2 Stress LYl 2

2.2.2 Principal Stresses

LewsJl clalsy12.2.2
2.2.3 Mohr’s Circle s ] L

J9R 5)5\..3 2.2.3
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2.2.1 Coordinate Transformation (Summary & Caution) (4psiss paiele) S| asy | Joge=i 1.2.2
A Lyl BN 389 Lyanss Laiyig 55T 3 alade e ol

1 1 _
Or = E(O'x + ay) + E(O'x — ay) COS 2 + Tyy SIN 20,

1 1 _
oy = E(O'x + ay) — E(O'x — ay) COS2¢p — Tyy SiN2¢,
1 .
Tep= —3 (ax — ay) Sin 2¢ + Tyy COS2¢ .
Ty O oy
Take ¢ = 0:0; = 0y, 0, = 0y Tgy = Ty, buttake ¢ = 1m/2:0F = 0y, 07 = Oy, Teyy = —Tyy,.
Take ¢ = m: 0y = 0y, 0y = 0y, Tz = Tyy, buttake ¢ = 3m/2: 07 = 0y, 0 = 0y, Teyy = —Tyy,

Takep =+ m/4:0; = %(O’x + ay) t Toy, Oy = %(ax + ay) + Tpys Teyy = $§(0x — ay).
Take p = +3m/4:0; = %(ax + ay) T T Ty = %(ax + ay) * Tyy, Tep = i%(ax — ay).

Sroldl e lasell 83y JSES (Spim of olie) By Al slaP LS e Led s o Bglill Lasans alalie s Ja :c¥1 ALl Jlgudls

4/15/2026 https://manara.edu.sy/



2.2.2 Prmapal Dlrectlons and Prmapal Stresses 4wyl Slala¥lg oilalei¥l 2.2.2
(Ux +0,)+5 (ax 0y) €0S 29 + Ty, Sin 29, ‘05 Un&Tfn JLQ-"Y‘ ‘—’L*Sﬁ ol sda d—’j—’—*—” SEMe (s

Oy ZE(Gx +Gy) _E(Gx —Gy)COSZ<p — Tyy Sin2¢, -

: | ol sl2¥l SlS e Jazs (Al gl3dl oda o4 (oo Y] iyl
Ten= —E(ax—ay)sm2<p+rxyc052<p. Ll sda wlusd Audly Grino of wlae Zyus Slile 3

ool o Aslitly Jod cnzdMall slazal, —(p— 0& L (p = 0 sl e 3amn Losie Lu> Bl Op & Op bl sl 1S il 1

Ten= 053185 Ll azes 2830 28Mal) as L@,ng.+(ax — ay) Sin 2¢p £ 2Ty, oS 290 = 0:L13 8;Latl ) sy cnaylad) cnbo 211
2T . ' : :

tan 2¢* = —2 1o s il L) (i sall (S painll of SO damd) Al suss (301 @ = @7 gl o I3 (e iz

Oy — Oy
Lol Ao (paalate cralzsl oladlegs e @F & @F + /2 :plicgd uzgs il tan 29" =tan(2¢" + ) :olé "tan” il j95 s T oIS Ws
o Wl 3 5l 0955 elae Al nielb L) (Sl gus | als Loaie 4ty Jsds el « 0 + 0y = 0y + 0y tp szl ol g LisT Lasg

dt
:;’7 = 0:3anm Lovic Zam Blg Tep olbell sl 4S50 il 2

xy

P =@ /420" = 20" £ /2 S awy fan2¢" = —1/tan2¢ " ylam tan 2™ w tan 297 a,laa,
(B lg Atlie Aud e 3Loxe¥l (gl ol susmally (3lass LIS Apuass 11 Slala¥1 6 a9 il lar¥l o) aSLAN Cigluddl 1ia ady

(0 ay) COS 20 + 2Ty, SIN2¢0 = 0 10w 551 A8l 3Lzl .
ay — Oy

tan 2¢p™"

3

M
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— + i — 1 1
) = @ees@ F OB = Eem(Baef) os —=(0y+0,) = =(0,y —0y) cos2¢ + 7., sin2¢ |,
a b § o \Ux T By 7 \Ox = Oy xy
Where:cos,B=Z,sin,8=2,c=\/a2+b2 ) .
f2(a@) = asina + bcosa = csin(a + B) ] Uﬂ_§(0x+0y) =_<§(Ux_0y)cosz¢+Txy51n290>'
) _a . b > > 1 _
Where.COSﬁ—;,Slnﬁ—z,C— vas + b —Tgn= E(O'x—o'y)SIHZ(p—Txycoszgo_
1 Oy — O G Ux;Gyc052<p+rxysin2go Oy — Oy 2
Os — E(O'x + cry) = Y cos 2 + Ty Sin2¢ = ( > ) + T,ch > = (T) + T;%y cos(2¢ — 2¢7)
\/ (F72) +
Ox — 0y oy — o2 Gx;0y51n2<p—rxyc052go Ox — 02, )
Ten= - ( 5 sin 2¢ — Tyy COS 2<p) = — (T) + Txy ——— = - (T) + 75y Sin(2e — 2¢%)
e+,
Ox — 0y)/2 Ox — 0y)/2 T T —oN\2
cos2¢” = ( = y)/ = ( - y)/ & sin2¢” = = = — Where: Tymax = \/(Gx GJ’) + Tazcy
=R = z
2 Xy 2 Xy
_ OxtO . . T )
o § 012 = 2 + Tmax for: o, =" & @, =9 +§ with g;> 0
Of =~ = Tmax cos(2¢ — 2¢™) 2
gy + gy L Ox — Oy\ 2 . [ , T
=" 5 T “"lmax COS(2 = 207) " Trpax = (T) + Ta%y for: 2007 max — 2¢™ = ) = Pr/max = P — 4
—Tgp= Timax SIN(2¢0 — 2¢" oy to
en= Tmax SIN(2¢ ) ] with: 07 = 0, = oy = x2 y
m 4/15/2026 https://manara.edu.sy/ 4




Example 2.1

The state of plane stress in a metal sheet is given by: 0, = — 64 MPa, 0, = 32 MPaand 7, = —20 MPa.
a) Display these stresses acting on an x-y system element. Then determine
: : L. : 0 1 1 .

b) The stresses in a section which is defined by ¢ = —307, o =~ (0 +0y) + 5 (0x — 0y) cos2¢ + T, sin 29,
c) The principal stresses and principal directions, 1 1

) P ‘P P P . o gn=—(gx+ay)——(ax—ay)c052<p—rxysin2<p,
d) The maximum shear stress and the associated directions. 2 12

Display the stresses at an element for each case. Ten= 5 (0x — 0y)sin2¢ + 14, cOs 200

Solution:
olution I/V
32 X

y

1 1 X

b) os =7 (—64 + 32) + > (—64 — 32) cos(—60°) + (—20) sin(—60°) = —22.7 MPa %’
oy = %(O‘x i ay) = % (ax = ay) COS2¢ — Tyy Sin2¢p = —9.32 Mpa 9.32

22.7
Ten = - % (ox — O'y) sin2¢ + Ty, cos2¢ = —51.6 MPa ﬁ
51.6
e - B e

51.6

22.7
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Example 2.1

The state of plane stress in a metal sheet is given by: 0, = — 64 MPa, 0, = 32 MPaand t,,, = —20 MPa.
a) Display these stresses acting on an x-y system element. Then determme
b) The stresses in a section which is defined by ¢ = —300, Of == (gx +ay)+= (o'x d,) C0S2¢p + Ty Sin 200,
c) The principal stresses and principal directions, 1 , ,
. + )
d) The maximum shear stress and the associated directions. 7 — (Gx o) - 1 ( — o [ — o S
Display the stresses at an element for each case. Ten= -3 (0x — 0y) sin2¢ + 7, cos 2¢.
Solution:
c) The principal stresses and principal directions,
. 2
0g — [(Ux + Uy)/z] = Tmax COS(2¢ — 2¢7) Tmax = \/[(Ux - Uy)/z] + TJ%y MPa

Op — [(O-x + o'y)/Z] = —Timax COS(2¢ — 2¢07)

—Ten= Tmayx SIN(2¢Q — 2¢0™) cos2¢° = |(0x = 0y)/2]/tmax  and sin2¢" = Tyy/Tmax

36\

01,2 = Omaxmin = |(0x + 0y)/2] £ Trax = =16 £ 52 = (36, —68) MPa 68—

Tmax = J[(ax — ay)/z]2 + 12, =/[(—64 —32)/2]2 + (—20)2 =52 MPa 68

MPa
56
cos 2¢* = [(—64 — 32)/2]/52 = —12/13 and sin2¢* = —20/52 = —-5/13 = 2¢* = —157.38° = ¢* = —78.69°

Omax = 36 MPa at ¢* = —78.69° and 0y, = —68MPa atp* +90° = —78.69° + 90° = 11.31°

https://manara.edu.sy/ 6
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Example 2.1

The state of plane stress in a metal sheetis given by: 0, = — 64 MPa, 0, = 32 MPaand 7,, = —20 MPa.
P g b y xy
a) Display these stresses acting on an x-y system element. Then determme
0

b) The stresses in a section which is defined by ¢ = —30°, of = (gx +0,)+= (gx gy) C0S 20 + Ty, SiN 20,
c) The principal stresses and principal directions, ( e )= 1( ) cos2 ,
d) The maximum shear stress and the associated directions. 7 — 2 \°* % 1 T Oy) COS29 — Tyy SIN 20,

Display the stresses at an element for each case. Ten= -5 (0x — 0y) sin2¢ + 7, cos 2¢.
Solution:

d) The maximum shear stress and the associated directions.

00— (0% 0)/2] = e 052020 | = (e o 2T 275
Oy — [(Gx + GY)/Z] = —Tmax COS(2¢ — 2¢7)
—Ten= Tmax SIN(2Q — 2¢07) cos2¢" = [(ox — 0y)/2]/Tmax and SIN2¢" = Tyy,/Timax

Tmax = \/[(Gx —0,)/2]" +12, = J[(—64 — 32)/2]2 + (—20)? = 52 Mpa
The maximum shear stress is acting at ¢** = ¢ + 45° = (—123.69°,—-33.69°) with gz = 0, = oy = —16 MPa
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' LN 6% (%
2.2.3 Mohr’s Circle o:  Tey G 1% & Y T, -
Transformation relations o = [ O.n] Y, x Ox< |l $ L0, 0= [ ]

Tén Tyy O
, Ty — y y
ST 4830y gl 55 (ol LussS 0 o " oy
O = 0y COS %@ + 0y, sin % + 2T,,, Sin ¢ cos ¢ Or = %(O'x + ay) + %(ax — ay) COS 20 + Ty, Sin 2¢,
0, = Oy Sin 2 + 0y, COS 2 — 2Ty, COS @ Sin @ oy = %(ax + ay) - %(O‘x — ay) COS 20 — Ty, Sin 2¢,
Ten = —(0x — 0) Sin@ cos @ + Ty, (cos? @ — sin? ) Ten= —2(0x — 0y) SIN2¢ + Ty, cOS 2¢.
Ox t 0y .
Os — — = Tmax COS(2Q0 — 2¢")
Ox + 0y .
On — 2 = —Timax COS(2¢ — 2¢7)

—Ten= Tmax SIN(2Q — 2¢7)
(0, —Tgy) Ll ol antlally ¥ plisliadl ons O & Tep canSyll e (s o& damll e 03,3510 Lol 3o e 1 LisLozal S5

Oyx+0o $ : {
( — »0) Aaaill 3 LaSie9 T guloll b2l ga Ul Lapgmag « 0 (lolidl sl diay Jodl Lasome lidlas] Alan 38,500 Llaying Jio3

g, + g,1° 5
[05_ x2 y] +(_T<§’77) = Thax

M
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2 2 o, + o T, — O\ 2
(O-f_O-M) +(_T€77) =T7%wx Oy = - z T%’Laxz( = y) +Tﬁ%y

2 2
O'y A,z-
A /
s, 1hestate of stress at a point @ Ty
is known in the x, ysystem
&
. . - 2
Drawing the Mohr’s Circle © oL _ Iy
1. Draw two perpendicular axes o & 7, with the same scale.
Van A N >
. : , O Q O o
2. In the system o, 7; locate points P (o, , —T,, ) & P' (5, T, ). o, Oy, O,
3. Draw line PP’ , to intersect the axis 0 at the point (g, 0) . ;L
<
4. Draw a circle with(oy, 0) as centre and passing through P & P . %
<
iz&
. — 1
5. From the figure observe that: oy, = Z(ag, + 77,).
Ox — Oy\2
o _ 2
6. And the radiusis:  Tmax = (T) + Tyy P(0x, —Txy)
S =
om = 5(0x + 0y)

4/15/2026 https://manara.edu.sy/



M

(0¢ = Um)z + (_Té’n)z = Thax Oy =
Oy

Toy The state of stress at a point
9% is known in the X, ysystem
A)/

n
03, N\‘/////’/igjf;:_’.¢
— X

Using Mohr’s Circle

1. To determine the stresses in the & , 1] system making an

angle @ with x, ysystem.

At the circle rotate the diameter PP’ by an angle 2 @ in the
opposite direction of ), to QQ" The two points Q & Q;
represent the & , 7] system.

2. Principal stresses and principal directions.
Maximum normal stress gy at @ with X
Minimum normal stress 05 at @™ + ~ with X

3. Maximum shear stress and its directions.

Maximum shear stress T, gy at @ — 7 with X

4/15/2026
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Three special cases

Uniaxial tension

0,=0,>0,0,=0,7,,=0

T =00/2

at (0=45°
pure shear

0,=0,0,=0&7t,, =1,

0,=T,& 0, =-T,

at (p=45°

hydrostatic stress state

0,=0,=0,&t,,=0

0. =0, =0

e
<Y
,__9 cg
QY
&\
»
s
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Example 2.3 The stresses 0,, = 20 MPa, 0, = —14 MPaand Tyy = 8 MPa

in a metal sheet are known.

(@) Determine the principal stresses and their directions.

(b) Determine the maximum/minimum shear stresses and their directions.

(c) Display the state of stress on the xy directions, on the principal directions
and on the max/min shear stresses.

(d) Verify your graphic results using your calculator and the transformations

equations as appearing on the Mohr circle.

Example 2.4 A plane stress state is given by the principal stresses ; = 30 MPa and
o, = —10 Mpa, seeFig. o1

a) Determine the stress components in a ¢, 17-coordinate system which is inclined by

45° with respect to the principal axes. 2

b) Using Mohr’s circle, determine the rotation angle & of an X, y-coordinate system

where O'y = (0 and Txy < 0. calculate 0, and Txy.

4/15/2026 https://manara.edu.sy/



Example 2.4 The stresses 0,, = 20 MPa, 0, = —14 MPa and Tyy = 8MPa

in a metal sheet are known. Using Mohr’s circle

(@) Determine the principal stresses and their directions.

(b) Determine the maximum/minimum shear stresses and their directions.

(c) Display the state of stress on the xy directions, on the principal directions
and on the max/min shear stresses. P'(~14,8)

(d) Verify your graphic results using your calculator and the transformations

equations as appearing on the Mohr's circle.

15.8 2

14

21.8

21.8

15.8

xy directions max/min shear directions

Principal directions

2
O,—0O o, + 0O
Tmaxz\/( — y) + 74, = 18.8 MPa, 01 =~ + Tmax = 218 MPa, 0, =
Ox — Oy
C0520" =—2 = 0,904, sin 20" = —¥_ = 0.426, 20" = 253", 20" = 20" — 90" = —64.7°
<p—T —.,sm(p—T = 0.426, 2¢p™ = 25.3 ,2¢™" = 2¢ = i
max max

4/15/2026 https://manara.edu.sy/
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The stresses o, = 20 MPa, 0, = 14 MPa & 7, = 8 MPa, in a metal sheet are known.

1. Draw the Mohr’s circle representing
this stress state.

2. Determine the principal stresses and
their directions.

3. Determine the max/min shear
stresses and their directions.

4. Display the state of stress on the xy
directions, on the principal directions
and on the max/min shear stresses.

4/15/2026

.T[MPa]

P'(14,8) _(17.9)

14
xydirections

https://manara.edu.sy/

Principal directions

max/min shear directions
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