Tension and Compression in Bars: General Case
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Objectives: Mechanics of Materialsinvestigates the stressing and the deformations of structures subjected
to applied loads, starting by the simplest structural members, namely, bars in tension or compression.
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In order to treat such problems, the kinematic relations and a constitutive law are needed to complement

the equilibrium conditions which are known from Engineering Mechanics (Statics). e Tyl o o943
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The kinematic relations represent the geometry of the deformation, whereas the behavior of the material
is described by the constitutive law. The students will learn how to apply these equations and how to solve
determinate as well as statically indeterminate problems. S Byyie Al Gyl LiigSue 8 yyie J5lume i)l oy
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Tension and Compression in Bars: General Case

L et us now consider a bar with only a 5//'g/7ttaper In this case the normal stress may be not

N X ..
calculated from o = o ~with a sufficient accu racy.
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In the General case the area A and the stress 0 depend on the location along the axis. If volume forces act
in the direction of the axis in addition to the concentrated forces, then the normal force N also depends on
the location. Introducing the coordinate X in the direction of the axis we can write:

Here it is also assumed that the stress is uniformly distributed over the cross section at X.

N(x)
A(x)
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Strain 5 g |

L et us first consider a bar with a constant cross-sectional area which has the

undeformed length . Linyd o9dia pe ol Jsbog culs roday caund ) Sladl Yol fug

Under the action of tensile forces (Fig.) it gets slightly longer. | |
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The elongation is denoted by Al and is assumed F F

to be much smaller than the original length [. L Jslall a0 Tus pdo lade f (asiasy Al Jollatll 1L 5a s

As a measure of the amount of deformation, it is useful to introduce, in addition to the

iy Jolatl gl yunias

elongation, the ratio between the elongation and the original (undeformed) length: ¥l Joladlg Jollazll oy
Al
£=—
[

The dimensionless quantity € is called strain. (=1as>9 G9s) go¥ ylude ogidl |yLais | Liag qudd! Jglall o941l

Example: If, for example, a bar of the length [=1m undergoes an elongation of AL = 0.5 mm then we

have € = 0.5 X 1073, This is a strain of 0.05%.
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If the bar gets longer (Al > 0) the strain is positive; it is negative in the case of a shortening.
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In what follows we will consider only small deformations | |
Logs 8 piue olag s o o2 (s Loy [ [ -t ] ]

AL < Lor|e| « 1. - =
Al

The above definition € = ~ for the strain is AN JASJLT_;_}\; paiclll S 13) Lazd galundl _5:,)_,_ﬁ| a

valid only if € is constant over the bar length.

[ | undeformed bar

I

|
If the cross-sectional area is not constant or if the bar is su bjected L
|

to volume forces acting along its axis, the strain may depend on

I | deformed bar

|
the location. ]

Instead of the whole we consider an element of the bar (Fig.). It has the length dx in the undeformed state.

Its left end is located at x, the right end at x + dx.
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Instead of the whole we consider an element of the bar (Fig.). It has the length dx in the
undeformed state. Its left end is located at x, the right end at x + dx.

|
|
If the bar is elongated, the cross sections undergo displacements | ] I undeformed bar

in the x-direction which are denoted by u. They depend on the LI | ‘1

I | deformed bar

location: u = u(x). '

Thus, the displacements are U at the left end of the elementand u + du at the right end.

The length of the elongated elementis dx + (u + du) —u = dx + du.

Hence, the elongation of the element is given by du. Now the local strain can be defined as the ratio
du

between the elongation and the undeformed length of the element: £(x) = -
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Single Bar under Tension or Compression

There are three different types of equations that allow us to determine the stresses & the strains in a

bar: the equilibrium condition, the kinematic relation and Hooke’s law.

Depending on the problem, the equilibrium condition may be formulated for the entire bar, a portion of

the bar or for an element of the bar.

We will derive the equilibrium condition for an element. For this purpose we consider a bar which is

subjected to two forces F'; & F',, atits ends and to a line load 7. = 1.(X), see Fig.a.
ndx
-+ |- - - — ] — |
7, (@] p,) N N+dN
g r |+ |—q (1.." a-l
g e ‘ I - L r+da

The forces are assumed to be in equilibrium. We imagine a slice element of i
separated from the bar as shown in Fig.b.

nfinitesimal Iength dx

The F. B. D. shows the normal forces N and N + d NN, respectively, at the ends of the element; the line
load is replaced by its resultant ndx (note that 1 may be considered to be constant over the length dx).

Equilibrium of the forces in the direction of the axis of the bar
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- N + dN + ndx — N = 0

ndx
ields the eqguilibrium condition -—E — -] — [
dN - | == | dz —
dx+n=0 T -] p ¢ ohdr
In the special case of a vanishing line load (n = 0) Fi=F,=N
, , . . du o
The kinemaric relation for the bar is e T and Hooke's law is given by £ = =
X
If we insert the kinematic relation and @ = N /A into Hooke’s law we obtain
du N(x)

£ = 0 T EAG)

This differential equation relates the displacements () of the cross sections and the normal force N (x).

It may be called the constitutive law for the bar.

du
N(x) = EA(x)e(x) = EA(x)E

The displacement U of a cross section is found through integration of the strain:

X

€=Z—Z—>jdu=jedx—>u(x)—u(0)=foedf.
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The elongation Al follows as the difference of the displacements at the ends x = [ and x = 0 of
l

Al =u(l) —u(0) = f sdx

0
with & = du/dx andthe constitutive law for the bar this yields

B LN(x)
Al—f0 EA(x)dx

the bar:

In the special case of a bar (length [) with constant axial rigidity (EA = const) which is subjected only
to forces atitsend (n = 0, N = F) the elongation is given by

Al = : F(:F—EAAZ
 EA o

EA
Quantity — is the axial rigidity (Stiffness) of the bar.

The Inverse a is the axial f/exibility of the bar
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If we want to apply these equations to specific problems, we have to distinguish between

star/'ca/b/ determinate and star/'ca/b/ /ndeterminate pro blems.

In a statically determinate system we can always calculate the normal force N (x ) with the aid of the
equilibrium condition.

Subsequently, the strain E(X) follows from o = N/A and Hooke's law & = O'/E. Finally,
integration yields the displacement U(.X') and the elongation Al.

In a statically indeterminate problem, with the equilibrium condition alone the normal force
cannot be calculated.

In such problems the basic equations (equilibrium condition, kinematic relation and Hooke’s law) are a
system of coupledequations and have to be solved simultaneously.

Finally we will reduce the basic equations to a single equation for the displacement U.

By combining the two equations: £ = d_u — l d_N +n=0 To get:

dx EA dx

d du (N) _ With, the primes denoting

— | EA— "N — _
dx dx derivatives with respect to X (EAu ) n
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illustrative example As a statically determinate system let us consider a slender bar (weight W, cross-
sectional area A) that is suspended from the ceiling (Fig.a).

First we determine the normal force caused by the weight of the bar. We cut the bar at an arbitrary position x (Fig.b).
The normal force N = the weight I/ * of the portion of the bar below the imaginary cut. “

Thus, itis givenby N(x) = W*(x) = W(l — x)/l. Then the normal stress is 1
T

N(x) W X
x) = = 1—-—
ot =—==7(1-7) |
Accordingly, the normal stress in the bar varies linearly; it decreases from the value I W

0(0) = W /A at the upper end to o(l) = 0 at the free end.

The elongation Al of the bar due to its own weight is obtained from W*= lﬁ—i %%

Al = j dx = - l(1 x)dx—1Wl
[ 2EA + N N
It is half the elongation of a bar with negllglble weight which is subjected to the force W at the free end.
We may also solve the problem by applying the differential equation (EAu')" = —n for the displacements u(x) of the cross

sections of the bar. Integration with the constant line load n = W /[, yields

EAu" = —w/I = FAu' = —-(w/Dx+C;, = EAu=—-(Ww/2D)x? + C;x + C,
C, & C,, constants of integration, can be determined from the boundary conditions. The displacement of the cross section at
the upper end of the bar is equal to zero: u(0) = 0. Since the stress ¢ vanishes at the free end, we have u'(l) = 0. This leads
toC, = 0and C; = W. Thus, the displacement and the normal force are given by

1 Wl x? 1WI X
_ —— — — — | Theb I ti — e — I — —_ —
u(x) = o ( l ) e bar elongation Al = u(l) = A7 and the normal force N(x) = EAu w1 l)
m 4/1/2026 https://manara.edu.sy Mechancs of Materials 10




illustrative example As an illustrative example of a statically indeterminate system let us consider a solid
circular steel cylinder (cross-sectional area Ag, modulus of elasticity E, length [) is placed inside a copper tube
(cross-sectional area A,, modulus of elasticity E ., length [). The assembly is compressed between a rigid plate
and the rigid floor by a force F (Fig.a). Calculate the shortening of the assembly and Determine the normal Forces
in the cylinder and in the tube..

Solution: 4 unknowns, ‘F J'Fc ‘Fs |F
Denote the compressive forces in the steel cylinder and in the copper tube by —— | |
F¢and F, respectively (Fig.b). Equilibrium at the F. B. D. of the plate yields ) st
Fs+F.=F. s 1| f
Fe

Since equilibrium furnishes only one equation for the two unknown forces Fs
and Fc, the problem is statically indeterminate.

|
|
|
i
|
i
@
|
obtain a second equation by taking into account the deformation of the system. |

|

|

|

|

|

|

|

:
The shortenings (here counted positive) of the two parts are given according to 7777 7 Z
Al = (I/EA)F, by

Fo+F.=F.

Alc = AlS

LF lF
AlC — ¢ and AlS — S
EcAc EsAg
The plate and the floor are assumed to be rigid. Therefore the geometry of the problem requires that the shortenings of the
copper tube and of the steel cylinder coincide. This gives the compatibility condition Al- = Alg = Al

Sub. in the two last equations gives  Fg = E¢AgAl/l and Fo= EcAcAl/l  Sub. these into the equilibrium Eq. gives

= FS — F Og = F FC = F Oc = F
ESAS + ECAC ESAS + ECAC ESAS &5 ECAC ESAS + ECAC ESAS + ECAC

Al
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Example 1
A bar (length [ ) with a circular cross section and a slight taper (linearly varying from

radius 7, to 2r,) is subjected to the compressive forces F as shown in Fig.a. Determine
the normal stress o in an arbitrary cross section perpendicular to the axis of the bar.

Solution We introduce the coordinate x, see *‘ﬂl___ }.,,ﬂ )
i i i VF R i
F|g.lc.>. Thenothe radius of an arbitrary cross a E | !
section is given by
" X
r(x) =1y + Tox =1o(1 + 7)
Using ¢ = N /A with the cross section A(x) = m r?(x) and the constant normal force N = —F , yields

N  —F
A(x) w21+ 7)?

The minus sign indicates that o is a compressive stress. Its value at the left end (x = 0) is four
times the value at the right end (x = [).

o(x) =
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Example 2 A water tower (height H, density p) with a cross section in the form of a circular ring
carries a tank (weight W) as shown in Fig. a. The inner radius 7"; of the ring is constant.

Determine the outer radius 7" in such a way that the normal stress g in the tower is constant along

its height. The weight of the tower cannot be neglected.

S R A
-
]
|

Solution: Consider the tower to be a slender bar. The relation between (

stress, normal force and cross-sectional area is given by 0 = N /A.

H

In this example the constant compressive stress 0 = 0 is given; the

normal force (here counted positive as compressive force) and the

e
area 4 are unknown.

The equilibrium condition furnishes a second equation. We introduce the coordinate x
as shown in Fig.b and consider a slice element of length dx. The cross-sectional area of
the circular ring as a functionof x is: A = m(r? — )

where ¥ = 1 (Xx) is the unknown outer radius. The normal force at the location x

is given by N = 0,A. At the location x + dx, the area and the normal force are
A+ dAandN + dN = o,(A + dA).
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The weight of the elementis dW = pg dV where dV = A dx is the volume of the element.

Note that terms of higher order are neglected. Equilibrium in the vertical direction yields

T: 0p4 + d4) — p9gdV —o,A =0 = o0,dA — pgAdx = 0.

Separation of variables and integration lead to

fdA A pgx

=] — > A=A 0.
dx nA0 o g€ 90

_— s o e e — — o

-
o=
=

The constant of i mtegratlon A follows from the condition that

'
!

— |
the stress at the upper end of the tower (forx = 0: N =W, #H ! N LIIL 4
also has to be equal to 0 y: 2 ! l'f IRE
Ay ' 0 Oy . T ﬁ{’.’f’fffffffffffﬂ A+4+dA .
a

Substituting this into the above two Equationsyield the outer radius:

| pgx
r2(x) =rf + —e %
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Example 3 A slender bar (density p) is suspended from its
upper end as shown in Fig. It has a rectangular cross section
with a constant depth and a linearly varying width. The cross
section at the upper end is 4,.

Determine the stress g (x) due to the force F and the weight of
the bar. Calculate the minimum stress o, ;, and its location.

Solution It is reasonable to introduce the x-coordinate at the intersection of the extended
edges of the trapezoid. The x dependent cross section area foIIows thenas: A(x) = Ayx/h

a2

With the weight: W (x) = pgV (x) = pg fo(E)dE pga, = —
of the lower part equilibrium provides: N(x) = F + W(x) = F + pgA
N(x) Fh+3pgho(x* —a?)

A(x) on
do

The location x™ of the minimum is determined by condition: = =0

do  pgAgx(Agx) — AgFh — SPgAG(x? — a?) _ pgAo(x® +a*) — 2Fh
dx A5 x? = 24,2

https://manara.edu.sy Mechancs of Materials 15
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do 0 pgAoy(x* + a*) — 2Fh 2Fh

—_ = = — O = * — 2
dx 2A0x? * y pgAa, g
Where the value of the minimum stress is
— o(x*) = 2Fh , )
Omin = OX _pgwpgAO a = pgx

Note:

e For pg = 0 (“weightless bar”) no minimum exists. The largest stress occursatx = a.

* The minimum will be located within the bar, onlyifa < x* < h or
pgA,a?/(2h) < F < pgA,(h* + a?)/(2h) holds.
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Example 3 The contour of a light-house with circular thin-walled W T + ! *

cross section follows a hyperbolic equation
b? — a?
y2 — = 7 = Gl
Determine the stress distribution as a consequence of weight W of the
lighthouse head (the weight of the structure can be neglected). Given:

b=2at<Ka
Solution As the weight W is the only acting external load, the

normal force N is constant (compression): N = —W
The cross section area A is changing. It is approximated by (thin-walled structure with t <« y)

A(x) = 2myt = 2mt Jaz + bzh_zazx2 = 27Tt\/a2 + 3haz x% = 2mat /1 4 3x°
N , 2
3
The stress follows now as o W/(Znat 1+ ’fz )

Especially at the top & bottom position we get: a(x = 0) = —W /2mat, o(x = h) = —W /4nat

}-‘—b —l--l

Note: The stress at the top is twice as large as the stress at the bottom, which is a inefficient use of
material. This situation changes if the weight of the thin-walled structure is included in the analysis.
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