imf (x)is Does Not Exist (DNE)

x—-2F x—-2" X2

Figure 2.4a Figure 2.4b

Now Look at f{x) when x = 1, you notice there is a hole in the function. If we
approach f{x) from the left or from the right (Figure 2.5), you can see that the function
values are getting closer and closer to 2.

MU-EPP-FM-010 Issue date: 01November2025 Issue no.1 Page 10|33




Figure 2.5
Therefore,
lim f(x) =2 lim f(x) =2 then u;r],f (x) =2
a1t 1 x>

Note that f(1) is undefined ,and we say that f(x) is Discontinuous at x = 1

Using the given graph of g(x), find the following left- and right-hand limits.

a. limg(x)
=07
b Blndhd W
x—0"
c. limg(®)
a1
d. limg(x) : oo 3
e R e A
Solution : Figure 2.6

a. This asks us to look at the graph of g(x) as x approaches 0 from the left. You can
see that the function values are getting closer and closer to -1. So,

lim g(x) =-1

x—0"
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b. This asks us to look at the graph of g(x) as x approaches 0 from the right. You can

see that the function values are getting closer and closer to -1. So,
lim g(») = -1

x—0"

Then: limg(x)=-1 (Exist)

x—0

c. This asks us to look at the graph of g(x) as x approaches I from the left. You can
see that the function values are getting closer and closer to -2. So,
limg(x) =-2

x—l

d. This asks us to look at the graph of g(x) as x approaches I from the right. You
can see that the function values are getting closer and closer to -2. So,

lim g(x) =2

i
x>l

Then limg (x) =-2 (Exist),

x—l

But g(1) = 0, we say that g(x) is Discontinuous at x = 1

Note that in the solutions to parts (c) and (d) above, the function value g(1) =1
does not play a role in determining the values of the limits. A limit is strictly the
behavior of a function “near” a point.

Example 2 :
Using the graph of A(x) below, find the

following left- and right-hand limits.

a. limA(x)
-4
b. lim A(x)
x4
c. limh(x) Figure 2.7
x4
MU-EPP-FM-010 Issue date: 01November2025 Issue no.1 Page 12|33
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Solution:

a. Looking at the graph of h(x), as x approaches 4 from the left, you can see that the
function values keep getting more and more negative, without end. Thus, we say that
the function values approach negative infinity, written:

lim f(x) = —0

x4
b. Looking at the graph of h(x), as x approaches 4 from the right, you can see that the
function values keep getting more and more positive without end. Thus, we say that
the function values approach positive infinity, written

lim A(x) =

x4

By considering both the left- and right-hand limits of a function as you approach a
particular value of x, you can determine whether or not the limit of the function at that
point exists.

c. limh(x) Does Not Exist

x—4

Therefore, if the left-hand limit does not equal the right-hand limit as x approaches a,
then the limit as x approaches a is does not exist.

Example 3:
Using the graph of f{x) below, find the following limits.

a. lirrllf(x)
b. lun2 f(x)

Figure 2.8
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a. In previous investigations of this function, we found that
lim f(x)=2 and lim f(x) =2,

x—1 x—l

Therefore

lim (0 =1im f(®» =2 then limf(x) =2,

x>l x—l1' x—»1

It is important to notice that this limit exists even though f (1) does not exist.

b. In previous investigations of this function, we found that
lim f(x) =1 and lim f(x) =3,

x——2 x—-2'

Therefore, by definition, since

lim f(x) # lim f(x),

x—-2 x—>-2"

then

lim f(x) does not exist (DNE).

x—-2

Example 4 :

Using the given graph of g(x), find linl1 g(x).

Solution:

In previous investigations of this function, we found

that limg(x) =-2 and limg(x) =—2. Therefore,

x—1 x—l
by definition,
Since
limg(x) = lim g(x) = -2, then linllg(X) ==2, Figure 2.9
x—1 x>l X—

Note that f(1) = 0.
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Exercises 2.2

Use the given graph of f(x) to answer Exercises 1 to 13.

(1) Evaluate lim f(x)

x—l

(2) Evaluate lml1 f (x)

(3) Evaluate Lig;f (x)

(4) Find £ (1)

(5) Evaluate  lim 1 (x)
Figure 2.10

(6) Evaluate Xlir_r; f (x)
(7) Evaluate  lim £ (x)
(8) Find £ (-3)

(9) Evaluate }i_r’r} f (x)
(10) Evaluate }LT f(x)

(11) Evaluate lin;f (x)

(12) Find £ (3)

(13) For what values of xis f(x) discontinuous?
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2.3 Limits at Infinity

So far we have been focusing on what is happening with functions at particular
values of x by looking at what is happening to the function values corresponding to
values very near to the xvalue. Let’s now explore what happens to the function values

when we allow x to approach positive and negative infinity.

In Figure 2.11a, you can see that if you move to the right on the graph and allow
x to continually become larger (approach infinity), the function values also become
larger and larger. If you move to the left on the graph and allow x to become more
and more negative (approach negative infinity), you can see that the function values
are again becoming larger and larger. Thus, we have
lim k(x) = and lim k(x) = o0
In Figure 2.11b, you can see that if you allow x to approach infinity, the function
values go towards negative infinity. If you allow x to approach negative infinity, you
can see that the function values go towards positive infinity. Thus, we have
limm(y) =—  and lim m(x) =0
In Figure 2.11c, you can see that if you allow x to approach either positive or
negative infinity, the function values approach zero. Thus, we have
lim p(x) =0 and lim p(x) =0

XL X—>—mn

R

..........

cebreesocncioaniio e

Figure 2.11a Figure 2.11b Figure 2.11c
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When a function approaches a numerical value, say L, as x—> o< or as x— —oc, we
say that the function has a horizontal asymptote at y = L. Thus, we have just found
that p(x) has a horizontal asymptote at y = 0, while k(x) and m(x) have no
horizontal asymptotes.

(Note: You can only approach positive infinity from the left and you can only
approach negative infinity from the right so there is no discussion of left- and right-
hand limits at infinity.)

Example 1:
Using the graph of f(x) Figure 2.12 ,to find the following limits.

a. lim f (x)

x—-5

b. lim f(x)

X —0

c. lim f(x)

x—0

d. lim f(»

x>0

R (N

Solution : Figure 2.12

a. We need to find and compare the left- and right-hand limits of f(x) atx = —5.
As x approaches —5 from the left, f(x) approaches 1 and as x approaches —5 from
the right, f(x) also approaches 1. Therefore,

lim £ (x) =1
x—>-5
b. As x> o, the function values get more and more positive without end.

Therefore,
lim f(x) ==

X—>—a
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c. As xapproaches zero from the left, f(x) approaches 5. Therefore,
lim f(x)=5

x—0

d. As x— o, the function values get closer and closer to zero. Therefore
lim f(x) =0

XX

MU-EPP-FM-010 Issue date: 01November2025 Issue no.1 Page 18|33




[

ojliogJl

MANARA UNIVERSITY

Exercises 2.3
(1) Use the given graph of f(x) to find:

(i) Evaluate lLmf (x)

XL

(ii) Evaluate  lim £ (x)

(iii) Is there exist a Horizontal asymptote?

(iv) For what values of xis f(x) discontinuous?

(2) Use the given graph of A(x) to find:

(i) Evaluate lim h(x)

(ii) Evaluate lim hA(x)

X——x

(iii) Is there exist a Horizontal asymptote?

(iv) Is there exist a vertical asymptote?

(v) For what values of xis h(x)

discontinuous?
2.14
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2.4 Computing Limits Numerically

While almost all limits can be found graphically, as we have been discussing, it is not
always practical or necessary if the function is defined algebraically.

To evaluate lim f(x) we can find both the left- and right-hand limits by using tables,

X—=a
By choosing x values that get closer and closer to x = a from both sides, we can

anticipate the behavior of f(x).

x2-9

x-3

Example 1: Using tables, find lxi_rg

Solution:

we can find both the left- and right-hand limits by using tables. By choosing x values
that get closer and closer to x = 3 from both sides, we can analyze the behavior of

f(x).
Table 2.1

Limit from the left _ Limit from the right

<

X 2.99 2.999 2.9999 3 3.0001 3.001 3.01

f(x) 2.99 5.999 5.9999 ? 6.0001 6.001 6.01

Notice that when we chose values on either side of x = 3, they were values that were
very close to x = 3. It seems that as x approaches 3 from either side, the function
values are approaching 6. Therefore, it seems reasonable to conclude that:

limxz -8 _
x—3 X_s

6
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Example 2:

4 x<1
Using tables, find the following limits given that f(x) ={ 2. x>1
a. 1,‘_‘3} f(x)
b. lim £(x)
Solution:

a. We need to construct a table with x-values approaching 2 from both sides. Since
all of these x —values are in the domain of x > 1, we will use the part of the
function defined by »*to determine the function values in our table.

Table 2.2

Limit from the left _ Limit from the right

rd <

X 1.99 1.999 1.9999 2 2.0001 2.001 2.01

f(x) 3.96 3.996 3.9996 ? 4.0004 4.004 4.04

Approaching x = 2 from both the left and the right sides shows that the function

values are approaching 4. Thus, LI_Y)TZI f(x) =4,

b. We need to construct a table with x-values approaching 1 from both sides. All x —
values approaching x = 1 from the left are in the domain x < 1, so we will be using
the part of the function defined by 4 when finding these function values. All x —
values approaching x = 1 from the right are in the domainx > 1, so we will use
x* to find these function values in our table.
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Table 2.3
Limit from the left Limit from the right
X 0.99]  0.999 0.9999 1 1.0001 1.001 1.01
f(x) 1 1 1 ? 1.0002 1.002 1.0201

As x—»1 from the left, f (x) seems to be approaching 4, while asx—»1 from the right,
f(x) seems to be approaching 1. Since these are not equal, by definition, le_r}ll f(x)

does not exist.

Making tables can still be as time-consuming as graphing, so we will use the following
rules to algebraically evaluate limits more efficiently. Most of these rules can
intuitively be verified from looking at the previously worked examples.

Exercise 2.4

(1) Fill in the given table and use it to find l.if} f(x).

X 1.99 | 1.999( 1.9999 2 2.0001| 2.001 2.01
-2
f(x) =— ?
ol x-2
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(2) Fill in the given table and use it to find lim g(x) .

x F0.01 [-0.001 }0.0001 0 0.0001 0.001 0.01
x+1, x<0
g(x) =13, x=0
X+1, x>0

2 p—
(3) Using tables, find lim™ -
x—2 X — 2
3x ,x<2
: . . . . f —
(4) Using tables, find the following limits given that (x) {Xz -
a. lirrzl f(x)
b. lin} f(x)
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2.5 R f Limi
If @, ¢, and n, are real numbers, then

1) lime=c (The limit of a constant real number is that number.)

2) lim p(x) = p(a) where p(x) is any polynomial
( The limit value of a polynomial is the function value at that point.)
3) lim[c: f(x)]=c-lim £(»)

(The limit of the product of a constant and a function equals the constant times
the limit of the function.)

4) lim[ £()+g(]=1im f(x) +lim g(x)

(The limit of the sum or difference of two functions equals the sum or
difference of the limits of the functions.)

5) lim([ £(9- g(9)] =|lim £(3 | limg(» |
(The limit of the product of two functions is the product of the limits of the
functions.)

lim f(x)
6) imtP —x2s it fim g 0
x—a g(x) l*l-l;[:: g(x) x—a

(The limit of a quotient is the quotient of the limits of the numerator and
denominator if the limit of the denominator is not zero.)

7) 1‘{1_12[ f (x)]" = [1332 % (X)] (provided this is defined)

(The limit of a function raised to a power equals the limit of the function raised to
the power provided the math makes sense.)
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Example 1 Evaluate:
a. lul_ll X +2x—-4
b. lim X =9

a3 x-—3
C. lim :

>4 y— 4
Solution:
a. lim ¥ +2x-4=(-1)*+2(-)-4=-5 (Rule 2)

_g limx*-9

b. lil’n — 23 (Rule 6)

=3 x—3  limx—3

x—3

Indeterminate form (Rule 2)

Il
ol|o

When you get % it is called an indeterminate form and you must try other techniques

to determine the limit. In this case, factor both the numerator and denominator and
cancel common terms to remove the zero in the denominator. Then, apply the limit
rules to the simplified expression.

lim X9 e e[ ol (Factor)
x—3 x—3 x>3 (X_s)
=lim x+3 (Cancel common terms)
lim 1
c. lim = a4 = (Rule 6)
= x —4 hn‘l.(x—ll)
= 51*— = (Rules 1 and 2)
e 1
hm = . =
x>t x —4  lim (x —4)

x—d
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Thus : limLzDNE
-4 x —4
This is not defined and whenever you get a result of a non-zero number over zero,
there are no common factors in the numerator and denominator which can be
cancelled. Therefore, there is no way to rid the denominator of its zero term, meaning
that the limit does not exist. Looking at the graph of the function near x = 4, we can
see what is happening. Notice this is the same function we analyzed when finding
limits graphically. There, we also found that the limit does not exist.

While these rules also apply when looking for limits at infinity (or negative infinity),
it is almost always necessary to algebraically manipulate the expression of the
function to determine the limit.

2x -7

2

Example 2: Evaluate lim

6—-3x

2%_7 lim2x2—7

s lim = 2 Z—
SOlllthIl. A 6_3X2 lim6_3jzz —0

A=

o0

o0 o0 —0

— or — or — are all also known as indeterminate forms. When this form occurs
—0 o0 o0

when finding limits at infinity (or negative infinity) with rational functions, divide

every term in the numerator and denominator by the highest power of x in the

denominator to determine the limit. Since ¥ is the highest power of x in the

denominator of our function, we have
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24\’2—7 lim(2X2—7)TX2

lim e
= 6-3%  lim(6-3x )+ ¥

XL

Example 3: Find im> if it exist

x—9 X—g

Solution:

3—/x
m

0
= — Indeterminate form,
x—9 y — 9 0

Multiply by the denominator conjugate, we have:

i 3— «/_3+\/_
T

lim—m"M————- 9-x)
5 (x-9)3+Vx)
-1 —1

A-v9 3+J—
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Exercise 2.5
Find each Limit if it exist :
(1) limx*—4x -21 () lin}(12x3+xz—1)
(3) lim(3(x~1)) (4) limX*L
x5 x> X + 2
2 2
©) xll—g] x—4 ©) ‘li_r,r‘l x—4
2
(7) lim (8) fim X
oty —4 x=>-1 x4+ 1
- 2
©9) lim 2x°—-x-3 (10) lim2x+1
1 x+1 3 x—3
(11) lim ol (12) lim Vx -2
X3 X + 2 x4 X—4
2
13) x -1 14) 1 x+1-2
19 7 14) 2
. 3-x . 4-x
(15) lim — (16) 11232_&
. Xx‘=5x+6 X+ 7
= - g
. xX242x -3 . xt=4x+3
(19) Hn 3x +9 (20) hn x*-9
-1 . (x-6)*-36
21) lim—>——— 22) i X=2) =0
@1) n 2 —2x+1 (22) i X
) X . X =2x+1
(23) }‘lg‘]'xz-Sx (24) :l‘lj}l]—x—
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(25) lim Zf =
Jﬂ-ix -
2
@7

(26) IimM
o 3y -1

(28) lim

sy = 2x 41

2
(30) mE X2

m xt -5x 14
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2.6 Trigonometric Limits

When working with limits of trigonometric functions it might be helpful to:

1. Remember that all previous algebraic “rules for limits™ are still valid

2. Try to “plug in” the “target value™ — watch for undefined terms and ** 2.

3. Write all functions in terms of siné or cosé.

4. Algebraically manipulate the function to look for a “replacement function”.
5. Work towards the 3 “*special limits™

,0 is measured by Radians

»
»

Q (1.tanx)

H—(cosx sin x

)
| lan x
\ sin x
X \ (l 0)

S

Figure 2.15
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MANARA UNIVERSITY

tan@
Examples 1: evaluate lim an

-0 gin @

Solution: direct we get indeterminate form , divided by the angle ,

tan® lim tand
tand o 050 @ 1
lim =l = =—=1
90 sin@ ¢—o0 sind sind 1
lim
& a0 £
1-cosd
Examples 2: evaluate lim ———
# -0 Sm0
1-cosé@ 1-cos@ 1+cos@
Solution: lim = lim ; Multiplied by the conjugate,
-0 gin@ >0 sin@ 1+cosé p Y Jug

1- cos?*@ g sin*@

= lim = lim
-0 sin@(1+cosd) ¢ sinf(l—+ cos )

i sin @ lim sin & 0 o
-0 (1+ cos &) l)irr})(l+cos a) 1+1 2
o —

N cot@ sin&
Examples 3: evaluate lim T

Solution:
2 sin@
lim cot@sin& — lim tan@
2 -—>0 2sect? H—->0 2 1
‘cos @
— lm cos@siné& | l”it_po cos@sing
&0 2tan & IJ'JnO 2tan@
= lim cos@.lim ﬂ:coso.llim sing =1.l.1=l
-0 >0 2tan& 20 o tan @& 2 2
. sin5&
Examples 4: evaluate lim %
Solution:
sin5% 1 _, sin5%2 5 sin5% 5 5
m =—lim = —lim =".1==
9 -0 &9 390 8 3590 5'.9 3 3

sin@ — cos &

: Hm
Examples 5: evaluate L =0

Solution:
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. sinf—-cos@ . siné —cos
lim —————=1lim - =
65 cos20 67 cos @-sin" 0@
. - (cosf —sin0)
= lim
65 (cos#—sinf)(cos@+sinf)
i o e e
0% (cosO+sinf) 2 2 2 2
.____+____
2 2
Corollary
i S000) 8 g R B Y ey
a0 bé b 00 b b o0 sin#
,0 is measured by Radians
tan (ax) 'x<0

Examples 6: let f(x) = { x
2(x—1)+a?,x 20,

Find the value of a such that lirgt f(x) is Exist
xX—=
Solution: lim f(x) = lim 2(x—1)+a®*=-2+a*
x—=0% x-0*

tan(ax)

lim f(x) = lim
x=0" x-0*

Since lirgz f(x) is Exist ,then :
xX—
Ji £ = i 1)
-2+a*=a
a*—-a—-2=0

a=-1,ora=2
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Exercise 2.6

Evaluate the following.

L limsm10x:
-0 3y
x=0 12X COS X

5. il =
x40 gin 3x

9. lim
x—{) 6x
f T L

x—m sin(x - 1)

sin2x — 3x* + 2x _

sinbx

2. lim
x-0  2x

tan4
4. lim 227X
x—0 X

6 limsinle_
"0 gin 2x

~ sin®x —sinxcos x
8- llm =

x=0 XCOsX

10. lim cosl =

X X

12 limsinle_
30 tan3x

2 -
13. 1im1__C°_5_X= 14. lim tan 4 x sinx:
=0 3y x50 Ix
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