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(Functions of Several Variables) <Y gaia daa, ) ¢l

Introduction
So far we have dealt with the calculus of functions of a single variable.
But, in the real world, physical quantities often depend on two or more
variables, so in this chapter we turn our attention to functions of several
variables and extend the basic 1deas of differential calculus to such
functions.

Alladl a1 cand gl puiall <3 ) sall Jalsall 5 Jualial) o o‘\z\ s Ul gl il

A\A}udmsl\\&@\ﬂc)ﬁ\j\w}mwlcwh‘)ﬂ\uh&\ et Lo Ulle Lré"é;h
Jalsill 5 Jumliil) Clad Aaula¥) aaliall g si s cbaamiall il puaiall i Jsall L) Liclasial
sl o3 Jadil
The notation for a function of two or more variables is similar to that for

a function of a single variable. Here are two examples.
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z = Nf(_\g _\') = x2 + xy Funcuon of two variables
e~
2 wvariables
and
w = ‘f~(_\‘_ 5 z) = x + zy — 3= Function of three variables

~ —
-—

3 variables
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Definition of a Function of Two Variables

Let D be a set of ordered pairs of real numbers. If to each ordered pair (x, y) in
D there corresponds a unique real number f(x, y), then f is called a function of
x and y. The set D is the domain of f, and the corresponding set of values for
f(x, y) is the range of f.

For the functionz =f (x, y)

x and y are called the independent variables and z is called the
dependent variable.

[Compare this with the notation y = f (x) for functions of a single
variable.]
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Similar definitions can be given for functions of three, four, or n
variables, where the domains consist of ordered triples (x,,x,,x,)
quadruples (x,,x,,x,,x,) and n- tuples (x,,x,.......x, ) . In all cases,
the range is a set of real numbers.

In this chapter, you will study only functions of two or three
variables
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EXAMPLE 1  Evaluating a Function
The value of f(x, y,z) = Vx2 + y2 + z2 at the point (3, 0, 4) is
£(3,0,4) = V(3 + (0 + (4> = V25 =5.

EXAMPLE 2(a)  Functions of Two Variables

Function Domain Range
w=Vy—x* y=x? [0, o0)
w=xL‘, xy # 0 (—o0,0)U (0, c0)
w = sinxy Entire plane [—1, 1]

(b)  Functions of Three Variables

Function Domain Range
Ww = ‘\/xz + ivz -+ .Z2 El‘ltll‘c Space [03 m)
= 1 (x,»,z) # (0,0,0) (0, o)

x? + yz + z2
xylnz Half-spacez > 0 (—o0, 00)

2
Il
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Operations on Functions of Several Variables <Y gada Bazy &l gil) do cililead)

Functions of several variables can be combined in the same ways as
functions of single variables. For instance, you can form the sum,
difference, product, and quotient of two functions of two variables as
follows:
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(f i = g)(x, y) = f(x, y) s g(x, y) Sum or difference
(fg)(x, y) = f(x, )”)g(x, ,Y) Product
f fx,y)
_(xa ) = : (x, V) #* () Quotient
g y g(x, y) g o
The Graph of a Function of Two Variable piie 13 B L) e I

Definition If f is a function of two variables with domain D, then the graph of f
is the set of all points (x, y, z) in R® such that z = f(x, y) and (x, y) is in D.

Just as the graph of a function f of one variable is a curve C with
equation y = f (x), so the graph of a function f of two variables is a surface
S with equation z = f (X, y).

) ans I by = f(x) 4ilalae C inie s aal s el £AA bl s )l o LS
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The Graph of a Function Al Al ana )

EXAMPLE: Sketch the graph of the function f (x, y) = 6-3x-2y

The graph is a plane of f has the equation

z==6-3x-2y or 3x+2y+z-6=0, which represents a plane.

To graph the plane we first find the intercepts. Putting y=z=0 in the
equation, we get x=2 as the x-intercept. Similarly, they intercept is 3 for y
and the z -intercept is 6.

raililaa G5 st Aniall 138 Jiay f(x, y) = 6 - 3x - 2y Al Aaia a1 Jla
3x+2y+z-6=051z=6-3x-2y

- sl ae adal@l) Ll Y 5l an ¢ siuall 128 )]
I‘()~()~(” y=z=0 =2
Dol g adald 3 x =2 e Jiand dliladl) i
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—— \ (0, 3,0)
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The function in Example is a special case of the function
f(x,y)=ax+ by +c iscalled as a linear function.
The graph of such a function has the equation z=ax + by +csoitisa
plane. or ax + by—z + ¢ =0 In much the same way that linear functions
of one variable are important in single-variable calculus, we will see that
linear functions of two variables play a central role in multivariable
calculus.
Aoha A Ladis f(x, y)=ax + by + ¢ Al e dals Ala o JU) a ddla)
JaIL ol ¢ sinh Sl Jiiad 568 13 ¢ 7 = ax + by + ¢ Aabeally Lily Al o2a Jiad as
Joalaill s 8 dage 2a)y paial Bladll Jlsall a5 WSy cax + by —z+ ¢ =0
&t Gosnne 153 i o paial padll ) gall Gl Ll (5 i ol1is" a5 el JalSill
B0 Gl yariel JalS3) g Jalaill Glas
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EXAMPLE: Sketch the graph of g(x,y) = /9 — x2 — y2.
Solution:

The graph has equation z = /9 — x2 — y2.
We square both sides of this equation to obtain
Z2=9—x*—y* of XHPYeFEZE<=9,

which we recognize as an equation of the sphere with
center the origin and radius 3.

But, since z > 0, the graph of
g is just the top half of this
sphere (see Figure).

0, 3, 0)
(3,0,0) /

Ld LJ (3 (3 ” - o
Limits and Continuity i) g Sl
DEFINITION We say that a function f(x, y) approaches the limit L as (x, )
approaches (xg, o), and write
lim X, =L
(x, ¥)—>(x0, ¥o) f( y)
if, for every number € = 0, there exists a corresponding number 8 > 0 such that
for all (x, ) in the domain of f,
|fx,y) — L] < € whenever 0 < Vix — x0)? + (y — w)* < 8.
L+et
Lt €- For any (x, y) in the disk of radius &, the
i P ' value f(x, y) lies between L + &£ and
L — e.

Disk of radius &
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Properties of Limits of Functions of Two Variables

Limits of functions of several variables have the same properties
regarding sums, differences, products, and quotients as do limits of
functions of single variables

THEOREM 1 —Properties of Limits of Functions of Two Variables
The following rules hold if L, M, and k are real numbers and

lim fx,y) =L and lim glx,y) = M.
(x. ¥)—>(xp. ¥o) (x. ¥)—(xo. ¥0)
1. Sum Rule: " ”l_Ll'{’: p )( fx,y) + glx,y) =L+ M
2. Difference Rule: (: ”l_lm“ .\_u)(f(.\‘, y)—gx,y)=L—M
3. Constant Multiple Rule: 1: ”l_l’r}lto "‘0) kf(x,y) = kL (any number k)
4. Product Rule: (:t: \)l_ljnz ;_; (f(x,¥) glx,y) =LM

: . f(r,y) L
5. Quotient Rule: lim m— . M#0
x. )= y0) 8XyY) M
6. Power Rule: lim [ f(x,y)]" = L™ na positive integer
(x, v)=(xq. Vo)
7. Root Rule: lim Yf(x,y)= VL= L'

(x, ¥)—=(x4. ¥p)
n a positive integer, and if n is even,
we assume that L > 0.
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EXAMPLE:
@) lm x —xy + 3 0O— (@)1 + 3 _

om0 Xy + Sxy — ¥ (O + 50)1) — (1)
(b) lim Vax2+3y2=VQAB?2+ (—4)2=V25=5

(x, ¥)—(3,—4)

NOTE:

If f(x, y) — L as (x, y) — (a, b) along a path C; and f(x, y) — L, as
(x, y) — (a, b) along a path (5, where L; # L, then lim( »—a n f(X, y) does
not exist.

S EXAMPLE: A Limit That Does Not Exist

Show that the limit does not exist. : (.r3 - yz)z
(6 1)-(0,0 \x2 + y?

Solution The domain of the function

consists of all points in the xy-plane except for the point (0, 0). To show that the limit
as (x, y) approaches (0,0) does not exist, consider approaching (0,0) along two
different “paths,” : * Along the x-axis, every point is of the form

(x, 0)
and the limit along this approach is

l_ “-2 — 02 2 l
im = lim
(x,0)-(0,0) \x? + (2 (x,0)=(0, 0)

2 - .
- =1 Limit along x-axis

However, when (x, y) approaches (0, 0) along the line y = x, you obtain

2 _ 42\2 0\2
lim - = lim [(—]| =0. Limit along line y =
(x, )—(0.0) \x2 + x2 (x, x)=(0, 0)\ 2x2 it along e y = X
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Continuity of a Function of Two Variables Ol gaiay AJNal) ) et

DEFINITION A function f(x, y) is continuous at the point (x,, y,) if
1. f is defined at (x,, y,),

2. lim  f(x,y) exists,
(x, y)—(xq. ¥o)

3. Iim  f(x,y) = f(xo, Yo)-

(X, y)—(xp. ¥o)

A function is continuous if it is continuous at every point of its domain.

THEOREM Continuous Functions of Two Variables

i

If k is a real number and f and g are continuous at (x,, y,), then the following
functions are also continuous at (x,, y,).

1. Scalar multiple: kf 2. Sum or difference: [+ g
3. Product: fg 4. Quotient: f/g, g(x,, y,) # 0

*Theorem establishes the continuity of polynomial and rational functions

at every point in their domains.

*Furthermore, the continuity of other types of functions can be extended

naturally from one to two variables.

*For instance, the functions whose graphs are shown in Figures are

continuous at every point in the plane.
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RO 5 DRI,
f(x, y) = cos(y“)e=" V¥ +2

[Surl’uce: flx, y) = Lsin(x2 + _\'3)] ‘ Surface: - ’

o

\ \22;;;711';;;;;:-f;;;;;‘§\§§;§§;l
LRURELRS”

The function fis continuous at every point in the The function fis continuous at every point in
plane. the plane.
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EXAMPLE: Discuss the continuity of each function.

-2 2
A= b. glx.y) = ———

a.f(x,y)=x2_’_y2 S

Solution

a. Because a rational function is continuous at every point in its domain, you can
conclude that fis continuous at each point in the xy-plane except at (0, 0), . -

b. The function

is continuous except at the points at which the denominator is O, which is given by
the equation

y —x2 = 0.

So, you can conclude that the function is continuous at all points except those lying

on the parabola y = x2.

The function f is not continuous at (0, 0). The function g is not continuous on the
parabola y = x2.
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NOTE: The definitions of limit and continuity for functions of two
variables and the conclusions about limits and continuity for sums,
products, quotients and powers all extend to functions of three or
more variables. Functions like

ysin z

In(x +y + 2) and —

are continuous throughout their domains, and limits like

e.r+:_ L’l_]

) |
lim = = -,
P—(10-1) 72 + cos Vxy (—1)* +cos0 2

where P denotes the point (x, y, z), may be found by direct substitution.
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Thank you for your attention
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