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2.1 Stress Vector and Stress Tensor moliadl (8 Lawlys cuead Ldeg . add luadll § sl Liwys
So far, stresses have been calculated only in bars. .a JSadl § LS Jomay sl G Lo usl cllid .(5,5Y)

To determine stresses also in other structureswe  .bJSadl 3 LS« 71 b llb suxs (00148 (Goius plade § laiig

must generalize the concept of stress.
Consider a body loaded by single forces Fi & area forces P (Fig.a).

The external load generates internal forces.

In an imaginary cut s-s through the body the internal area

forces (stresses) are distributed over the entire area A.

In the bar these stresses are constant over the cross section they now generally vary throughout the section.

Then the stress must be defined at the arbitrary point Pof the cross section (Fig.b). The area element AA

é
containing P is su bjected to the resultant internal force AF (note: according to the law of action and reaction the

same force acts in the opposite cross section with opposite direction).

. . : . - 5L olga/
The average stress in the area element is defined as the ratio AF /AA (force per area). Bl e
normal stress O

Stress vector at point Pof the section s-s is defined by: f = lim , decomposed into (L) olao dlga)
AA—0 AA shear stress

9
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9
In general, the stress vector t depends on the location of point Pin the section area A

q
The stresses also depend on the orientation of the section which is defined normal vector 71 .
It can be shown that the stress state at point P is uniquely determined by three stress vectors

F
for three sections through 7, perpendicular to each other.

Useful to choose the directions of a Cartesian coordinate system for the respective orientations. »
The three sections can most easily be visualized if we imagine them to be the surfaces

of a volume element with edge lengths dx, dy and dz at point P (Fig.c).

A stress vector acts on each of its 6 surfaces. It can be decomposed into its components

perpendicular to the section ( normal stress) and tangential to the section (shear stress).

The shear stress subsequently can be further decomposed into its components according ¢ 12

to the coordinate directions.

To characterize the components double subscripts are used: the first subscript indicates 2,
the orientation of the section by the direction of its normal vector whereas the second

subscript indicates the direction of the stress component.

For example, T. . is ashear stress acting in a section whose normal points in)/-direction; the stress itself points in x-direction.

yXx

The notation can be simplified for the normal stresses  Oxy = Oy, Oyy = Oy, Ozz = Oy
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Using the introduced notation, the stress vectors in the sections with the normal vectors pointing in x, y , z direction,

can be written as: £, = 0,0 + T,y ] + Ty k ty = Tyxl + 0y] + Tyk tz = Toxl + Tzy] + 07k
Positive stresses at a positive face point
in positive directions of the coordinates. Z Oz
T
* * * * —
Positive stresses at a negative face point .
yz dz/2
in negative directions of the coordinates. '
74 - oM —
: " : Oy Ty 1d-/2
Accordingly, positive (negative) normal dz . T |
Y=z [
stresses cause tension (compressmn) in the z1 *
volume element. / O -
T C |l adY/2 ol gdV/2 ol d

By means of the decomposition of the three stress vectors into their components we have obtained three normal stresses

T, sz). So nine stress components.

(0,,0 » 0 ,) and six shear stresses (Txy, Tz Ty Ty

But shear stresses are not independent. This can be shown by formulating the equilibrium condition for the moments about

an axis parallel to the x-axis through the center of the volume element (Fig.d).

~ o ay dz
w2 (7,,dxdz) — 2— (tzydxdy) = 0= 1,, = T,y similarly Tyy = Tyx and Tyz = Tzy

Shear stresses with the same su bscripts in two orthogonal sections are equal. complementary shear stresses
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As a final result of: There exist only six independent stress components at any point of the three dimensional body.
The components of the three stress vectors can be arranged in a matrix: T

Ox Txy Txz Txy Txz
o = Tyx Tyz Txy 0 yz

0z

TZ.'X,'

/. C
The main diagonal contains the normal stresses; the other elements are the symmetric shear stresses.
The quantity O is called stress rensor (the concept rensorwill be explained). The elements of @ are the components of the
stress tensor. The stress state at a material point is uniquely defined by the stress vectors for three sections, orthogonal to
each other, and consequently by the stress tensor.
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wﬁﬁ‘ U\JQMJ‘ JL:.\\ d.ql.a.a \.A_> S o (M 5 Ao 3|) b 45\.q.w L«Ja.u Y= (5""-"' .Ia_;)..w_g (Lu).a_’ UL)\}M 3\) u\ﬁ)b.m « g o]l

roliall 3 bl sl ¥l B crsg Sas¥l 230 aLuan¥1 Al s Al ag Al Ll (S5 Abolondl ol of il o 21 T9L Bl T yimlinll siin cdyad

Yﬁ\ L({J‘ @)Ja.a.” u‘)).al‘ p.‘a.a.n d@.a_v J.LL‘J*_S; L«« .Ia..ud‘ ua_uj AL:JY‘ ‘LuM.t L= ‘5—>_9 J-MALG-' p.‘a.a.n L&““‘JQ du.'«'.mj 44)5_21\

XY Lasine Lawsts XY & Z clflum) dlem I ¢ £ 8Sleull g5 zolll conis (€ JSAII e
F st gorudl ae saalard @bl (£uid Zysnll Ll dassill goiudl (oudy iSlasd)

¢ £ z £ t

( Allly ol 5T diadly @slall Glanls) clldly sl sl < 2 = £~ Glsiaadl
T oler] gl oo Lod As3lsbl ligianl] 2065 Leagls o yaiu conlorma pt ol ol s

Uiy = B = @, = U

&>3¥ M sl2Y) LS ye 10, 0, &T,, = T, A8 (631 sla¥l Uilie ASLewd! iual T)lasg
A e (o (1 bolas 8IS e Anl cdagaall e

soadl aaiy SLd daladl ledl Jias (&1 3 X 3 ddgaiall 99 &siudl Alally slaM Uil sda (£43
ISl Sl 2 X 2 Logiaad sl Ul dAdgaimn mat! (314531 ganll

- lo'x Txy]
Txy Oy

(doiial 2e ) Zuilmtlly oMl Al seus 2l Led 055 &l ol Wl 390 & Y clsmiall malss g <6y ) 8ads oo Logiud) sl wlSye pims Loges

m 4/15/2026 https://manara.edu.sy/ 7



2.2.1 Coordinate Transformation Sl lusl Jogees 1.2.2
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2.2.1 Coordinate Transformation Sl Jagees 1.2.2
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6 AN 6% 3 0z = Oy COS 2p + g, sin 2p + 2T,y SINQ COS @, £ O-i;i,rxy
i ; Oy = 0y SiN“Q + 0, COS*Q — 2T, cOs@ sin @, <@ ax%. %, Oy

x
6% 1€V \6n Tey = —(0x — 0y) Sin @ €S @ + Ty, (cOs? @ — sin? @) Txy*;y

cos?p —sin?p = cos2¢, cos?p = %(1 + cos2¢p), sin?@ = %(1 —cos2@), 2singcose =sin2¢
Or = %(O‘x + ay) + %(ax — ay) COS2¢p + Tyy SIN 29,
oy = %(ax + ay) — %(ax — ay) COS2¢ — Tyy, SIN2¢,
Ten= —%(O‘x — ay) Sin 2¢ + Ty, COS 2¢ .
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2.2.1 Coordinate Transformation (Summary & Caution) (4isy paiels) DL lusd Jugoes .1.2.2
QL&S)A A2y ZLo)\_é:J‘ QYM‘ de J\.(‘.‘QU @.U\ L O 92
4 JL J.oj_zd\ o EMe dﬁj L@A.a_u S 39 )_'>‘ Jl tla.é.n (R .JL(‘.?}"

Or = —(O'x + ay) +—(ax — ay) COS 2 + Ty SIN 29,
1 .
(ax + ay) ( ay) COS2¢p — Ty SIN 20,
1
Tep= == (ax — ay) Sin 2¢ + Ty COS2¢ .
Take ¢ = 0: ag = O'x, Oy = 0y Tgp = Tyy, buttake go = n/2 Of = 0y, 0y = Oy Tey = —Tyy.
Take ¢ = m: 0y = 0y, 0y = 0y, Tz = Tyy, buttake ¢ = 3m/2: 07 = 0y, 0 = 0y, Teyy = —Tyy,

Takep =+ m/4:0; = %(O’x + O'y) t Toy, Oy = %(ax + ay) + Tpys Teyy = $§(0x — ay).
Take p = +3m/4:0; = %(ax + ay) T T Ty = %(ax + ay) * Tyy, Tep = i%(ax — ay).

Sroldl e lasell 83y JSES (Spim of olie) By Al slaP LS e Led s o Bglill Lasans alalie s Ja :c¥1 ALl Jlgudls
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Example 2.1

The state of plane stress in a metal sheet is given by: 0, = — 64 MPa, 0, = 32 MPaandT,, = —20 MPa.

a) Display these stresses acting on an X — Y system element. Then determine
b) The stresses in a section which is defined by ¢ = —30°,

c) Display these stresses acting on the two directions defined by ¢p = —30°.

0s = %(O’x + ay) + %(ax — ay) COS2¢ + Tyy SIN 29,
oy = %(ax + ay) — %(ax — ay) COS 20 — Tyy SIN 20,
—%(O‘x - ay) Sin 2¢ + Ty, COS 2¢ .
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