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Moments, Couples, and Force Couple Systems

The tendency of a force to rotate a rigid body about :3.1 Introduction to Moments

any defined axis is called the Moment of the force about the axis

MOMENT OF A FORCE - SCALAR FORMULATION: :
M=F.d (N.m)

The moment, M, of a force about a point provides a measure of the tendency for

rotation (sometimes called a torque)

M=F.d
The Moment of Force (F) about an axis through Point (O) or for short, the
Moment of F about O, is the product of the magnitude of the force and the

perpendicular distance between Point (O) and the line of action of Force (F).

Mo = F.d
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MANARA UNIVERSITY

The units of a Moment are:

® N:min the Sl system
® |bs.ft or /bs.in in the US Customary system

Properties of a Moment:

® Moments not only have a magnitude, they also have a sense to them.

® The sense of a moment is clockwise or counter-clockwise depending on which

way it will tend to make the object rotate

(b) My =-Fd (a) M=+ Fd

® The sense of a Moment is defined by the direction itis acting on the Axis and

can be found using Right Hand Rule
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Moment axis
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(a) Sense ()l“ rotation

Varignon's Theorem:
® The moment of a Force about any axis is equal to the sum of the moments of

its components about that axis

@ This means that resolving or replacing forces with their resultant force will

not affect the moment on the object being. In the 2-D case, the magnitude of

the momentis M,=Fd

Sense of rotation

As shown, d is the perpendicular distance from point O to the line of action of

the force.

In 2-D, the direction of Mg is either clockwise or counter-clockwise, depending
on the tendency for rotation.

Cross Products:
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C=AXB

Magnitude : C =A.Bsiné

Direction :Vector C has a direction that is perpendicular to the plane containing

A and B, such that Ciis specified by the right —hand rule, curling the fingers of

the right hand from vector A (cross) to vector B, the thumb points in the

direction of C.
C=(A.Bsin@ ).U.
Where the scalar A. B sin 0 defines the magnitude of C

and the unit vector UC defines the direction of C.

A XB =laA) X B=A X (aB) = (A X Bla

A X(B+-D)={A < B)+ (A =< I
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Cartesian Vector Formulation.

T
ixj=k ixk=—f ixi=0
oo » jxk=i jxi=-k jxj=0

kXxi=j kxj=—i kxk=20

k=ixj

AXB=Ai+Aj+tAK X(Bi+Bj+ Bk
=ABXi)+ABAXj)+ABI(XEkK
+AB(Xi)+ABGX )+ AB( XKk
+ABkXi)+AB(kXj+ABkXxEk

AXB=(AB —AB)i—(AB —AB)j+(AB, —ABKk

. N i j k
‘;thw,:.’g | |AXB=[4, A, A
A Al ) B, B, B,
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For element 1

Remember the
negative sign

For clement |- A —jAB. — AR )

Forekmentk |4, A A | = kid B, -AB)

Moment of force -vector formulation :

My =rxF
Magnitude: My = r.Fsinf = F(rsinf) = F.d

Direction :The direction and sense of MO in are determined by the right-hand rule as it

applies to the cross product. Thus, sliding r to the dashed position and curling the right-
hand fingers from r toward F, “r cross F,” the thumb is directed upward or perpendicular to

the plane containing r and F and this is in the same direction as MO
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Moment axis
Moment axis

A m,
M, =
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(b)

Principle of Transmissibility:

*T__,llu=r|><F=r3><F=r;><l-‘

| ]

Line of action

}'lr_i-=[‘|?'fF=]':}fF=l'_:,:“:F

Cartesian Vector Formulation? If we establish x, y, z coordinate axes, then the

POSitiOI’I vector r and force F can be BXPI'ESSEd as Cartesian vectors
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Moment

AXIS \\
F
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-rX, I‘y, FZ represent the x, Yy, Z components of the position vector drawn from

point O to any point on the line of action of the force.

- FX, Fy, Fz represent the x, y, z components of the force vector.

M, = (nF. = )i = (oF, = nF)j + (oF, = nF)k
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Resultant Moment of a System of Forces:
If a body is acted upon by a system of forces, the resultant moment of the forces

about point O can be determined by vector addition of the moment of each force.

(Mg), = Z(r X F)

This resultant can be written symbolically as:

Example 1: Determine the moment produced by the force F in about point O.

Express the result as a Cartesian vector.

(b) (a)
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As shown in Fig b, either rA or rB can be used to determine the moment about

point O. These position vectors are:
r, = {12k} m"and"rg = {4i + 12j} m
Force F expressed as a Cartesian vector is

_ [4i + 12j — 12k} m
F = Fu,, = 2kN

VidmpP + (12m)? + (—12 m)?

= {45881 + 1.376j — 1.370k} kN

Thus
i i k
M, =r, X F = (] (] 12
(0.4588 1.376 —1.376
= [(M—1.376) — 12(1.376)]i — [O(—1.376) — 12{0.4588)]j
+ [W1.376) — WO.4588) ]k
= {—165 + 5.51j) kN-m Ay
i i k
M,=r, xF=| 4 12 0

(4588 1376 —1.376

= [12(=1.376) — O(L.376)]i — [4(—1.376) — O(0.4588)]j
+ [4(1.376) — 12{0.4588)]k

= [~165i + 551j) kN-m Ans
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Example 2 :Two forces act on the rod shown in Fig. a. Determine the resultant
moment they create about the flange at O. Express the result as a Cartesian

vector.

F, = [—60i + 40§ + 20k] Ib

-
x 41
A5t
F. = |8l + 40§ — 30k} Ib

(a) (b)

(Mg) = Z(r X F)
=ry, XF, +rg XF;
i i k i k
=10 5 0|+|4 5 -2
—60 40 20 80 40 30
= [5(20) — 40)]i — [0]j + [0040) — (5N —60)]k

+ [5(=30) — (—2)40))i — [4(—30) — (—2NBO]j + [4(40) — 5(80) ]k
= [30i — 40j + 60k} Ib- fi

Moment of force about a specified axis:
Scalar Analysis. To use a scalar analysis in the case of the lug nut in Fig. a, the
moment arm, or perpendicular distance from the axis to the line of action of the
force, is dy =d cos 0. Thus, the moment of F about the y axis is:

My =F dy=F(d cos 0). According to the right-hand rule, My is directed along the

positive y axis as shown in the figure. In general, for any axis a, the moment is:
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Moment axis

Vector Analysis:

we must first determine the moment of the force about any point O on the y axis,
MO =r x F. The component My along the y axis is the projection of MO

using the dot product :My =j.My=j.(r xF)

We can generalize this approach by letting ua be the unit vector that specifies the
direction of the a axis. Then the moment of F about a point O on the axis is

MO =r x F, and the projection of this moment onto the a axis is Ma=ua. (rx F).

This combination is referred to as the scalar triple product.

i j k
M,=lui+ujtuklr. r r
F, F F

= u, (r,F. - r._!-'.,_.b —u, (rF.—rF)+ !r:,.H;FI._. - f:,_fL]

Axis of projection
where uax, uay, uaz represent the x, y, z components of the unit vector defining

the direction of the a axis. rx, ry, rz represent the x, y, z components of the
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position vector extended from any point O on the a axis to any point A on the line
of action of the force Fx, Fy, Fz represent the x, y, z components of the force vector.

Provided Ma is determined, we can then express Ma as a Cartesian vector, namely
M,=M,U,

Important Points

* The moment of a force about a specified axis can be determined
provided the perpendicular distance da from the force line of action to the
axis can be determined. Ma=F .da.

e If vector analysis is used, Ma=ua. (r x F), where ua defines the direction
of the axis and r is extended from any point on the axis to any point on the
line of action of the force.

o If Ma is calculated as a negative scalar, then the sense of direction of Ma
is opposite to ua.

* The moment Ma expressed as a Cartesian vector is determined from Ma

= Ma.ua

Force Couples

oA Couple is defined as two Forces having the same magnitude, parallel
lines of action, and opposite sense
@ In this situation, the sum of the forces in each direction is zero, so a

couple does not affect the sum of forces equations
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A force couple will however tend to rotate the body

M ry < F +r, x —F (rp —ry) X F
Howewver rg r, trorr ry; — I,,sothat
M r <X F

This result indicates that a couple moment is a free vector, i.e., it can act at any
point since M depends only upon the position vector r directed between the
forces and not the position vectors rA and rB, directed from the arbitrary point

O to the forces

A=
.

-F 0

Scalar Formulation. The moment of a couple, M,, is defined as having a

magnitude of M=F.d

where F is the magnitude of one of the forces and d is the perpendicular distance
or moment arm between the forces. The direction and sense of the couple
moment are determined by the right-hand rule, where the thumb indicates this
direction when the fingers are curled with the sense of rotation caused by the
couple forces. In all cases, M will act perpendicular to the plane containing these

forces.
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Vector Formulation. The moment of a couple can also be expressed by the
vector cross product using

M=r ®XF
Equivalent Cou ples. If two couples produce a moment with the same
magnitude and direction, then these two couples are equivalent .
Resultant Cou ple Moment. Since couple moments are vectors, their

resultant can be determined by vector addition
. Pb'Iﬁ- ?4-'1| " Pb'Il
If more than two couple moments act on the body, we may generalize this concept

and write the vector resultant as

I.F'I_.r,;- E'::r > [-"}

Important Points

* A couple moment is produced by two noncollinear forces that are
equal in magnitude but opposite in direction. Its effect is to produce

pure rotation, or tendency for rotation in a specified direction.
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* A couple moment is a free vector, and as a result it causes the same
rotational effect on a body regardless of where the couple moment
is applied to the body.

e The moment of the two couple forces can be determined about any
point. For convenience, this point is often chosen on the line of
action of one of the forces in order to eliminate the moment of this
force about the point.

* In three dimensions the couple moment is often determined using
the vector formulation, M =r x F, where r is directed from any point
on the line of action of one of the forces to any point on the line of
action of the other force F.

e Aresultant couple moment is simply the vector sum of all the

couple moments of the system.

SIMPLIFICATION OF FORCE AND COUPLE SYSTEM

When a number of forces and couple moments are acting on a body, it is easier to
understand their overall effect on the body if they are combined into a single force
and couple moment having the same external effect .The two force and couple
systems are called since they have the same effect on

the body.
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When several forces and couple moments act on a body,
you can move each force and its associated couple moment
to a common point O .Now you can add all the forces

and couple moments together and find one resultant force—couple

ng = EF

. MR() =5 EM{ == EM(_)
moment Palr.

= | S
< 3] M= r, < F,
L ¥, 2 2 2
O r, M, - ; F, o
M, .
r2
o (&)
k <

If the force system lies in the x-y plane (a 2-D case), then the reduced equivalent

system can be obtained using the following three scalar equations:
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FRI = ZFx
FRI. . 251..-

Mg, =3M,+ Mo

Important Points

* Force is a sliding vector, since it will create the same external
effects on a body when it is applied at any point P along its line of
action. This is called the principle of transmissibility.

* A couple moment is a free vector since it will create the same
external effects on a body whenitis applied at any point P on the
body.

* When a force is moved to another point P that is not on its line of
action, it will create the same external effects on the body if a couple
moment is also applied to the body. The couple moment is

determined by taking the moment of the force about point P.
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Further Simplification of a Force and
Couple System

Procedure for Analysis The technique used to reduce a coplanar or parallel force
system to a single resultant force follows a similar procedure outlined in the
previous section.

o Establish the x, y, z, axes and locate the resultant force FR an arbitrary distance
away from the origin of the coordinates. Force Summation.

* The resultant force is equal to the sum of all the forces in the system.

* For a coplanar force system, resolve each force into its x and y components.
Positive components are directed along the positive x and y axes, and negative
components are directed along the negative x and y axes. Moment Summation.
* The moment of the resultant force about point O is equal to the sum of all the
couple moments in the system plus the moments of all the forces in the system
about O.

e This moment condition is used to find the location of the resultant force from

point O.

EXAMPLE 3:Determine the moment about point A of each of the three forces

acting on the beam.
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F3; =160 Ib

C+ (Mp)a = —375(8)

= —3000 Ib-ft = 3.00 kip - ft (Clockwise)
C+ (Mp)a = —5!)(](%)(14]

— —Sﬁ(ll)h]b-ft = 5.60 kip - ft (Clockwise)
G+ (Mg)a = —160(cos 30°)(19) + 160 sin 30°(0.5)

= —2593|b-ft = 259 kip - ft (Clockwise)

EXAMPLE4 :The 20-N horizontal force acts on the handle of the socket wrench.

Determine the moment of this force about point O. Specify the coordinate direction

angles of the moment axis.

20N

10 mm
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F = 20 (sin 60°1 — cos 60%) = {17.32i — 10j} N

roq = |—0.01i + 0.2j + 0.05k} m

My = roq X F
i i k
—0.01 02 005
1732 —10 0
— 10.5i + 0.8660j — 3.3641k} N-m

[0.51 + 0.866j — 3.36k} N-m

Mo = V(Mp)2 + (M)} + (Mp)2 = V0.5 + 0.86607 + (—3.3641)?
= 35096 N-m

L[ (M) ] _ ( 0.5 )
_ 1 _ 1 1o o
a = CoSs M, | = COS 35096 ) = 81.81° = 81.8
[ (Mo),] ).8660
B = cos! O | = cos ™! ([ ,ﬁﬁ{_) = 75.71° = 75.7°
F (Mp), ] —3.364
Yy = cos™! ( ”O} = cos"( 3 %E}i‘:l) = 163.45° = 163°
L Mgy 2. 2046

EXAMPLE 5 : The pipe assembly is subjected to the force of F={600i + 800j - 500k} N.

Determine the moment of this force about point A.
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Yac

= (051 + 0.7j — 03k} m

B'IIA = Iac *x F
=105 07 =03

= [—110i + 701 — 20k} N-m

i k

600 800 =300

EXAMPLE4 :The pipe assembly is subjected to the force of F = {600i + 800j - 500k} N.

Determine the moment of this force about point 8.

rge = (0.5 — 0.5)i + (0.7 = 0)j + (0.3 — O)k
= (0.7j — 0.3k} m

I\l B

=1gc X F

i i k
0 07 =03
600 800 =500

= {-=110i — 180j — 420k} N - m
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EXAMPLEG : Determine the moment of the force F about the door hinge at B. Express

the result as a Cartesian vector.

e

Moment of F About Point B.

Mp = rgc X F

i i k
=| 15  -2.8284 2.8284
—48.88 5698  —27.65

= {—82.9496i — 96.77j — 52.78k} Ib - ft
= {—82.91 — 96.8j — 52.8k} Ib - ft
rgc = [0 — (=1.9)]i + [=(3 + 4cos45°) — (=3)]j + (4sin45° — 0)k
= [1.5i — 2.8284j + 2.8284k] ft
rgp =[5 — (—=1.9)]i + [0 — (=3)]j + (0 — 0O)k = |-3.5i + 3j} ft
tep = (=5=0)i + [0 = [=(3 + 4 cos 45°)]}j + (0 — 45sin 45°)k
= [—5i + 5.8284j — 2.8284k] ft

_Si + 5.8284j — 2.8284k
F— F(rf—f’) _— J

rep V/(=5)2 + 5.8284% + (—2.8284)?

— (—48.88i + 56.98j — 27.65k} Ib
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EXAMPLE? : Replace the force and couple system shown in Fig. a by an equivalent

resultant force and couple moment acting at point O.

3KN (3 kN)sin 30°
\30°
- = - - =) o /= (3 kN)cos 30°
0.1 m | PRS-, 0.1m SO T
10 G A ! > = : 2
0A1'm .:: : ().l'm L j_\%ng
S - S r 5 - SO e - —
~— 0.2 m—§~ 0.3 m - F—02m—f—03m——+
4aNs
3 6NV
 / SkN L/
4kN 4 kN
(b)

Force Summation
(Fp): = (3kN)cos 30° + (3)(5kN) = 5.598 kN —

— {FR-}.I = EFH'
(Fp)y = (3kN)sin 30° — (2)(5kN) — 4kN = —6.50kN = 6.50 kN |

_T{FR}_T = E‘F'.':.
Fp= V(Fp2+ (Fp),t = V(5.598 kN)? + (6.50 kN)? = 8.58 kN

(Fr)y _,( 6.50 kN )
= 49.3°
(Fr)x 5.598 kN

f = [an"l(

Moment Summation

C+ (Mp)o = EMy:

(Mg)o = (3 kN) sin 30°(0.2 m) — (3 kN) cos 30°(0.1 m) + (2 )(5 kN) (0.1 m)
— (2)(5kN) (0.5 m) — (4 kN)(0.2 m)

= —246kN-m = 246 kN+-m ) Ans.

(Mg)p = 2.46 kN -m

(9}

A

(Fg), = 6.50 kN
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Example 8 :Replace the force and couple system acting on the member in Fig. a by

an equivalent resultant force and couple moment acting at point O.

500N 5
750 N 5 :
3 ¥
- (Mg)p = 37.5N'm
1 200 N H
0 Jr - > X
o) , )| 1 m /8 |(Fg),=300N H
L125m—+-125m— | -
| | 200N
Fr
(a) (Fg), = 350N (b)

Force Summation
B (Fp)e = SF (Fp)e = (2)(500N) = 300N —
+1(Fp), = 2F,; (Fg), = (S00N)(2) — 750N = —350N = 350N

Fp = V(Fp) 2+ (Fp)?

= V(300N)* + (350 Ny’ = 461 N

0= tan_'({FR}'T) = tan_l(jﬁn N) = 49.4°
Moment Summation (Fel J0ON
C+ (Mg)o=3My + M
(Mg)o = (500 N) (£)(2.5m) — (500 N) (2)(1 m)
— (750 N)(1.25 m) + 200 N-m
= —375N'm = 375N-m )
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EXAMPLE9 :The structural member is subjected to a couple moment M and forces
F1and F2in Fig. a. Replace this system by an equivalent resultant force and couple

moment acting at its base, point O.

z M=500N" -m

(‘“R)u

(b) ‘ (a)
SOLUTION :(VECTOR ANALYSIS) The three-dimensional aspects of the problem
can be simplified by using a Cartesian vector analysis. Expressing the forces and
couple moment as Cartesian vectors, we have:

F, = {—800k} N
F, = (300 N)ugy

r-
(300 NJ( ”’)
Fep

i {—0.151 + 0.1j} m
= 300N| — :
V(—=0.15m)? + (0.1 m)?

} = [—249.6i + 166.4j} N

M = —500 (%)j + 500()k = {—400j + 300k} N-m

Force Summation:
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F, = {—800k} N
F, = (300 N)u,y

r
(300 N :.( “’)
Fer

[—0.15i + 0.1j} m
300 N -
\V(—=0.15m)? + (0.1 m)

] = [—249.6i + 166.4j)} N

M = —500 (£)j + 500(3)k = {—400j + 300k} N+m

Moment Summation

(Mg), = M + M,
(Mg), =M +r- X F +ry XF,
i i] k
(Mg), = (—400j + 300k) + (1k) X (—800k) + | —0.15 0.1 1
—249.6 1664 0

= (—400j + 300k) + (0) + (—166.4i — 249.6j)
= {—166i — 650j + 300k} N-m
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