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Series RLC Circuit — Time-Domain Analysis

Differential Equation, Roots, and Response Analysis

1. Circuit Description

The series RLC circuit consists of a voltage source x(t) connected in series with a resistor R, an inductor L, and a capacitor
C. The output y(t) is the voltage measured across the capacitor at the end of the loop.
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Series RLC Circuit — Input x(t), Output y(t) across the Capacitor

In this circuit, the same current i(t) flows through every element. We will derive the differential equation that relates the
input voltage x(t) to the output voltage y(t) by applying Kirchhoff's Voltage Law (KVL).

2. Deriving the Differential Equation

Step 1 — Apply Kirchhoff's Voltage Law around the loop:

ZIJ(t) = UR(t) + UL(t) + Uc(t)

Since y(t) is the voltage across the capacitor:

vo(t) =y(1)

Step 2 — Express the current i(t) in terms of y(t):

The current through a capacitor is C times the derivative of the capacitor voltage:
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Step 3 — Express each voltage drop in terms of y(t):

Resistor:

vr(t) = Ri(t) = RO

Inductor:

di(t d
1@@):[/;) LC($>

Step 4 — Substitute back into KVL to obtain the differential equation:

LOTAD 4 ROMY 4y (1) =x(t)

In normalized form (dividing by LC):

d*y(t) | Rrdy(t) 1 1

This is a second-order linear ODE with constant coefficients. The behavior of the circuit is fully determined by the values
of R, L, and C.
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3. General Solution Methodology

The complete solution of the ODE has two parts: a particular (forced) solution driven by the input, and a homogeneous
(natural) solution determined by the circuit's own dynamics:

y(t) =yp(t) +yn(t)

3.1 Finding the Roots — The Characteristic Equation

Setting the right-hand side to zero gives the characteristic equation:

s—l—s = ()

Whose roots are:

8172:—05:&\/(12 —wg
Where:

R 1
2L’

a is the damping coefficient (how quickly oscillations die out), and wy is the natural (undamped) frequency at which the
LC tank would oscillate if R were zero.

O =

3.2 The Discriminant A — Decision Rule

The sign of A determines the nature of the roots, which in turn determines the form of the homogeneous solution.

3.3 The Three Cases
Discriminant Case Name Behavior
A>0 Two distinct real (negative) Overdamped No oscillation, slow approach
A=0 One repeated real (negative) Critically Damped No oscillation, fastest settling
A<O Complex conjugate pair Underdamped Oscillates with decaying envelope

Case 1 — Overdamped: A > 0 —» Two distinct real roots

Form of homogeneous solution:

Slt

yn(t) = cre®t' + coe®!

MU-EPP-FM-010 Issue date: 01November2025 Issue no.1 Page 4|15



[

ool A

AAAAAAAAAAAAAA

Two separate decaying exponentials. The resistance is too high — energy is dissipated so quickly that no oscillation can
develop. The response slowly creeps to its final value.

Case 2 — Critically Damped: A =0 - One repeated real root

Form of homogeneous solution:

yn(t) =cre " 4+ cyte

Note the t-e/(-at) term — without it, the second constant of integration would have no effect. Critical damping is the
boundary between oscillation and non-oscillation, and produces the fastest possible settling without overshoot.
Case 3 — Underdamped: A <0 -» Two complex conjugate roots

Roots have the form:

so=—atjws, wi=1ywi—a’

Form of homogeneous solution:

yn(t) =€

3.4 Visual Comparison of the Three Cases (Step Response)

~t(eicoswyt + cosinwyt)

Step Response of Three Damping Cases

1.4 4

1.2 4

1.0

0.8 1

y(t)

0.6
0.4 A
= QOverdamped (A > 0)
0.2 —— Critically Damped (A = 0)
= Underdamped (A < 0)
oo+ e Steady state
0 1 2 3 2 5 6

t(s)

The underdamped response (red) overshoots and oscillates. The critically damped (green) reaches steady-state fastest
without overshoot. The overdamped (blue) is sluggish but smooth.

4.Case(a):R=2Q,L=1H,C=1/26F

Substituting the element values into the normalized ODE:
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-|-2 - +26y(t) = 26 z(t)

4.1 Finding the Roots
$°+25+26=0 = s;9=—1%5]

The discriminant is negative, so the system is underdamped. The homogeneous solution takes the form:
—t .
Y (t) = e *(cycos bt + cysin bt)

4.2 Initial Conditions
y(0)=2, i(0)=0.5A

The initial capacitor voltage is given directly by y(0). The initial inductor current i(0) gives us the initial slope of y(t)
through the capacitor relation i = C-dy/dt:

oy 40) 05 _
9(0) =7 T35 — 19

4.3 Zero-Input Response: x(t) =0

When the input is zero, the entire response is the natural response:

y(t) = e "(cicos 5t + cysin bt)
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Apply y(0) = 2:
y(0)=c1=2 = ¢ =2
Apply y(0) = 13:
Q(O):—Cl+562:13 = —245c =13 = =3

Final answer:

y(t) = (2e cos 5t + 3e 'sin 5t)u(t)

The energy stored initially in L and C oscillates between them at w_d = 5 rad/s, while R gradually dissipates it. The
response decays to zero.

4.4 Step Response: x(t) = u(t)

Fort >0, the input is constant (= 1), so the ODE becomes:

-|-2 - +26y=26 (t>0)

Particular solution (set derivatives to zero):
20y, =26 = y,=1

Total solution = particular + homogeneous:

y(t) =1+ e '(cicos bt + cysin Ht)

Apply y(0) = 2:
y(0)21+61:2 = c1=1
Apply y(0) = 13:
Q(O):—Cl—l—502:13 = —14+5bc=13 = cy= 154

Final answer:
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y(t) = (14 e 'cos 5t + 2 e 'sin 5t )u(t)

The response starts at y(0) = 2, oscillates around the steady-state value of 1 with decaying amplitude, and eventually
settles at y(e=) = 1 (the capacitor charged to the input voltage).

4.5 Exponential Response: x(t) = e*
The ODE becomes:

+2 -+ 26y = 26 e’

Try a particular solution of the form y, = A-e":

Try y, = Ae' = (A+2A+26A)e" =26¢’

_ _ 26 26 1
20A=26 = A=3 = yy=gx¢

Total solution:

y(t) = 26t 4 e t(c1cos bt + cosin Ht)

29
Apply y(0) = 2:
_ 26 - _ 32
y(O)—E—FCl—Q = Cl =35
Apply y(0) = 13:
26
Y(0) =55 + (—c1 + 5ez) =13
32 _ 26 __ 351 @
mtoe=18-—5=5 = =13

Final answer:
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y(t) =22’ + e '(3=cos bt + 2 sin bt

The natural response e”\(-t)-sinusoid decays to zero, but the forced term (26/29)-e* grows without bound — the output
grows because the input itself grows.

4.6 Visualization of Case (a) Responses

Case (a): Underdamped — R=2Q, L=1H, C=1/26 F

x(t) =0 (Zero-Input) Xx(t) = u(t) (Step) x(t) = et (Exponential)
3.5 1
31 ---- steady state = 1 17.5
3.0
15.0
21 2.5
12.5 1
2.0
= 1 = = 10.0 4
= =151 =
7\ LN\ 7.57
0 \/ 1.0 \/
0.5 501
1
0.0 25
T T r r T T T T T r T T ! T 0.0 1~ ! ! r T T T
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0.0 0.5 1.0 15 2.0 2.5 3.0
t(s) t(s) t(s)
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5.Case (b): R=6Q,L=1H,C=1/9F

Substituting the element values into the normalized ODE:

-|-6 - +9y(t) =9x(t)

5.1 Finding the Roots
s2+6s+9=0 = (s+3)>=0 = s=—3 (repeated)

= 3, Wy = 3
A=9-9=0 - Critically Damped

The discriminant is exactly zero, so the system is critically damped. The repeated root forces a special form of the
homogeneous solution that includes a t-e”(st) term:

yn(t) =cre St +eote

5.2 Initial Conditions

Same initial conditions as Case (a) — but with the new value of C, the initial slope is different:

y(0)=2,  i(0)=05A

. (0
§(0) =" =22 =45

5.3 Zero-Input Response: x(t) =0

y(t)=cie ' +eote
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Apply y(0) = 2:
y(0)=c1=2 = ¢ =2
Apply ¥(0) = 4.5:
y(O) =—-3c1+c=45 = —64+co=45 = c,=10.5

Final answer:

y(t) = (2e " +10.5te 3 )u(t)

No oscillation here — the response rises slightly (because of the t-e”(-3t) term) and then decays smoothly to zero, with
no ringing.

5.4 Step Response: x(t) = u(t)

2
L6 +9y=9 (t>0)
9y,=9 = y,=1
y(t)=1+cie ' +cyte ™
AreOr= Yy0)=1+c1=2 = ¢ =1
.

y(0)=—361—|—02:4.5 = —3+c=45 = c=7.5

Final answer:

y(t) =1 +e > +7.5te " u(t)
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Critically damped step response: starts at y(0) = 2, briefly bumps up due to the t-e”(-3t) term, then settles smoothly down
to y(eo) = 1 with no oscillation.

5.5 Exponential Response: x(t) = et

dtQ +6 -+ 9y = 9e!

Tryyp,=A-e

Try y, = Ae! = (A+6A+9A)et=9et

16A=9 = A= E

Total solution:

Apply y(0) = 2:

Apply y(0) = 4.5:
9(0) =2 — 3c; + ¢y =4.5

16
- 9 23 __72-9469 _ 132 _ 33
Cy = 4.5 EJrS 16 16 — 16 14

Final answer:

y(t) =Set +2e > + B e
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5.6 Visualization of Case (b) Responses

Case (b): Critically Damped — R=6Q, L=1H, C=1/9 F

Xx(t) =0 (Zero-Input) x(t) = u(t) (Step)

x(t) = et (Exponential)

241 ---- steady state = 1
2.0 2.2 104
2.01
1.5 s
1.8
= 1.0 = 1.6 > 6
1.4
051 4]
1.2 4
0.0 1.0 21
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0.0 0.5 1.0 1.5 2.0 2.5 3.0
t(s) t(s) t(s)
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6. Summary
6.1 Comparison of the Two Cases
Property Case (a) Case (b)
Element values R=2Q), L=1H, C=1/26F R=6Q), L=1H, C=1/9F
ODE y"' +2y' + 26y = 26X y" +6y' + 9y = 9x
Roots -1+5j -3 (repeated)
Discriminant A -25(<0) 0
Damping case Underdamped Critically Damped
Wo (rad/s) V26 = 5.10 3
w_d (rad/s) 5 — (no oscillation)
Behavior Decaying oscillation Smooth, no overshoot

6.2 Final Closed-Form Responses

Case (a) — Underdamped:

e Zero-input:

y(t) =

e Step:

_ —t 14
y(t) = (1+e ‘cosbt +

¢ Exponential e":

y(t) =20

Case (b) — Critically Damped:

e Zero-input:

y(t)

e Step:
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(2e “cos 5t + 3¢ 'sin 5t)u(t)

e 'sin 5t)u(t)

el +e (29 cos bt + 33sin 5t)

145

(2e 3 +10.5te 3 u(t)

Issue no.1




el +

AAAAAAAAAAAA

23 —3t
Ee

_|_

33t

4

€

1November2025



