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-Evaluate an improper integral that has an
infinite limit of integration.

- Evaluate an improper integral that has an
infinite discontinuity.

‘Tests for Convergence and Divergence

The Fundamental Theorem of Calculus

Quick Review

If £ is continuous on the interval [a,b] and F'is any
function that satisfies F''(x) = f(x) throughout this
interval then

[" £(x) dx=F(b)-F(a)

a

REMEMBER: [a,b] is a closed interval
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Up to now we have focused on definite integrals with
continuous integrands and finite intervals of integration.

we extend the concept of a definite integral to the cases where:

*The interval is infinite

f has an infinite discontinuity in [a, b]

These are called improper integrals
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b
Recall in the definition of j f(x)dx,

the interval [a, b] was finite. If a or b (or both) are o=

or —oo, we call the integral an improper integral of
type 1 with an infinite interval. For example:

o dx
0 14 x°

.1
° xe * dx

o —o0

° 'jfe_"z dx
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1) If f(x)iscontinuous on[a, ), then )

\ If the Limit is
| #(x) de=1im [ £(x) dx finite, then the
o Improper Integral
2) If f(x)is continuous on [, b), then > converges.
[ £(x)de=1im [ £(x) dx f the Limit fails,
o then it diverges

J
3) If f(x)is continuous on (~, «), then
.[_ f(x) dX=.[ f(x) dx+r f(x) dx

C
- C

- ,.»'
~

If both Improper Integrals converge,

then so does
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Does the improper integral |, e “dx converge or diverge?

I: e ¥ dx=1im .be_x dx

b—ya0 o 0
b
0

= lim(—e” +e'°)
b—»o0 \

= lim(l— e"b)
b—> 0

=1

=lim|—e "
b—o0 \

o

dx. =

Evaluate j

]+ x°

o0 0 o0
1 _ 1 1
j._m 1+ 4 dX_,[mez dX+ 0 1+ dX

= lim "1 dx+ lim b#dx

as—oda 1+¥ by d0 1+¥

= lim (arctan ,\ﬁ ) +lim (arctan Xiz)

a—r—w b

= lim (arctan 0 —arctan a) +lim (arctan b—arctan 0)

a—r—u bh—ya
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M Example Using L'Hopital's Rule with Improper Integrals

Evaluate Lm xe “dx.

© by = lim(—e“" (b+1)+ Ze“)
jl xe " dx= }}im xe dx b
u=x —e* b+1
dv =e ™ dx =Hm(_( : )J+g
du=1dx «—s v=—e " b e e
P b Use L'Hopital's Rule

=1im(—xe * —I —e " dX)

b—a 1 1

= ]im(i]+E
= lim((—xe_"‘ —e )b) bon| el e

b=y 1

o LT

Improper Integrals of Type 2 4ll £ 5ill (o Alizal) cdlalsil

IMPROPER INTEGRALS OF TYPE 2: INFINITE

INTEGRANDS

b
Recall in the definition of J- f(x) dx,

the functions f was bounded on [a, b]. If fis not bounded
on [a, b] (that is, has an x-value, a < x < b, where the limit is
oo or —e<, we call the integral an improper integral of type
2 with infinite integrand. For example

1 dx 0 dx 1 dx
0?’ I—z?’ I—z?
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Improper inTegral: type 2

) If f(x )is continuous on (a, b], then h

Ibf( )dx—llm_f dx
2) Iff(x)iscnntmuuus Dn[a,b),then >'
"f(x)dx=1im [ £ (x)d
L (x) x =lim | (X) Ix
J
3) Iff(x)is continuous on [a r:) c, b], then
[(r(x)yax=["r(x)ax+[r( )
~ ~

If both Improper Integrals converge,
b
then so does L f(x)dx.

Evaluate I —— dx.

o Jx

1
— dx= lim
'[0 ,\/; c—0" \/_
= lim ( )
c—0"

If the Limit is
finite, then the
Improper Integral
converges.

If the Limit fails,
then it diverges

s Jlia

0] a

= lim (2V1-2Jc) 2>

c—0"
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J-D (1—1)2”3 dx = J.D( _1)2',-'3 dx +L (1 )2f3 dx /i |I
. 3] '

— lim [B(X_l)lgg C]+ lir{{B(X— 1)1;3
0 el

=lim [* s de+ lim [ Lz dx

c—1 0 {_P( C—}l C {X—

c—»1

tim (3(c-1)"" ~3(0-1)"*)+ im (3(3-1)"* ~3(-1)"

c—1 c—1"

—(0+3)+(3%/§0)

s Jlia

=8
I e_ X dX D — Converges
1

b
lim| e *dx

b—cdl

lim — E,’_b —(—e_l)
P
e
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Does I e * dx converge?
1
Compare:

1

——to — for positive values of x.
¥ X
e e

For x>1, e* > ¢e"

1

Since— converges to a finite number, _—_must also converge!

e E'XE

:L___J)\ﬁ-\ )\—325'\

Comparison Test (Using estimation to show convergence

or divergence)

Let fand g be continuous on [a,o0)with 0< f(x)< g(x)

for all x> a, then:

@ J:o f(X) dx converges if I:g(x) dx converges.

@ I:g(x) dx diverges if I: f(x) dx diverges.
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Using estimation to show convergence or divergence
J-oc sin”® x

'S

Example

dx

Solution:

0< < on [1,)

sin? x

Since —5 converges, converges.
X

X

Example Lﬁc > ! dx

-0.1

Solution:

P = 0.1 < x for positive values of x, so:

1 1
> — on 1,00
X¥-0.1 X [1.)
. L 1 A
ince — diverges, iverges.
X X —0.1

16/4/202
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