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Pressure Vessels (Biaxial)        (ثنائية المحور )أوعية الضغط

Thin-Walled Pressure Vessels 

Pressure vessels : Used to contain gasses and 
pressurized liquids. The 122 cm  diameter Trans-Alaska 
Pipeline transports oil from northern Alaska to Valdez, 
Alaska, over a distance of 1290 km; the maximum oil 
pressure is 8.14 MPa.
In agricultural areas, domestic heating systems and gas 
stoves are fueled by propane gas stored in cylindrical 
vessels capped with hemispherical ends; their working 
pressures are on the order of 1.03 MPa.
 The huge grain silos in America’s heartland are pressure 
vessels (exerting pressure in the radial direction only).
Even a shaken can of soda is a pressure vessel. 
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2.2.4 The Thin-Walled Pressure Vessel 
An important application of plane stress is the  thin walled cylindrical vessel with radius r  & wall thickness 𝑡 ≪ 𝑟 

(Fig.a), subjected to an internal pressure p that causes stresses in its wall which need to be determined (Fig. b). 

c d

Far from the end caps of the vessel, the stress state is independent of the location 
(homogeneous stress state).
Given that 𝑡 ≪ 𝑟 , the stresses in radial directions can be neglected. 

Thus, within a good approximation a plane stress state acts locally in the wall of 
the vessel (note: although the element in Fig.b is curved, it is replaced by a plane 
element in the tangent plane). 

The stress state can be described by the stresses in two sections perpendicular to 
each other. First, the vessel is cut perpendicularly to its longitudinal axis (Fig.c). 

Since the gas or fluid pressure is independent of the location, the pressure on the 
section area πr 2 (of the gas or fluid) has the constant value p. Assuming that the 

longitudinal stress σx is constant across the wall thickness because of 𝑡 ≪ 𝑟 , the 
equilibrium condition yields (Fig.c) 

𝜎𝑥 2𝜋𝑟𝑡 − 𝑝 𝜋𝑟2 = 0 ⇒ 𝜎𝑥 = 1

2

𝑝𝑟

𝑡
.
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c d

As illustrated in Fig.d a half-circular part of length Δ𝑙 is separated from the vessel. The horizontal sections of the wall 
are subjected to the circumferential stress 𝜎𝜑, also called hoop stress, which again is constant across the 
thickness. These stresses will counteract the force 𝑝(2 𝑟Δ𝑙), exerted from the gas onto the halfcircular part of the 
vessel. Equilibrium in the vertical direction yields 

𝜎𝜑 2𝑡Δ𝑙 − 𝑝 2𝑟Δ𝑙 = 0 ⇒ 𝜎𝜑 =
𝑝𝑟

𝑡
𝜎𝜑 = 2𝜎𝑥notice that

The two equations for 𝜎𝑥 and 𝜎𝜑 sometimes are called vessel formulas. Because 
of 𝑡 ≪ 𝑟 it can be seen that 𝜎𝑥 

, 𝜎𝜑 ≫ 𝑝 Therefore, the initially made assumption 
that the stresses 𝜎𝑟 in radial direction may be neglected is justified (| 𝜎𝑟 | ≤  𝑝).

Generally, a vessel is called thin-walled when it fulfills the condition 𝑟 > 5 𝑡. 
The vessel formulas are also applicable to a vessel subjected to external pressure. 

In this case only the sign of 𝑝 has to be changed, i.e. the wall is then under a 
compressive stress state. 

Since no shear stresses are present in both sections, the stresses 𝜎𝑥 and 𝜎𝜑 are 

principal stresses: 𝜎1 = 𝜎𝜑 = Τ𝑝𝑟 𝑡 , 𝜎2 = Τ𝑝𝑟 2𝑡 .

The maximum shear stress is given by:   𝜏𝑚𝑎𝑥 = 1

2
𝜎1 − 𝜎2 = Τ𝑝𝑟 4𝑡 .

To note that near the caps more complex stress states are present which cannot be determined with an elementary theory. 
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Now a thin-walled spherical vessel of radius 𝑟, subjected to a gage pressure 𝑝 (Fig. a) is 
considered. Here, the stresses 𝜎𝑡 and 𝜎𝜑 act in the wall (Fig. b). When the vessel is cut 
into half (Fig. c), 𝜎𝑡 is obtained from the equilibrium condition: 

𝜎𝑡 2𝜋𝑟𝑡 − 𝑝𝜋𝑟2 = 0 ⇒  𝜎𝑡 =
𝑝𝑟

2𝑡

A cut, perpendicular to the first one, similarly leads to 

𝜎𝜑 2𝜋𝑟𝑡 − 𝑝𝜋𝑟2 = 0 ⇒  𝜎𝜑 =
𝑝𝑟

2𝑡

Thus, 𝜎𝑡 = 𝜎𝜑 =
𝑝𝑟

2𝑡
 

Therefore, the stress in the wall of a thin-walled spherical vessel has the value 𝑝 𝑟/(2 𝑡) in any 
arbitrary direction. The state of stress is a hydrostatic one.
As in the foregoing case, this formula is also valid for an external pressure in which case p is negative. 
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Example 1.  A thin-walled bathysphere (radius 
𝑟 = 500 mm, wall thickness 𝑡 = 12.5 mm) is 
lowered to a depth of 500m under the water 
surface (pressure 𝑝 = 5 MPa). Determine the 
stresses in the wall.   

Example 2.  A thin-walled cylindrical vessel has the radius 𝑟 = 1 m and 
wall-thickness 𝑡 = 10 mm. Determine the maximum internal pressure 
𝑝𝑚𝑎𝑥 so that the maximum stress in the wall does not exceed the allowable 
stress 𝜎𝑎𝑙𝑙𝑜𝑤 = 150 MPa. 
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Example 3. A factory uses a cylindrical pressure vessel with an inner diameter of 700 mm. The 
vessel operates at an internal pressure of 6.0 MPa. The steel used in the construction of the 
vessel has an allowable tensile stress of 280 MPa (the factor of safety has already been applied). 
The lid of the pressure vessel is attached to the body using 36 equally spaced bolts on a circle of 
diameter Dcircle = 800 mm around the circumference of the pressure vessel. The allowable stress 
in tension for the bolts is 245 MPa.

(b) Determine the minimum bolt diameter at the root of the 
threads of the bolts (hint: what force does each bolt need to 
carry)? Assume the bolt-heads and nuts are strong enough.

(a) Calculate the minimum allowable wall thickness to support the load.
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Example 4.. A six-pack is shaken so that the pressure in each 
can is 𝑝 = 140 𝑘𝑃𝑎. A board is placed on the six pack and a 
student(s) weighing W  stands on the board so his weight is 
evenly distributed to the six cans.

The aluminum properties are E = 70 GPa, Sy = 240 MPa, and ν 

= 0.33. Each can has an average radius of R = 3.2 cm, thickness t 

= 2.5 mm, and length L = 12 cm.

(a) Determine the critical weight of the student, 𝑊𝑐𝑟 , so that a stress element on the surface of the 
can is in a state of uniaxial stress. Assume that no support is provided by the contained liquid and 
the cans do not fail by buckling (being crushed).
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