3 Strain, Hooke's Law

3.1 State of Strain
3.2 Hooke's Law
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N ‘Uy / Fi
l«— dr  —» /

9% Txy

7= [Txy Uy]

ox (X, ), Uy(xr V) & Txy(x; y)??
do, 0Ty,

T oy

0Tyy 00y
I + 3y +/f, =0

+fx=0

https://manara.edu.sy/



https://manara.edu.sy/

3.1 State of Strain

el
undeformed bar
| deformed bar

Uniaxial deformation of a bar, was described by two kinematic quantities: displacement U and strain € = du/dx.

The length of the elongated elementis: dx + (u + du) —u = dx + du.

dx+du—du_du

The longitudinal strain is: e(x) = - -
X X
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Here the deformation of a plane structure will be described

To this end a panel is considered where two squares (1) and (2) are marked such that they are tilted
against each other.

%
When the panel is loaded by a normal stress g, point P experiences a displacement d from its initial

position to the new position P’

Since the displacement vector d depends on the location, the side lengths (square @ ) and the side
lengths and angles (square @ ), respectively, are changed during the deformation.
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3.1 State of Strain

<7 4>
47 4>
D — e
<7 4>
0'4 FO-

In the discussions that follow the changes of side Iengths and angles are considered under

the assumption of smalldeformations: Changes in Iengths and angles are very small.

ou ou Jdv ov

cf(x, y) = U(X, y)i)-l- v(x, y)]_), ox’ 3y’ ax& E are all much smaller than 1.
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Next figure shows an infinitesimal rectangle PQRS
of side lengths dx and dy in the undeformed state.
During the deformation it is transformed into the
new position P'Q'R’S".

Displacement 2 (x, ¥) of P(x,y) has components:
u(x,y) inx direction and v(x, y) in y direction.

displacements of points, adjacent to P, can be

described with the help of Taylor expansions. For

the functions U and U, depending on X and y, as:

ou(x, ou(x,
uCx +dx,y +dy) = ulx,y) + ( y)dx+ (*y) dy + -
) ox ; dy
v(x, v(x,
U(X+dx,y+dy)=v(x’y)+ (axy)dx+ ( y)dy_|_
au(x,y)

Forpoint @(dy = 0): u(x + dx,y) = u(x,y) +

Forpoint S(dx = 0): u(x,y + dy) = u(x,y) +
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au(x,y)

— Simplified for Q(dy = 0) &S(dx = 0).

6v(x,y)

dx & v(x +dx,y) = v(x,y) + dx

av(x,y)

dy & v(x,y +dy) = v(x,y) + dy
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u(x Y) dy

Forpoint Q: u(x + dx,y) = u(x,y) +

v(x y) dx

v(x +dx,y) =v(x,y) +

u(x y)
dy 2y
ov(x,y) q
dy Y

During deformation, line PQ is transformed into

ForpointS: u(x,y +dy) = u(x,y) +

v(x,y +dy) =v(x,y) +

line P'Q’. Since small deformations are assumed
(B < 1,cosf = 1), the lengths of P'Q" and of

its projection on X are approximately the same. So

— ou ou
|P’Q" = <x+dx+u+—dx>—(x+u) =dx + —dx

0x dx
Then the normal strain €, in the x-direction defined as the ratio of length increment to initial length, is
|P’Q" — |P_Q>| dx+g—udx—dx ou
* |PQ]| dx * o 0x
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u(x Y) dy

Forpoint Q: u(x + dx,y) = u(x,y) +

v(x y) dx

v(x +dx,y) =v(x,y) +

u(xy) dy r'—wdy
av(x 20
oy

During deformation, line PS is transformed into

ForpointS: u(x,y +dy) = u(x,y) +

v(x,y +dy) =v(x,y) +

line P'S’. Since small deformations are assumed
(a L 1,cosa = 1), the lengths of P'S" and of '!/I P

its projection on Y are approximately the same. So

N ov
P'S'|=~|y+dy+v+—d

‘ (y YT oy )
Then the normal strain Ey in the y-direction defined as the ratio of length increment to initial length, is
Ps’| - |Ps] gyl dy _ov

[PS] dy 0y

€y=
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u(xy) dx H—QJ(IU

Forpoint Q: u(x + dx,y) = u(x,y) +

v(x y) dx

v(x +dx,y) =v(x,y) +
u(xy) o f-—{;ﬁ;)—b;du_ s,

ForpointS: u(x,y +dy) = u(x,y) +

ov(x,
v(x ) g
dy
During deformation, initially right anile QPS = -
is transformed into angle Q'P'S" = >~ Yay )T
For assumed small deformations (a, 8 < 1), the 7 P

shear strain ( angular strain) is given as: z

v(x,y +dy) =v(x,y) +

ou
u+@dy—u v+g—de—v

_|_ =
dy + &,dy dx + &,dx 1+e, 146,

Yoy =@+ [ =tana +tanf =

Again for small deformation assumption (Ex, gy K 1), So the last expression is approximated to:
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Conclusion
Displacement of P(x,y) has two components:

u(x,y) inx direction and v(x,y) in y direction.

These two displacements vary with point P, so

they are functions of x and y.

Consequently they have the following four 1°* order

partial derivatives with respect to variables x & y:
ou ou J0v ov
ox’' oy’ ox 5;
Which are generally functions of the variables x & y.

They define the state of strain (deformation) at any point in the planar body by the three relations:
y-normal strain

x- normal strain shear strain
Ju Ju N dv adv
E, = — = b ———
X7 Ox ey dy Ox Y Oy

These are the kinematic equations relating state of displacements to the state of strains.
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3.2 Hooke's Law

The strains in a structural member depend on the external |oading and therefore on the stresses.
Stresses and strains are connected by Hooke's law. In the uniaxial case it takes the form o = E €
where E is Young's modulus. Now Hooke’s law will be formulated for the planar states of stress and strain.

The formulation will be restricted to materials which are homogeneous and [sotropic.
A homogeneous material has the same properties at each material point. For an /sotropic material these

properties are independent of the direction. An example of an anisotropic material is wood.

To derive Hooke's law for planar case, consider a rectangular Oz Ox
- - * * - *— —.'
domain which is cut out from a planar body and which is , ,
loaded only by the normal stress 0. Then, according to y‘{ - -
’ o . . _ O-x - - =
Hooke's law in the uniaxial case: 0, = E€, or €, = =

Experiments show that the tensile stress o, causes not only an increase of length but also a reduction of
width of the rectangle. Thus, also a strain €, in y-direction appears. This phenomenon is called /azera/
contraction or Poisson effect (Simeon Denis Poisson, 1781—1840). The lateral strain €y is proportional to

the axial strain €, and can be written as: €&, = —Vé&,, v is a material property called Poisson ratio.
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Porisson’s ratiois a material constant which is determined from experiments. Most metallic

materials exhibit values about V =0.3. Generally it can be shown that Poisson’s ratio must be in
therange of 0<V <1 /2.

: . . : o —va
As just discussed, the stress g, induces the strains £, = —= and &, = —Vg, = —
E E
Analogous| induces the strains £, = -2 and £, = =
nalogously, a stress 0, induces the strains &,, = - an Ex = —VE& = =
When both stresses, 0, as well as g, are acting, the total strains are obtained by superposition:

1 1
If the domain which cut out from a planar body is loaded solely by shear stresses Ty (pure shear), a linear

relationship between the angle change v,,, and 7,is experimentally observed:

Txy = nyy
The constant Gis called shear modulus. Itis a material parameter which can be experimentally determined
in a shear test or a torsion test. The shear modulus G has the same dimension as Young’'s modulus £ i.e.
force/area, and itis usually expressed in MPa.

It can be shown that there exist only two independent material constants for isotropic, linear elastic
materials. The following relationship holds between the three constants £ Gand V:

i E
2(1+v)
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Conclusion If the state of stress in a planar homogeneous, isotropic body is described by
oy (x,Y), Oy (x,y) and Txy (x,y)
Then the state of strain described by

&x(x,¥), &, (x,y) and vy, (x,y)

Is related at every point to the state of stress via the materials properties E,G,v, by Hook's law:

Ex = %(O’x = vay)

1
& =% (oy —vox)

1 2(1+v)
Vxy= ETxy — E Txy

Hook's law can also be written in the inverse form

£ (ex + vey)

1-v2

&
|
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